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Preface 


Elements of Mathematics is designed to 
make more meaningful the fundamental concepts and techniques 
of mathematics. The import of this objective does not imply 
superficiality of treatment. It does imply discriminative selec¬ 
tivity of the subject matter and thoughtful pursuit of basic 
principles and relationships. Many concepts are developed 
which in the past have been postponed until a more advanced 
level is reached. This book not only offers material that is new 
for the reader but also gives the traditional subject matter a novel 
treatment. No prerequisite beyond elementary arithmetic is 
demanded of the' reader. Some knowledge of high school al¬ 
gebra will, of course, facilitate progress in certain chapters, but 
the development is sufficiently detailed so that it will not dis- 
courage the beginner. 

The book is centered around four broad aspects of elementary 
mathematics: number, proof, measurement, and function. The 
unifying concept is number. With few exceptions, each chapter 
is independent of the rest, thus lending itself to unusual adapt¬ 
ability in regard to length of course and choice and order of 
topics. Starred sections may be omitted, for they are not es¬ 
sential to the development of the remainder of the chapter. 
The exercises are also starred either because they are related to 
starred sections or because they are of a more difficult nature. 

Chapter V is a prerequisite to Chapter VII. Chapters V, VI, 
and VII are prerequisites to Chapter XI. With these excep¬ 
tions, a course may cover any desired combination of chapters. 
For example, a short course emphasizing number and measure- 
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ment could cover Chapters II, III, VIII, IX, and X. A short 
course for those with better-than-average preparation could in¬ 
clude Chapters IV, V, VI, VII, and XI. 

I wish to express my deep appreciation to the following: 
Dr. F. Lynwood Wren, for his many helpful suggestions and 
unceasing encouragement; the Bureau of Publications, George 
Peabody College for Teachers, for making the preliminary edi¬ 
tions possible; the editors of Allyn and Bacon, Inc., for their aid 
and consideration; and to those whose critiques were invaluable 
in completing the manuscript. 

J. Houston Banks 
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chapter I 


Introduction 


As we begin the study of this book the 
question What is it all about? is quite appropriate. The most 
immediate answer is, It is about mathematics. But what is 
mathematics? The answer to this question takes some doing. 
The term mathematic s means many different things to different 
people. To a great many persons mathematics is merely the art 
of calculation and measurement. To far too many it is an in¬ 
comprehensible mystery somewhat akin to black magic. One 
of the major objectives of this book is to supply you with a clearer, 
more nearly complete conception of what mathematics is. 

If you are one of those persons who for one reason or another 
have developed an emotional block toward mathematics, you 
should attempt to keep an open-minded attitude. Most people 
who think they “can’t get” mathematics either have been the 
victims of adverse conditioning or are mentally lazy. Mathe¬ 
matics is not easy but neither is it reserved exclusively for genius. 
Intellectual curiosity and the willingness to exert mental effort 
are the most important prerequisites to success. A little stub¬ 
bornness, refusal to give up on a problem or idea, helps too. 

The following sections are not definitions of mathematics. 
They are descriptive statements about some of the facets of 
mathematics. They should become more meaningful as you 

3 


4 


INTRODUCTION 


progress in your study and should be re-read when the book is 
completed. 


1.1 Mathematics Is 

a Science 

Mathematics is a science, yet it is singularly different from 
the physical and biological sciences. The conclusions of mathe¬ 
matics are valid. The conclusions of the natural sciences are 
probably true. In neither case do we establish absolute truth. 
The mathematician says, “This conclusion is a consequence of 
our original assumptions. It must be as true as the assumptions 
on which it is based.” From the logical standpoint, the mathe¬ 
matician is not concerned with whether or not his assumptions 
are true. Mind you, he may be very much concerned with 
whether or not they are true when applied to a physical situation. 
But as we shall see later, it would be a little silly to make any 
assertion concerning the truth of a statement about the behavior 
of certain “things” when we don't know what those “things” 
are. If this sounds confusing, don't let it disturb you. In fact 
you will have discovered (not reached) one of the goals of the 
course; namely, finding out what constitutes a mathematical 
system, structurally. The physical scientist says, “In the light 
of all the evidence at my command, this conclusion is the most 
plausible, the most likely one I can make.'’ The mathematician 
insists that his conclusion is the only one which we can reach if 
we accept the basic assumptions, whereas the physical scientist 
merely insists that the evidence is all on his side. Parenthet- 
icallv, it would be a mistake to infer that there is as sharp a 
dichotomy between the two as the foregoing might imply. The 
scientist is a mathematician in that he uses mathematics and 
sometimes creates it because he needs it. It is equally true that 
the mathematician uses the methods of the scientist in making 
discoveries to be verified. Mathematics differs from the other 
sciences in another striking way. The scientist is concerned 
with matter and energy and living things, but the whole of 
mathematics is constructed from ideas. It exists in men s minds. 
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Let us hasten to add that it is applied to concrete things. It 
aids us in manipulating, understanding, and controlling concrete 
things. Though no one seems to be certain just what it is and 
perhaps has never seen it, we most assuredly can experience the 
effect of electricity, as anyone who has touched a live wire can 
attest. We can experience physical science through our sense 
organs, but we can experience mathematics only in our minds. 


1.2 Mathematics Is 
an Art 

It is true that mathematics has a tremendous impact on 
the graphic arts and musical theory. A knowledge of mathe¬ 
matics may well aid one in an appreciation of these arts. And 
though many artists are doubtless not too literate mathemati¬ 
cally, a knowledge of mathematics might also help them. Math¬ 
ematics undoubtedly can be an invaluable tool for the arts. 
But that is only half the story. Mathematics is an art in its own 
right. Esthetic satisfaction can be derived therefrom. How¬ 
ever, as was the case with science, it is peculiarly different from 
the other arts. There are three levels of participation in music— 
the composer or producer, the performer, and the listener. 
There are no mathematical listeners. The only ways in which 
one may participate in mathematics are to produce or to 
“perform.” Mathematics is not a spectator sport. The only 
way we can derive any satisfaction from mathematics is to “get 
our feet wet” and do some mathematics. Though no one will 
expect you to produce any new mathematics in this course you 
will be able to experience the satisfaction of producing as well 
as of “performing.” 


1.3 Mathematics Is 
a Language 

Written and spoken language enables man to record his 
ideas and to communicate them to others. In fact, it makes the 
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ideas themselves possible. A surprisingly large part of our think¬ 
ing is mental “talking.” We think the word symbols rather than 
the things for which the symbols stand. And so it is with 
mathematics. As a language, mathematics has characteristics 
peculiarly its own. In the first place mathematics is an ex¬ 
tremely exact language. If I say, “I went to the fair and saw a 
fast horse,” what do I mean? Did I see a horse that is a swift 
runner or did I see a horse that was securely tied? Those 
persons given to anthropomorphism might insist that I saw a 
naughty horse! Such multiple interpretations are not permis¬ 
sible in mathematics. In mathematics we must say what we 
mean and mean what we say. Now, it is true that certain 
terms used in mathematics also have nonmathematical mean¬ 
ings. For example, when we talk of irrational numbers we do 
not mean numbers that are “off their rockers.” The word 
irrational as a mathematical term has an exact, precise, unam¬ 
biguous meaning. Bertrand Russell has said that mathematics 
is the subject in which we don’t know what we are talking about 
not whether what we say about it is so. How then can it be such 
an exact language? Russell was merely pointing out certain 
characteristics of a mathematical system, one of which is the fact 
that we use certain undefined terms. This is inevitable because 
every time we define something we must do so in terms of some¬ 
thing else, and this something else in turn must be defined. 
We are faced with three alternatives: (1) We continue defining 
from now on, or (2) we finally define something in terms of the 
thing we set out to define originally, or (3) we agree that there 
shall be certain terms which will go undefined. Mathematics 
chooses the third course. We do not contend that the undefined 
terms do not need defining; we hope that they have the same 
meaning for everyone concerned but we can never be sure. 
That is what Russell meant when he said we don’t know what 
we are talking about. There are undefined terms because it is 
impossible to define everything. Possibility (2) accomplishes 
exactly nothing. The fact that the undefined terms are made 
as simple as possible and all other terms defined in terms of them 
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contributes to the exactness of the language of mathematics. 
Which of the three above alternatives does the dic tionary adopt? 
Mathematics is a concise language; it says a lot in a little 


space 


(1 • •> i 

y = — r j arc sin .vy/a 

dx 



This equation is not meant to scare anyone; in fact one would 
not come in contact with all the ideas involved until he had 
studied a considerable amount of college mathematics. But it 
would take at least a page to write out only what the equation 
says, much less explain what it means. Mathematics is a uni¬ 
versal language; it is the same in the Orient, America, and 
Central Europe. Before it can be of any value to the individual, 
he'must be able to translate both from ordinary language to 
mathematics and from mathematics to ordinary language. Of 
course, the language of mathematics is limited to certain kinds 
of ideas. It is the language of form, size, and quantitative re¬ 
lationships. Its function as a language is not merely to enable 
the individual to convey his ideas to others. It is also of in¬ 
estimable value in aiding one to organize those ideas. 


1.4 Mathematics Is 
a Tool 





An ever growing number of fields of endeavor employ 
advanced mathematics as a tool. The arithmetic of the ele¬ 
mentary school is so used almost exclusively. But as we have 
already indicated, mathematics is not just a tool. 

What is the distinction between mathematics, the tool of 
science, and mathematics, the science? Mathematics is some¬ 
times divided into two catagories, a pplied mathematics ■ and pure 
mathe matics. When we use mathematics as a tool we are dealing 
with applied mathematics. But we cannot apply something 
which does not exist. The creation of a mathematical system 
is in the realm of pure mathematics. 
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7.5 Mathematical Systems 

A mathematical system consists of: (1) undefined terms , 
(2) ( 'axiom s,) (3) defined terms , and (4) theorems . A propositi on is a 
statement about two or more terms, defined or undefined. If 
the proposition is assumed to be true it is an axiom. As we 
noted in Section 1.3, we cannot define everything. Neither can 
we prove everything. The first step in constructing a mathe¬ 
matical system consists of enumerating undefined terms and un¬ 
proved statements (axioms). We may then define other terms 
by using only undefined terms, previously defined terms, axioms, 
and other words which have no special mathematical meaning. 
Finally, we establish other propositions (theorems) by making 
logical inferences from the terms, axioms, and previously estab¬ 
lished theorems. 

Point and line are usually taken as undefined terms in geometry. 
Two points determine one and only one line is an example of an axiom. 
We may take as a definition: A triangle is determined by three points 
not on a line. A simple theorem which can be derived from the 
above is: A triangle determines three lines. 

When we draw a triangle on the blackboard, we have not 
drawn the thing we defined as a triangle in the above paragraph. 
We cannot say that the smears of chalk which are the sides of 
our triangle are the mathematical lines which we took as unde¬ 
fined. ^bur mathematical structure has no physical existence; 
it is a pure abstraction. When we identify the undefined line 
with such things as smears of chalk, strings, and edges of solids, 
and the undefined point with little dabs of printers ink, corners 
of a building, and pairs of numbers, we are in the realm of 
applied mathematics. 

The abstract mathematical system is called a “mathematical 
model” for its concrete physical counterpart. A given mathe¬ 
matical system can serve as a model for more than one practical 
situation. It is also true that more than one model can be used 
in studying a given physical situation. 

From the historical standpoint the model is abstracted from 
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the concrete situation. Theorems derived within the mathe¬ 
matical system can then be applied to the concrete situation. 
The derived theorems are 44 true” within the mathematical 
model. They are as true as the axioms from which they are 
derived. But they may and may not agree with the facts of the 
concrete situation. 

There is no logical necessity for the mathematical system to be 
abstracted from a given physical situation. The creator of the 
system is not required to have any practical application in mind. 
However, the history of the subject contains many examples of 
mathematics which was developed without any thought of appli¬ 
cation but which someone put to practical use. 


1.6 Using the Bank 

What should you gain from a study of this book? First, 
you should have a better understanding of what mathematics 
really is, its structure, what it deals with, and its techniques. 
You should gain a fuller appreciation of man's struggle to de¬ 
velop it to its present state and of the role it plays in our evolving 
civilization. The basic concepts of mathematics should become 
more meaningful. The processes of mathematics should cease 
to be meaningless, rule-of-thumb procedures and become reason¬ 
able and logical systematized common sense. Most important 
of all, you should become more proficient in the. use of that 
elementary mathematics which educated men and women find 
most occasion to need. 

The mastery of the material in this book does not require 
you to have studied any mathematics beyond elementary arith¬ 
metic. However, some knowledge of algebra will help. If you 
have mastered high school algebra you will find some needless 
repetition and detail in spots. A word of caution in this respect 
—read the familiar material rapidly but carefully, for shortly 
you will come to a new idea. Most of the material contains 
ideas entirely new to you or familiar ones presented in a new 
light. 

Many students think of a mathematics course solely as a series 
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of exercises in finding correct answers to assigned problems. 
Accordingly, the developmental explanatory material is con¬ 
sidered merely an aid when the student is stuck by a problem. 
That procedure is putting the cart before the horse so far as this 
book is concerned. The exercises help you make the ideas de¬ 
veloped become your own. The solution of the exercises is a 
means to an end, not an end in itself. 

However, the importance of solving the exercises should not 
be minimized. As you study, keep a supply of sharp pencils 
handy. They are useful not only for working through the ex¬ 
amples but also for arguing with yourself and the author. That 
is one reason the printer leaves margins on the page. 

One final word of advice. Mathematics is a sequential sub¬ 
ject; we cannot hope to get the roof on if we have not constructed 
the foundation. In this book the sequential aspect is confined as 
much as possible to chapters, and each chapter is as nearly 
independent as possible. Do not feel that all is lost if you fail to 
get something in Chapter III. The thing you missed may not 
be essential to the mastery of Chapter IV. 


■ ■ EXERCISES 

1. Explain Bertrand Russell’s definition of mathematics. 

2. According to the dictionary, freedom is defined as independ¬ 
ence and independence is defined as freedom. Select some 
ordinary word and, using a dictionary, construct a chain of 
definitions that leads back to the original word. Try to 
have at least five links in the chain. 

3. Rewrite the second paragraph of Section 1.5, interchanging 
point and line. Are you still willing to accept the axiom? 
The definition? The theorem? 

4. Rewrite the second paragraph of Section 1.5, replacing 
point with snok , line with blure , and triangle with glad. Since 
point and line are undefined, do the snok , blure , and glad 
statements mean anything different from the original? 

5. Suggest a way to eliminate the following circular defining: 
(a) An angle of one degree is 1/90 of a right triangle, (b) A 
right angle is the angle formed by perpendicular lines, 
(c) Perpendicular lines are lines which form a 90° angle. 






That 2 plus 2 does not always equal 4? 

It is possible to multiply any two integers by 
doubling and halving alone? 

We could use a number system which would 
require only three addition facts and three mul¬ 
tiplication facts? 

Why the numbers we use are superior to Roman 
numerals? 

What an abacus is and what it had to do with 
the development of our present number system? 

We have not always had the number zero? 

What is meant when we say our system employs 
place value? 

Why we could not have place value without a 
Zero? 




chapter II 


How We 
w rite Numbers 


As is true of all technical achieve¬ 
ments, mathematics did not spring into being full blown. Nor 
has it always been with us. It has reached its present state 
through a long, tedious, halting struggle. Our system of nu¬ 
meration, which we take for granted, is one of the outstanding 
achievements of the human mind. As nearly as historians have 
been able to determine, the system was developed some time 
near the jift h century , and not until approximately the ninth 
century was it introduced into Europe. In order that we may 
appreciate the system more fully we shall examine some earlier 
systems to determine what characteristics make the present one 
superior. 


2.1 Roman Numerals 

The Roman system of numeration is fairly familiar. We 
see Roman numerals used to number the chapters in a book, to 
mark the hours on a clock, to designate the dates on building 
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cornerstones, and so on. There is really no reason to use-them 
except in situations where more than one set of numerals is 
required, for example, in detailed outlines. 

Some interesting characteristics of Roman numerals may be 
noted. First, the consecutive integers, one through nine, are not 
represented by different symbols. Instead, we repeat the sym¬ 
bol for one to represent two, and we use the symbol for one 
three times to represent three. We have a distinct symbol for 
live and another distinct symbol for ten. The rest of the num¬ 
bers below ten are combinations of these three symbols. Here 
we have an application of the additive principle and of the sub¬ 
tractive principle, VI = 6 being five plus one, and IV = 4 being 
one less than five. Th e Roman system has a kind of place value, 
the I in VI and IV taking on different meanings depending on 
its position. However, the I represents one wherever it is found. 
In the number XLVIII (48), the X = 10 preceding the L = 50 
means we take ten from 50; the V = 5 following XL = 40 
means we add five to 40; the III = 3 following XLV = 45 
means we add three ones to 45. We can get along fairly well 
with I, V, X, L until we get to 90; then we have to invent an¬ 
other symbol, one to represent 100. As we proceed to larger 
and larger numbers we have to continue to devise new symbols. 
This is no particular disadvantage as long as we have no need 
for large numbers, but if we are concerned with the number of 
electrons in a molecule or the size of the national debt it becomes 
very bothersome. 

One can easily imagine how such a system evolved. We count 
one and make a single downward stroke thus /; two, another 
downward stroke, //, very much as tally clerks do today. The 
origins of V and X are uncertain. One theory is that the 
Romans tallied ten thus > rather than five as we see 

nowadays, thus 77%^* The cross through the nine strokes 
counted as number ten and this was shortened to a mere cross, 
thus X = 10 and half of X or V counted five. The C = 100 and 
M = 1,000 were probably derived from the first letters of the 
Latin words for 100 (centum) and 1,000 (mille). We should re¬ 
member that early systems of numeration were used-primarily to 
record results of counting or some other operation. So, as long 
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as the numbers did not become too involved, this system could 
serve fairly well even though it seems extremely awkward to us. 

A really good system would make it possible to write a number 
as large as we please or as small as we please without the necessity 
of continually inventing new symbols, and it would lend itself 
to ease of computation. The Roman system seems to have some 
advantage over the present numerals when we consider the 
process of addition. Let us consider the addition of 127 and 58. 
In Roman numerals: 


CXXVII 

_ LVIII 

GLXX VVII III 

We can merely bring down all the symbols in each addend; then 
if we remember that five Ts are written as V and two V’s as X, 
the answer becomes GLXXXV. It is not necessary to know 
the addition combinations such as 7 + 8 and 5 + 2. However, 
the process is much longer and more cumbersome. But if we 
attempt to multiply or divide, it is a different story. Try multi¬ 
plying 127 by 58 using Roman numerals. Civilizations which 
used early systems of numeration did not depend on their nu¬ 
merals for computation. This was done with the aid of an 
abacus, described on page 18. 


■■ EXERCISES 

1. The inscription on the cornerstone of a building reads 
AlDGC^XCVtiL When was it erected? (In Roman nu¬ 
merals I = 1, V = 5, X = 10, L = 50, C = 100, D = 500, 
and M = 1,000.) 

2. What Roman numeral inscription would be placed on a 
building erected this year? 

3. Add the following without the aid of any other kind of 
notation: 

DXXI 

XXVII 

DCCCXXXVI 
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4. Multiply the following using Roman numerals. (You may 
have to “invent” some multiplication tables as you go, for 
instance, X X V = L.) 

CLXXXII 

XXXV 

Note: The Romans and their followers used a variety of 
schemes to extend their notation beyond 1,000. In this 
problem, let it be agreed that we shall use M as many times 
as necessary. 

5. Convert the numbers in the above exercise to our notation 
and compute. Then convert the Roman numeral answer 
and compare. 

6. Subtract CXX from MCCXXXI without converting to 
another notation. 

7. Subtract the following, using Roman numerals. 

DCXLVI 

CCCLVIII 


2.2 The Greek System 

Many other schemes for writing numbers have been used 
in the past. 'The Ionic system of the Greeks is of considerable 
interest. The Ion ic alphabet contained 24 letters. These, with 
the addition of three symbols from a former alphabet, were the 
basis for their number system. The first nine letters were used 
to represent the numbers 1—9; the next nine letters represented 
10, 20, . . . 90; the last nine stood for 100, 200, . . . 900. If we 
substitute our own alphabet a—i represented 1 —9; j—r represented 
10—90; s—z, 100—800; and we must add not three but one symbol, 
&, for 900. Three hundred twenty six would then be written 
ukj\ u for 300, k for 20, and / for 6. This scheme enabled one 
to write numbers up to 999 without difficulty. Variations, such 
as placing a bar to the left of the letter, enabled the Greeks to 
extend their written numbers to extremely large ones. Archi¬ 
medes successfully used this system to write a number greater 
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than the number of grains of sand required to fill the universe. 

This system, which is older than the Roman, had character¬ 
istics more nearly approaching our own. ~~ Different sy mbols for 
successive numbers were employed, rather than letting the same 
symbol pile up, as in the Roman system. T here is an appr oach 
to_place_j^a4ue in that the first digit to the right was for units, 
the second digit for tens, and so on. It resembled our system 
more from the standpoint of inherent difficulties than advan¬ 
tages. The addition and multiplication combinations had to be 
memorized, and what is worse, the task had to be done all over 
again for tens and hundreds. To learn that 5X6 = 30, the 
Greeks had to know that E X F = L\ for 50 X 6 = 300, that 
N X F = U\ and for 50 X 60 = 3,000, that N X O — 'C (the 

bar in front of the C meaning thousands). 

The fact that the same symbols were used to write numbers 
and words was a fundamental weakness of this system. W-O-E 
probably meant trouble whether it was a word or 565. If we 
disregard the order of the letters in a word, since each letter has 
a definite number assigned to it, we can assign a number to the 
word, thus Jim has the number 59 since J = 10, i = 9, and 
m = 40. A pseudo-science called gemaliicL, which has its ad¬ 
herents to this day, has been built up from this idea. Probably 
the best known example of gematria is found in the last verse 
of the 13th chapter of Revelation: “Here is wisdom. Let him 
that hath understanding count the number of the beast; for it 
is the number of a man; and his number is six hundred three 
score and six.” This was probably a means of identifying a 
contemporary enemy of Christianity without calling him by 
name. Nevertheless, gematria addicts have been proving that 
their enemies had the number 666 for nearly 2,000 years. A 
number of Popes, Martin Luther, and Adolph Hitler, all have 
been definitely established by somebody as bearing the number 
of the beast. 

If a boy and girl have names whose corresponding numbers 
are the same, this is conclusive proof to the gematria addict that 
they are a perfect match. 
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■ ■ ■ ■■ EXERCISES 

1. Using a modern adaptation of the Greek scheme, we have 
the following equivalents: A = 1, B = 2, C = 3, D = 4, 
E = 5, F = 6, G = 7, // = 8, 7=9, J = 10, F = 20,’ 
^ = 30, M = 40, A r = SO, O = 60, P = 70, Q = 80, F = 
90, .S’ = 100, T = 200, U = 300, V = 400, IT = 500, 
X = 600, Y = 700, Z = 800, & = 900 

Complete the following: 

£+£>= U Ar JD = C + 6V7) = FLD + UMG = 

2. Multiply the following, using Greek numeration: 

S J A 

’ L C 

3. According to gematria, what sentence should the gun moll 
Kitty expect to get? 

4. If Ratha wants a happy marriage should she marry Tom, 
Dick, or Harry? 

5. Using the scheme in Exercise 1, would the beast mentioned 
in the quotation from Revelation be more apt to be a lion, 
a tiger, or a fox? 

t 

* 

2.3 The Abacus 

V 

As mentioned previously, the ancients did their computa¬ 
tion with the aid of some sort of abacus. The abacus is still used 
by Oriental merchants. Many variations have been used, but 
the kind described below contains the basic features of all. It 
consists of a frame holding a series of wires on which are strung 
movable beads. Each wire is divided into an upper and a lower 
portion. The lower portion of each wire contains five beads, 
the upper portion, two beads. Each of the upper beads counts 
the same as five of the lower beads on the same wire. Any wire 
can be used to represent units, making use of decimal fractions 
possible. If we confine our consideration to whole numbers, 
making the extreme right wire the unit's position, the abacus 
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in Figure 2.1 indicates 5,036. To enter a number, the heads 
are moved toward the divider. One lower bead and one upper 
bead have been moved to the divider, indicating 6 units. The 
three lower beads on the next wire indicate 3 tens. None of 
the beads on the next wire have been used, indicating an absence 


Jjf T.f l 1 i 

t 

n hi i i 



Figure 2.1. An abacus showing 5036 entered. 


of hundreds. The upper bead on the next wire indicates 5 
thousands. If we now wish to add to or subtract from 5,036, 
we merely put in or take out the required amount. When all 
the lower beads on a given wire are used, they may be returned 
by bringing down one upper bead. When the two upper beads 
have been used, they may be returned by bringing up one lower 
bead on the next wire. One shortcoming of the abacus is that 
at the end of the operation the only record remaining is the 
answer. Though the processes are considerably more compli¬ 
cated, the device may also be used to multiply and divide. 
Orientals attain amazing speed and accuracy with the abacus; 
their results compare favorably with those of an electrically 
driven computing machine. 

The abacus embodies the principle of p lace valu &; the value 
of a bead depends on its position, namely the wire on which it is 
located. Since the operator must record the result of his com¬ 
putation, it seems only natural that the result on each wire would 
be recorded in its relative position. Once this notion is uti¬ 
lized, the desirability of different symbols for the first nine digits 
seems compelling. The most important step of all was taken 
when someone hit upon the idea of using a symbol to indicate 
an empty space on the abacus. Prior to the invention of a 
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symbol for zero, the empty space was indicated merely by a 
blank, 5,036 being written 5 36. Since this was before the day 
of printing, confusion and ambiguity were inevitable. The in¬ 
ventor of zero doubtless had no idea of the transcendent im¬ 
portance of what he had done. Its importance in the develop¬ 
ment of civilization is comparable to that of the invention of the 
wheel. Invented merely as a place holder for an empty spot, 
its importance in mathematics is far greater. 

There have been eminent mathematicians of the past who 
stoutly maintained that zero was not a number, being a symbol 
to indicate the absence of a number. There will be more about 
this later. 

The acceptance of our numerals came about after much diffi¬ 
culty. The algorithms (methods of performing the basic opera¬ 
tions) first had to be developed. Then there followed in Europe 
a bitter struggle between the advocates of the new algorithms 
and the old abacus. Some countries actually passed laws for¬ 
bidding the use of the new numerals. However, prohibition 
worked no better then than it did in the 1920's. 


2.4 Babylonian Numerals 

The unknown Arab or Hindu who hit upon the idea of a 
symbol to represent the absence of a number was not the first 
to think of it. If we go back to some of the earliest records which 
have been discovered, to the Babylonians, we find the same idea. 
The Babylonians used the repetitive principle with a vengeance. 
This is understandable because they did their writing by making 
impressions on tablets of clay. These tablets were then baked 
to make permanent records. A wedge-shaped stick (stylus) was 
used to make their cuneiform characters. The numbers one 
through nine were made thus: 

V vv vvv vvv vvv 

V vv 



vvv vvv vvv vvv 
vvv vvv vvv vvv 

V vv vvv 
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For (| gix>t he wedge was turned on its side ; and 100 was 
formed ^ £> . We see here an approach to the notion of ten 
as a base, but no utilization of the concept of place value. 
However, their system contained a kind of place value, for the 
symbol not only represented 1, but 60, 60 X 60, and so on. 

From the standpoint of place value 60 was the base. We can 
thank the Babylonians for our 60 minutes to the hour, 60 seconds 
to the minute and similar subdivisions of angular measure. It 
was not always clear whether a single wedge was to mean 1, 

60, (To*, or something else. They nsedacircle to indica te zer o 

but it was used only as an interior symbol, never at the end. 

VO\7 represented 3,601. The left wedge stood for 60 2 and 
the right wedge for 1. But V V might mean 3,600 + 60, 
60 + 1 or 1 + g*o as well as 2.. Though this system contained 
some of the essential features of our system, it had grave short¬ 
comings and was extremely cumbersome. 


2.5 Numerals of the American 
Indians 

The system of the Maya Indians apparently was developed 

independently of what was taking place in the rest of the world. 

They used a system of dots and dashes, a dot represented one 

and a ^as^five. Their base was 20. The first 19 numbers 
were: 



TheMa yas had a hi ghly developed concept of p lace val ue and 
a symBoTfor^zero. There was one peculiarity of the system 
whiHTr^reatly impaired its usefulness in computation. In what 
is comparable to our tens’ digit, the symbols were used to repre¬ 
sent quantities only from 1 X 20 to 17 X 20. In all other posi¬ 
tions 20 was used as base. We might expect 425 to be written 
• •- the Ieft dot representing 20 X 20, the middle dot 20, 
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and the dash 5. However, a dot in the third position represented 

360 rather than 400, so 425 would be written .... - for 

360 + 3 X 20 + 5. The principal use to which written num¬ 
bers were put was the recording of intervals of time. The 
Mayas’ year, consisting of 360 days, was subdivided into 18 
intervals of 20 davs each. Thus 1 year, 3 “months,” and 5 days 
would be written .... -or 360 + 3 X 20 + 5. 


■ ■ EXERCISES ^ 

1. What number is represented on the abacus shown below? 

A - 

i 



2. Describe how you would add 639 to the number on the 
abacus shown in Exercise 1. 

3. How would you subtract 495 from the number on the 
abacus shown in Exercise 1? 

4. Neither the Roman nor the Greek systems provided a way 
to write zero. How can zero be represented on the abacus? 

5. Add the following Mayan numbers: 


6. Convert the numbers in Exercise 5 to Hindu-Arabic nu¬ 
merals and check the answer. 

7. How long did a person live if his birth occurred on 


• • • •• ••• •• 


and he died on 
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* 

2.6 Hindu-Arabic ISutncrals 

Our system is called the Hindu-Arabic system because it 
was invented bv the Hindus and transmitted to the Westein 
world by~the Arabs. This system was not born overnight nor 
-warit handed down from Mt. Sinai. It evolved pretty much 
by accident and took at least a thousand years to reach its 
pres ent state of perfection. ITiiTnot'positively known whether 
theHindus or"the Arabs contributed the zero. But it is rather 
certain that the idea of a symbol f or zero cam e considerably 
after the use of the other nine symbols.— Without the zero wc 
havcTjust another system. The extension of the basic idea to 
quantities less than unity, that is, the decimal fraction, was not 
made until approximately six hundred years after the system 
reached Europe. The theory of decimal fractions was first ex¬ 
plained in detail by the Dutch mathematician Simon Stevin in 

1585. 

Some of the features of our system are found in many other 
early systems, but each of the others had shoi tcomings which 
effectively blocked improvements. Let us examine our system 
to see just what combination of features makes it superior to 
earlier efforts. First, we do not_ ernploy the repetitiveprinciple. 
The symbol 1 can be used inTgiven number to represent the 
number “one” not more than once. Similarly for the other 
symbols, we do not write 222 to represent six. This requires 
that we have distinct symbols for the numbers one up to the 
base. Thus, 10 is not a symbol. It is two symbols the first 
symbol telling us that we have the base one time and the second 
telling us that we have no units over and above the base. If 
we write 235, the 2 tells us we have two times the base times the 
base, the 3 means we have in addition three times the base, and 
the 5 indicates still five more. The subtractive principle,!?, 
never e mploye d. We do not write nine as 110 (one less than 

ten) as the Romans did when they wrote IX. 

W e do employ an a dditive principle but no t in the same sense 
as the Romans dick We would not write 15 as 105 meaning 
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10 + 5, whereas the Romans did this when writing XV for 
fifteen. Unfortunately for beginning algebra students, we do 
use this principle in the case of mixed numbers, 2f means 2 + |. 
However, this usage is not one of the virtues of our system. We 
use an additive principle in that the complete number is the 
sum of the numbers represented by each digit; thus 506.7 is the 
sum of 5 hundreds, no tens, 6 units, and 7 tenths of a unit. 
In addition to the fact that we have distinct symbols for each 
number up to the base, we have a symbol to represent the 
absence of a number and we utilize place value. The principle 
of place_y_aiue_means that the value of a symbol is determined 
by its place or position in the number. The symbol 7 always 
represents exactly seven, but exactly seven what? Whether it 
stands for 7 units or 7 trillions or 7 hundredths depends upon 
its position in the complete number. 

Along with the notion of place value and a base, one other 

idea should be stressed, namely, the exponential character of our 
positional notation. ~ --—-. 


2.7 



Exponents 


and Powers 


Bear in mind that all our symbols mean what they do, in 
fact have any meaning at all, only by common agreement. 
When we write a 3 this means a • a • a (a X a X a). The little 
superscript 3 is called an exponent. By definition, the exponent 
shows the number of times the base (the number to which it is 
attached) is used as a factor. By definition, 5‘ = 5 X 5 X 5 X 5. 
The expression 5 4 is read c five to the fourth power.” The ex¬ 
ponent is 4, but the fourth power of 5 is 625. 

Since a 3 = a • a • a and a 2 = a • a , then a 3 • a 2 = (a • a • a) * 

( a • cl). But applying the same definition, a • a • a • a • a = a*. 
More generally, 

I: a x • a 1J = a • a • a . . . • a • a • a . . . = a zJrv 

V -V--' V -V-' 

x factors y factors 
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rfltiplyinjp)powers of the same base we add the exponents; m 
we subtract exponents: 





Our definition of an exponent is meaningless unless the exponent 
is a whole number, not zero. We cannot take a as a factor § 
of a time. We might interpret a° as meaning we take a as a 
factor no times, that is, we do not take a as a factor. We would 
then have no idea of its value, for we have merely said what we 
do not know. Then our rule must be modified: 

TT , a • a • a . . . (for * factors) 

II: a -r- a" = - ; r r „ = a • a • a 

a • a • a . . . (lor y iactors) 

for (x — y) factors if x > y. The symbol > is read “greater 
than.” The same sign turned around < is read “less than.” 
If we wish merely to state that x is not equal toj>, the symbol ^ 
is used. Since y < v, the y factors in the denominator may be 
canceled with y of the factors in the numerator, leaving (a* — y) 
factors in the numerator. But if x is less than or equal to y 
(x ^ >0, our rule gives us a meaningless result. 

We wish to extend our definition of exponents to zero. We 
are at liberty to define zero as an exponent in any way we please 
so long as no inconsistency results. However, in making our 
choice it would be a good idea to select a definition which would 
enable us to continue to use the rule for a x -4- a u when a* = y. 
We know that a number divided by itself equals one, but our 
rule should give a 1 -4- a u = a x ~ u = < 2 °. Therefore we take as our 
defin ition of zero as an exponent a 0 = 1 if a is any number different 
from zero^ ___ We shall see later why we restrict a to numbers 
different from zero. 

If we apply the definition of an exponent to (# 2 ) 3 we get 
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The rule for multiplication shows that 

* 2 • a 1 • a 2 = * 2 + 2 + 2 = a 6 

In general 

III: (a 11 )”' = a 11 • a 11 -a" . . . for m factors = a mn . 

To obtain the power of a power we multiply the exponents. 

y • 

2.8 Base Ton 

In our exponential positional notation we must have some 
number for base. We use the number 10. Any number is 
expressed as the sum of multiples of powers of the base. Re¬ 
member that 10° = 1. The symbol in the unit’s digit may be 
interpreted as that number times 10°. The symbol in the tens 
digit represents that number times 10 1 . Similarly for higher 
and higher digits. Example: 95,873 is merely an abbreviated 
way of writing 9 X 10 4 + 5 X 10 3 + 8 X 10 2 + 7 X 10 1 + 3 
X 10°. Since 10 4 = 10,000, 10 3 = 1,000, 10 2 = 100, 10 1 = 10, 
10° = 1; it follows that 9 X 10 4 + 5 X 10 3 + 8 X 10 2 + 7 X 
10 1 + 3 X 10° = 9 X 10,000 + 5 X 1,000 + 8 X 100 + 7 X 
10 + 3 X 1 = 90,000 + 5,000 + 800 + 70 + 3 = 95,873. 

The scheme can be continued indefinitely; it enables us to write 
a number as large as we please without the necessity of inventing 
any new symbols. 

This positional notation is such that a symbol always repre¬ 
sents ten times as much as the same symbol in a position im¬ 
mediately to the right and one tenth as much as the same symbol 
placed immediately to the left. This is universally true, regard¬ 
less of where the symbol is located in the number. 

The general notation for all whole numbers can be indicated 
a 0 \0 n + a x 10 n_1 4- . . . + a n 10° where each a represents a digit 
from 0 through 9 except a 0 ^ 0. The three dots are read “and 
so forth.” 
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m mm m * EXERCISES 

^ \ 


Simplify the following: 



4 3 • 4 1 



6. a 3 /b° 




7. a 3 b n 


3. 

4. 

5. 
11 . 
12 . 


9x 2 

(3 *) 2 

(17f) • (123)o 

a-b 3 /a-b 

Show that (a"')" 



8. (*•» (*y) 




w 

(43), 

( 2 3 ) 3 


Use the number 70,707 to illustrate the meaning of place 
value by showing what each of the 7’s represents. 



2.9 Sums of Powers 


The ability to write numbers as we do implies that it is 

always possible to express a number as the sum of powers of 10 

without using any power of 10 more than nine times. The 

number 115 is the sum of 10 1 taken eleven times and 10° taken 

five times, but it is also 10 2 taken one time plus 10 1 taken one 

time plus 10° taken five times. This fact seems rather obvious 

so long as we are talking about powers of 10. It seems obvious 

because of our number system, but the number system is possible 

only because of this principle. It is equally true, but possibly 

not so obvious, that the idea holds when we use a number 

different from 10. Any number can be expressed as the sum of 

powers of 8 without using any power more than seven times. Any 

number can be expressed as the sum of powers of 2 without 

using any power more than one time. This last statement has 

many interesting and practical implications. Here it is a case 

of take it or leave it. We can build the number by either using 
or not using each power of 2. 
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Let us examine the general idea: Any number may be ex¬ 
pressed as the sum of powers of the number n without using 
any power more than n — 1 times. To illustrate: 

115 = 64 + 48 + 3 = 1 X 8 2 + 6 X 8 1 + 3 X 8° 

Here no power of 8 is used over seven times: 

115 = 64 + 32 + 16 + 2+1 

= 1 X 2 6 + 1 X 2+ 1 X 2 1 + 1 -X 2' + 1 X 2° 

and no power of 2 is used more than one time. 

Let us see how we can find the correct powers other than by 
trial and error. Suppose we wish to break 81 up into powers of 
6. If we divide by 6 we get 13 as quotient and 3 as remainder. 
Then 81 is 3 more than a multiple of 6. 

81 = 13 X 6 1 + 3 X 6° 

If we divide 13 by 6, getting 2 for the quotient and 1 for the 
remainder, we may express 13 as 2 X 6 1 + 1 X 6°. Substi¬ 
tuting this value for 13, we get 

81 = (2 X 6 1 + 1 X 6°)6 1 + 3X6° 

= 2 X 6 2 + 1 X 6 1 + 3 X 6° 

If we wish, we may think of dividing the quotient 2 by 6, getting 
the quotient 0 and the remainder 2. Then we may say that 
the number of times each power of 6 must be used is indicated 
by the remainders we get upon successive divisions by 6. 

The above method is perfectly general: If we divide the num¬ 
ber by the required base (the base being the number in terms 
of whose powers we wish to express the number), the remainder 
tells us the number of times we must use the base raised to the 0 
power. If we divide the quotient by the base, the remainder 
tells how many times the first power of the base must be used. 
The process is continued until we reach a quotient 0. Note 
that each remainder must be less than the base since the base is 
the divisor. Note further that if at any time the remainder is 0 
we need the corresponding power of the base zero times. 

The necessary work may be conveniently arranged as in the 
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following example: Express 390 as the sum of powers of 7 where 
no power of 7 is used more than six times. 

55 

7)390 remainder 5, we need five 7°’s 

( means “therefore") 

7 

7)55 remainder 6, we need six 7 p s 

1 

7)7 remainder 0, we need no 7 2 \s 

0 

7)1 remainder 1, we need one 7 3 

Then, 

390 = 1 X T + 0 X 7 2 + 6 X T + 5 X 7° 

Notice that the successive remainders appear in order from low¬ 
est to highest powers of the base, which is just the reverse of the 
order in which the digits of a number are read. To verify the 
above we observe that: 


7 3 = 

343 

and 

i 

X 

7 3 = 

= 343 

7 2 = 

49 

and 

0 

X 

T- = 

= 0 

7' = 

7 

and 

6 

X 

7 1 = 

= 42 

7° = 

1 

and 

5 

X 

7° = 

5 




t 

Total 

390 



2.10 liases Other Than 

Ten 


You will recall that 10 has played an important role in all 
the number systems we have examined, with the exception of 
the Maya system. Though our system is decimal (base 10) it 
derives none of its superiority or usefulness from this fact. Un¬ 
doubtedly man has shown a preference for 10 because of the 
fact that he has ten fingers. The Mayas apparently went bare¬ 
foot. The foregoing paragraphs should suggest the possibility 
of using a base other than 10. The fact is that any number can 
be used as base. Although few would seriously advocate the 
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abandonment of 10 as base, most mathematicians would agree 
that 10 actually is an unfortunate choice. It has two exact 
divisors, 2 and 5. Obvious advantages would accrue if we used 
12, whose divisors are 2, 3, 4, 6. Other less obvious advantages 
would result if we used a prime number such as 11. A prime 
number is a whole number greater than one which has no exact 
divisors except itself and one. 

Example: 

The first five primes are 2, 3, 5, 7, and 11. 

Suppose we should use 7 as our base. The above example 
indicates how 390 would be written, namely 1065. The in¬ 
dividual symbols would indicate that we have the base raised 
to the 0 power five times plus the base to the first power six 
times, plus the base squared no times, plus the base raised to the 
third power one time. The symbol 10 (one-zero) would not 
represent 10, but 7. Ten would be written 13 (one-three). 
One hundred would be 202 (two-zero-two) rather than 100 
(one-zero-zero) which in turn would stand for 49. 

Some writers prefer to assign new word names to numbers 
when a base other than 10 is used. This would be highly de¬ 
sirable if we seriously proposed the abandonment of 10 as base, 
since the number names fit base 10 symbolism. However, there 
is no logical necessity for doing so. On the other hand, we 
could keep 10 for base and invent an entirely new set of names 
if we so desired. In this text, we preserve the identity of the 
number by continuing to associate it with its current name. 
The word “ twelve” identifies the number corresponding to the 
following marks ////////////. However, when we write the 
number “twelve” as 14 8 , it should read “one-four-base eight.” 
It should not be called “fourteen” or “fourteen, base eight,” be¬ 
cause “fourteen” is the name of a number which can be written 
in any base we choose, for instance 16g. The number name 

“fourteen” should be associated with the symbol 14 only if 10 

- - -- — — “ * -- . _ 

is base. 

Recall that we need a distinct symbol for each number from 
zero up to but not including the base. If a number greater 
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than 10 is used as base, new symbols must be invented. Suppose 
we wish to use 12 as base. We must then invent a symbol for 
10, say /, and a symbol for 1 1, say e. Let us further adopt the 
convention that we indicate the base under consideration by a 
subscript written in base 10 , otherwise the base would always 
appear as 10. Then 123,o means that the symbol 1 23,- is to be 
interpreted as a number in base 12. We have seen how a base' 
10 number may, by repeated division, be converted to any other 
base. However, one precaution needs attention. If the new 
base is greater than 10 we might get a remainder of 10 or more. 
In that case care should be taken to write the corresponding digit 
in the new notation. The following example illustrates the idea. 
Convert 275i 0 to base 12. . 


22 remainder 1 1 


J 


12)275 

0 


i 


1 remainder 10 


remainder J I v v v 

C 



12)22 


275 io = 1 te 12 



12)1 


A number written in a different base rrfay be converted to base 
10 quite easily by merely expressing^each digit in base 10 and 
adding. 

Example: 
y A Conve^t\i57 



J 


* 


J 


•I 


v 


w 

'"n 


is 


inally, it 

7 . •XI > 





257«v = 


+ 5 X 8 1 + 7 X 8°) 

7) 10 = 175 10 


10 


ove from any base to any other base by 


^cpnyto ba^JO apd then to the new base. 


Example 




y 


Convert ^35 9 to base 5 notation. 

835 9 = (8 X 9 2 + 3 X 9 1 + 5 X 9°) 


10 


— (648 + 27 + 5),o = 680 


10 
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136 

remainder 0 

27 remainder 1 



5)136 

5 

remainder 2 

1 remainder 0 

5)27 


5)5 

0 

remainder 1 


5)1 


68 O 10 = IO 2 IO 5 and finally 


8 3 5 9 = 102 1 05 


*2.11 Arithmetic in Other 

Bases 

It is not necessary to move through base 10 as was done 
in the above example. We can move directly from base 9 to 
base 5 by dividing the base 9 number successively by 5. But to 
do so we must either have the addition and multiplication tables 
to base 9 before us or make our conversions as we go along. 
Following the latter procedure, the above example may be 
worked as follows: 


161 

remainder 0 

30 remainder 1 

5)835 


5)161 

5 

remainder 2 

1 remainder 0 

5)30 

• 

5)5 

0 

remainder 1 


5TT 


/. 83 5 9 = 102105 


This division looks odd because we are not accustomed to base 9 
notation. In the first step, we divide 5 into 8 getting quotient 1 
remainder 3, then 5 into 33 (which is not thirty-three but 3 X 
9 + 3 = thirty) goes six times with no remainder, then 5 into 5 

one time with no remainder. 

In the second division, we divide 5 into 16 (nine plus six or 
fifteen) and get 3 for quotient with no remainder, then 5 into 1 
no times with remainder 1 . 



HOW WE WRITE NUMBERS 


33 


The third division is 5 into 30, but 30 means three times nine 
plus zero. Therefore 5 into 30, goes five times with remainder 2. 
Let us construct base 5 addition and multiplication tables: 


TABLE 2.1. BASE 5 ADDITION 


0 

1 

2 

3 

4 

1 

2 

3 

4 

10 

2 

3 

4 

10 

11 

3 

4 

10 

11 

12 

4 

10 

11 

12 

13 


TABLE 2.2. BASE 5 MULTIPLICATION 


0 

1 

2 

3 

4 

1 

1 

2 

3 

4 

2 

2 

4 

1 1 

13 

3 

3 

1 1 

14 

22 

4 

4 

13 

22 

31 


With the aid of the tables we may convert 10210 5 back to base 9 
without the necessity of even thinking in base 10. 


300 

14)10210 

102 

10 remainder 


13 0 

14)300 14JI3 

14 13 remainder 

110 
102 

3 remainder 


When these remainders 13 5 , 3 5 , 10 5 are converted to base 9, we 
get 10210 5 =■ 835 9 . 

Let us use b to designate our base and a { to indicate some 
number from 0 to (6—1). The subscript i means any number 
from 0 to n. Then we may express a number in any base in a 
manner analogous to that used in Section 2.8: 

a 0 b n + a x b n ~ l + . . . + a n b° 

Regardless of the base in which the number is written, it can be 
written in base b. If we divide the above expression by 6, 
our remainder is a n and subsequent divisions will yield succeed¬ 
ing a' s. Thus, to convert a number in any base to base b merely 
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divide the number successively by b. The remainders will give 
the required digits from lowest to highest, regardless of the base. 

The mechanical procedure for all fundamental operations is 
identical with that used in base 10. Let us do the following 
base 5 addition with the aid of the addition table. 

Example 7: 

432 

140 

233 

1410 

These are our steps: (1) 2 + 3 = 10 (the base). Write 0 and 
carry 1. (2) 1 + 3 = 4, 4 + 4 = 13, 13 + 3 = 21. Write 1, 

carry 2. (3) 2 + 2 = 4, 4 + 1 = 10, 10 + 4 = 14. Write 14. 

Multiplication works in the same way. We must use both 
Tables 2.1 and 2.2 in performing this multiplication. 

Example 2: 

431 

243 

2343 

3324 

1412 

232333 

Our steps are (1) 3X1 =3. Write 3. (2) 3 X 3 = 14. 

Write 4, carry 1. (3) 3 X 4 = 22, 22 + 1 = 23. Write 23. 

(4) 4X1 =4. Write 4. (5) 4X3 = 22. Write 2, carry 2. 
(6) 4 X 4 = 31, 31 + 2 = 33. Write 33. (7) 2 X 1 =2. 
Write 2. (8)2X3 = 11. Write 1, carry 1. (9)2X4 = 13, 

13 + 1 = 14. Write 14. (10) Draw down 3. (11) 4 + 4 = 

13. Write 3, carry 1. (12) 1 + 2 = 3, 3 + 2 = 10, 10 + 3 

= 13. Write 3, carry 1. (13) 1+1 = 2, 2 + 3 = 10, 10 + 

2 = 12. Write 2, carry 1. (14) 1+4 = 10, 10 + 3 = 13. 

Write 3, carry 1. (15) 1 + 1 = 2. Write 2. 

We leave it to you as an exercise to convert Examples 1 and 2 
to base 10 and check on the correctness of our base 5 work. 
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2.12 Applications 

The idea of a base other than 10 is utilized quite fre¬ 
quently although the notation is not used. Perhaps it is just as 
well that the notation in common usage be restricted to 10. 
Otherwise considerable confusion might result. We are quite 
familiar with the system of counting in dozens, gross, and great 
gross. Recall that a gross is a dozen dozen and a great gross 
is a dozen gross. This usage is definitely a utilization of the 
idea of base 12 (duodecimal). 1 he carpenter or cabinet maker, 
though using duodecimals when working in feet and inches, 
reverts to base 2 when considering parts of an inch, halves, 
fourths, eighths, and so on. Written in the binary scale (base 2) 
these units would appear as, 0.1, .01, .001, .0001. Stockbrokers 
utilize base 8 when quoting stock prices in terms of eighths of a 
unit, and the rise or fall from the previous quotations as plus or 
minus so many eighths. Mention has already been made of the 
fact that the common units of time and angle measure are 
applications of base 60 (called sexagesimals). Speedometers, 
electric meters, and the like, as well as many calculating ma¬ 
chines, utilize 10 as base by use of a sequence of gears with a 

ratio of 10 to 1. However, the most recent high speed electronic 
computers utilize base 2. 

Electronic computing machines are of two kinds, digital and 

analogue. The abacus is a digital computer. So arc cash 

registers and ordinary adding machines. On the other hand. 

clocks and slide rules (to be discussed later) are examples of 

analogue computers. The analogue computer actually keeps 

tract of one thing but is calibrated to read something else. For 

instance, the speedometer of an automobile counts turns of the 
wheels but it reads miles per hour. 

The digital computer uses binary numbers because a number 
may be obtained by either accepting or rejecting each power of 2. 
Actually, some computers use bases other than 2. Some use 4, 
8, or 10, but they still employ the “take it or leave it” binary 
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principle and obtain the desired base by ingenious systems of 
switching devices. 

One of the simplest applications of the binary principle is the 
binary counter. Let us suppose we have a bank of relays which 
are capable of transmitting a current of electricity over either 
of two routes. We shall designate one output route as 0 and 
the other as 1. So long as a steady flow of current is being re¬ 
ceived, the 0 or 1 state of the relay is unchanged. When a 
pulsing current, or beat, is received, the condition of the relay 
is changed, 0 to 1 and 1 to 0. If the relay is in condition 1 when 
it receives the beat, it transmits the beat to the next relay and 
changes its output condition to 0. If the relay is in condition 0 
when it receives a beat, it changes to condition 1 but transmits 
a steady flow of current to the next relay. The first relay in the 
bank represents 2°, the next 2 1 , then 2 2 , and so on. If a given 
relay is in condition 0, this means the corresponding power of 2 
is not present; if its condition is 1, then that power of 2 is present. 

Suppose we have counted up to 13. This would be recorded 
in the relay bank as indicated in Figure 2.2. Since relays num- 



Figure 2.2. A binary counter , indicating a count oj 12. 


ber 1, 3, and 4 are in condition 1, we have recorded 2° + 2 2 + 

2* = 13. 

When the next beat signal is received, relay 1 transmits the 
beat to relay 2 and changes its own state to 0. Relay 2 transmits 
a steady current to the remainder of the bank but changes its 
state to 1. We now have recorded 2 1 + 2 2 + 2 3 = 14 as in¬ 
dicated in Figure 2.3. 



Figure 2.3. A binary counter , indicating a count oj 14. 
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The next beat merely causes the first relay to change from 
condition 0 to condition 1, increasing the number by 2°. On 
the following beat the first four relays will change to state 0 
and convey a beat to the fifth relay which will change to state 1. 
We then have recorded 2 4 = 16. 

One of the most marvelous things about the electronic digital 
computer is the fact that it performs its unbelievable feats largely 
by adding and “remembering.” These machines have not elim¬ 
inated the need for mathematicians. They have greatly in¬ 
creased the demand since the machines have to be told what to 
do in order to solve a given problem. 

Binary numbers have the obvious advantage of requiring a 
minimum of addition and multiplication facts. But we would 
lose much compactness if they were used. Compare 512 10 with 
its equivalent 1 OOOOOOOOCh. As has been mentioned, 12 has 
more exact divisors than 10, but from the standpoint of divisi¬ 
bility consider the convenience of 60. However, if 60 were the 
base we would need individual symbols for each number up to 
59. Learning the multiplication combinations would become a 
formidable task. Ten is a pretty good compromise between 
c ompactness and divisibility on the one hand and the number of 
symbols and combination facts required on the other. If a 
prime base were used “basimal” fractions (analogous to decimal 
fractions) would always be in lowest terms. For example, in 
base 11 the fraction .25 would mean + t£t> which is not 
reducible. 

We have considered bases other than 10. But the system of 
numeration is identical. The difference between the base 10 
notation we use and an earlier system, say the Roman, is analo¬ 
gous to the difference between a modern truck and a wheel¬ 
barrow. But the difference between base 10 notation and base 
12 notation is more comparable to the difference between a 
six-cylinder and eight-cylinder motor. 

Summary 

The Hindu-Arabic system of notation is far more convenient 
than ancient systems. It enables us to write numbers as large 
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as we please and as small as we please. No new symbols need 
to be invented. The secret of its superiority lies in the use of 
the principle of place value, the complete utilization of which is 
impossible without a symbol for 0. The decimal nature of the 
system seems to be important only because of custom and fa- 
miliarity; any other number could be used as base. We arc 
apt to minimize the magnitude of this invention because of its 
simplicity. It should be remembered that the system had its 
beginning shortly after the advent of the Christian era and did 
not reach completion until near the close of the sixteenth century. 
Thus, it escaped the mentality of the nameless geniuses who were 
responsible for such accomplishments as the building of the 
Great Pyramids and the surveying of the Nile. It evaded such 
Greek intellectual giants as Euclid, Apollonius, and Archimedes. 


EXERCISES 




Binary (base 2) numbers have quite an advantage over 
other systems in that all the addition and multiplication 
facts can be mastered almost at a glance. The addition 
facts are: 0 + 0 = 0, 0 + 1 =1,1 + 1 = 10. The mul¬ 
tiplication facts are: 0X0 = 0, 0X1 =0,1X1 = 1. 
Multiply 101101 2 by 1101 2 , then convert the multipliers 
and the product to base 10 and check. Remember: Binary 
numbers have only two symbols, 0 and 1. 

Construct tables showing all the addition and multipli¬ 
cation facts needed to operate in base 4. 

^3. Use the addition table constructed in Exercise 2 to add 
the following numbers which are written in base 4. Check 
your result by translating to base 10. 


123 + 302 + 111 + 323 


\ 4 . Use the multiplication table constructed in Exercise 2 to 
find the following product—the numbers are written in 
base 4. Check by translating to base 10. 


320 X 102 
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There is a primitive method of multiplication which re¬ 
quires only doubling and halving; it is sometimes called 
the Russian peasant method. Suppose we wish to mul¬ 
tiply 357 X 119. 


357 

714 

1428 

“2'856 _ 

5712 

11424 

22848 

42483 


119 

59 

29 

-T4 

7 

3 

1 


Double one factor (357) and half the other (119), dis¬ 
regarding any remainders. Continue the process until 
the factor which is being halved becomes one. Strike out 
all numbers in the doubling column which correspond to 
even numbers in the halving column. In the example, 
14 being even, 2,856 is crossed out. Now add the remain¬ 
ing numbers in the doubling column. The sum of this 
column is the required product. Perform the above mul¬ 
tiplication by this method, doubling the 119 and halving 
/the 357. 

\JK. Use the doubling and halving method to find 513 X 129. 

*7. Explain why this method works. Hint: Remember how 
to express a number in base 2. How can you determine 
which powers of 2 are present in the halved number? 

*8. Prove that any number can be expressed as the sum or 
difference of powers of 3 where no power is used more than 
one time. 

9. Change e 81 \« to base 10. 

10 . Change 578 y to base 11 by first changing to base 10. 

* 11 . Change 578 y to base 11 without going through 10. 

12. Add the following base 8 numbers: 


175 + 363 + 732 


13 . Prove that a +>ase 10 number is divisible by 5 if it ends 
in 5 or 0. Is the same true if the number is written in 
base 12? Explain. 

14. Compare the factors of 36 10 and 36 12 . 

15 . -The symbol 13 represents a prime number if 10 is the 

base. Does it represent a prime number regardless of the 
base? Explain. 
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16 . A druggist sells 3 gross, 5 dozen, and 7 bottles of Yip-Pe 
tonic in one month. How many bottles did he sell? 
Write the number in base 12 and in base 10. 

17 . A carpenter cuts a plank 11.7 feet long. This number is 
written in base 12. How many feet and inches long is it? 

18 . If a certain issue of G.M. stock is quoted at 125|--f, how 
would this quotation be written in base 8? 

19 . Diagram the relay bank described in Section 2.12 when 
15 is recorded. Do the same when 16 is recorded. 



you know 



There are as many even numbers as there are 
ivhole numbers? 


The whole is not necessarily greater than any of 
its parts? 

There is really jusl one fundamental operation of 
arithmetic? 

How to tell at a glance whether 125,938,675^ 
416 is a perfect square? 

Why our methods of multiplying and dividing 
work? 

Many other methods of multiplying and dividing 
have been used? 

How to tell at a glance whether or not a number 
is evenly divisible by 7 1? 

How to tell whether two groups of objects are 
equal in number without counting either group? 

How to prove that there are at least two men 
in New York City with exactly the same number 
of hairs on their heads? 




i 


chapter III 
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The following are symbols for numbers: 
V3. TT. i n. y 2 


Some, if not all, of them are probably familiar to you. The 
question posed in the chapter title does not refer to symbols. 
We can make a vocal sound for five, write the word “five” or the 
sign 5, or we may even hold up the fingers of one hand. All 
of these are symbols for a number. But what is the number , 
apart from these symbols? In Chapter II we took several things 
for granted in developing the ideas concerning the way we write 
numbers. Incidentally, most of what was said referred to a 
very particular kind of number. As we pursue the answer to 
the above question, it is well to recall that we cannot define 
everything and it might be the expedient course to take as un¬ 
defined the jjog itive whole num bers or natural numbers , also called 
counting numbers. But even though we do just that, it is 

profitable to try to go a little deeper to see what underlies our 
notion of number. 


43 
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3.1 One-to-one 

Correspondence 

We are quite familiar with the notion of multiplication. 
Suppose we multiply 4X5. What are we finding? We are 
finding how many objects there are in four sets, each of which 
contains five elements. Generalizing, so long as the numbers 
are natural numbers, multiplication is equivalent to the addition 
of equal sized sets. But what is addition? If we add 5 + 4 
we get the same result as if we started counting a set of five 
objects and counted on through another set of four objects. 
Then addition is merely abridged counting. But, let’s be per¬ 
sistent, what is counting? 

You have probably heard a four-year-old count, “One, two, 
three, seven, five, ten. . . .” The number names were there 
but they were not ordered properly. The proper ordering of 
number names, as well as the names themselves, is a matter of 
common agreement. This agreement has developed gradually. 
In fact, there is evidence in our language to indicate that man 
has not always been aware of the fact that two horses and two 
birds have the property of “twoness” in common. “Span,” 
“pair,” “brace,” and “couple” are a few words used to mean a 
special kind of two. Although this is in the realm of conjecture, 
man probably made a tremendous stride forward when he 
realized that all sets of objects which contained five elements had 
something in common. This something in common, this “same- 
as-ness” is the thing we call number. Things may have the 
same shape, size, color, taste-^fna’ny properties in common. 
The same may be said of collections or sets of things, but sets 
can also have the property of containing the same number of 
members. But remember that we cannot define number in 
terms of number and get anywhere. 

If we give our imagination free play, we can guess how primi¬ 
tive man first counted. Suppose he wished to count the sheep 
in his flock. He would make a mark on the ground, or place a 
pebble in a pile as the sheep went by. He knows that each 
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mark or pebble “stands for” a sheep. In the evening as the 
sheep return, a pebble may be removed from the pile or a mark 
rubbed out as each sheep goes by. If all the pebbles or marks 
are used up, and there has been one to pair with each sheep, 
all the sheep are accounted for. Here we have a “same as” 
relationship; the counters arc the same as the sheep in that 
there is a counter to correspond to each sheep and a sheep to 
correspond to each counter. If upon their return there are not 
enough sheep to account for each counter, our friend knows some 
sheep are missing (if he is sure no one has tampered with his 
counters). In case sheep are still arriving after all counters 
have been used either the counters have been disturbed or some 
new lambs have arrived. In either case we do not have a 
“same as” relationship but a “less than” or “more than” situa¬ 
tion. This pairing off of sheep and counters is known as placing 
in one-to-one correspondence. Two sets of things are in one-to- 
one correspondence when each member of the first set is paired 
with one member of the second, and each member of the second 
is paired with one member of the first. In other words, each 
member has its partner in the other set, and no element in either 
set is without a partner. Any time two sets of things can be 
placed into one-to-one correspondence, the two sets have a 
“same as” relationship—they are equal in number. We do not 
necessarily have to know what the number is. If the members 
of a class enter a classroom and each sits in a separate chair, 
then the number of chairs is the same as the number of students, 
provided no empty chairs remain. 

y 

3.2 A Convenient Reference 
Set 

Obviously tiie primitive sheep herder’s scheme is too un¬ 
certain. It is too inconvenient to have to stand guard over the 
system of counters. It would be much better if we had a system 
of counters that is always with us. The fingers make an ex¬ 
cellent frame of reference so long as our number requirements 
arc small enough. Man ultimately hit upon the idea of a set 
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of words as a frame of reference—then he could carry his counters 
with him in his mind. But we need more than just a set of 
words unless we are always dealing with the same sized group. 
The set of words must be ordered . The first order of business in 
mathematics is order . Why does seven “come before” eight 
and “come after” six? Merely because that is the arbitrarily 
agreed upon order of the arbitrarily agreed upon number names. 

Then if we restrict our question “What is a number?” to 
natural numbers, we may say that the natural numbers are an 
ordered set of names. Two groups that have the “same as” 
relationship which is designated by the name Jive are two groups 
that may be placed into one-to-one correspondence with the 
ordered set of names one, two , three , Jour , Jive. 

Similarly, for any other number. The number a designates 
a property which is common to all sets of objects which may be 
placed into one-to-one correspondence with the ordered set of 
number names ending with the number a. Since any two of 
these sets may be placed in one-to-one correspondence with the 
same set of number names, they may also be placed into corre¬ 
spondence with each other. Consequently, according to Section 
3.1, they are equal in number. 

w' 

'V 

1 / 

3.3 Counting and Ordering 

Natural numbers are used in two ways in the counting 
process. If we merely want to answer the question, How many 
elements in a set? we place the members in the set to be counted, 
without regard to the order in which we use them, in corre¬ 
spondence with the ordered set of names (numbers). Used in 
this way, the number of the set is a cardinal number. If, how¬ 
ever, the set to be counted is also ordered, each member of the 
set has an ordinal number. 

Example: 

The children in a family are John, Mary, Bob, and Sue. 
Then if John corresponds to one, Mary to two, Bob to three, 
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and Sue to four, we conclude that there are four children in 
the family. But the same result is obtained regardless of the 
order in which the names of the children are used. On the 
other hand, if the above is the order of their ages, we may 
say John is first, Mary second , Bob third, and Sue fourth. Here 
we have set up a correspondence and given each child an ordinal 
number. 

In the first instance only the set of number names was ordered; 
in the latter, both sets were ordered. Our concern is primarily 
with cardinal numbers. If you want to count the number of 
states in the Union, it makes no difference which state is con¬ 
sidered to be first, second, and so on. We merely find the 
cardinal number of the set to be 48. However, if we wish to 
rank them relative to population, New York has the ordinal 1, 
California 2, and so on. If they are ranked according to area, 
Texas has the ordinal number 1; according to number of legal 
gambling houses, Nevada becomes 1. 



3.4 Counting the Infinite 

We have said that two sets are equal when they can be 
placed into one-to-one correspondence. Five chairs can be 
paired with five persons. The states of the Union can be placed 
in correspondence with the first 48 number names. But what 
of all the number names? Here is a set that is said to be in¬ 
finite. For the moment we may think of this as meaning that 
the natural numbers are endless. There is no last number. 
The number of electrons in the entire universe has been esti¬ 
mated to be about 10 79 (1 followed by 79 zeros). This is a fair¬ 
sized number, yet it is finite. The set of numbers from 1 to 10 79 
cannot be placed into one-to-one correspondence with all the 
natural numbers. We might wonder whether any other set is 
as large as the set of natural numbers. Since there is an odd 
number between any two consecutive even numbers, it seems 
reasonable to assume that there are half as many even numbers 
as there are natural numbers. But wait! If we stick to our 
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statement that sets are equal if they can be placed into one-to-one 
correspondence, we must conclude that there are just as many 
even numbers as there are natural numbers. 


1 




2 3 4 

t l I 


4 6 8 


5 6 

: t 

10 12 




In the above array, the natural numbers are on the top line 
and the even numbers are on the bottom line. The double¬ 
headed arrows indicate how the elements of the two sets are 
placed in correspondence. The dots at the end of each line 
indicate that (he process continues in the same manner end¬ 
lessly. II the sets to be placed in correspondence are finite, all 
the elements in each set may actually be used one and only one 
time, and every pair displayed. However, if the sets are in¬ 
finite, this obviously cannot be done. If an infinite set is to be 
shown equal to the set of natural numbers, a method whereby 
the first set can be counted must be exhibited. Such a set is 
said to be a countably , or denumerably , infinite set. To count the 
set some method of ordering it is necessary. The ordering can 
be in terms of magnitude. This method was used with the 
even numbers, the next even number to be counted is always 
the next larger even number. However, the order in which the 

are to be counted need not be the order of 
size. We merely have to show that the method of ordering 
ultimately includes all the elements, and uses each one only 
once. In a later chapter we shall see a countably infinite set 
which is not ordered as to magnitude. 

The distinguishing feature of an infinite set, as opposed to a 
finite set, is the fact that an infinite set can be placed into one-to- 
one correspondence with a part of itself. In the above corre¬ 
spondence the elements in the lower line all may be found in the 
upper line, but not all elements of the upper line appear in 
the lower. This may be upsetting to those of you who learned 
in geometry that the whole is equal to the sum of its parts, 
because here the whole is equal to a part of itself. When dealing 
with infinite sets, we simply reject the axiom that the whole' is 
equal to the sum of its parts—after all, we cannot prove it. 
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We had to assume it in geometry. We have just as much right 

to make the counter assumption relative to infinite sets. We 

can make any assumptions we wish, as long as they arc not 
contradictory. 

It may seem to you that all infinite sets are equal in number. 
But this is not the case. It can be shown that there are more 
points on a one-inch line than there are natural numbers. We 
shall return to the arithmetic of the infinite in a later chapter. 


EXERCISES ^ 


\ 



1. Prove that there are as many multiples of three as there are 
even numbers. 

Place the two following sets into one-to-one correspondence 
in as many ways as possible. Set one: glod, bint, talw, 
sming; Set two: apple, dog, biscuit, horse. 

3. Without counting either set, determine which is the greater. 

Set one: red, green, purple, blue, black, white; Set two: 

Monday, Tuesday, Wednesday, Thursday, Friday, Satur¬ 
day, Sunday. 

4. If you count the months of the year, what two sets have 
been placed into one-to-one correspondence? 




A 


fa Hotv thr i\atn 


Ai/ rtibrrs Art 
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3.5 Addition Is Counting 


Now that we have agreed what counting is, if the count of 
one set is the number a and the count of a second set is the 
number b, then the count of a set obtained by combining the 
two is a + b. The operation of obtaining the count of the 
combined sets we shall call addition and indicate the operation 
with the sign +. This putting together of the two sets does 
not have to be done in a physical sense. In fact it usually is 
not done. It is sufficient to combine them mentally. When 
the grocer is taking inventory he does not bother to put all the 
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cans of beans in one pile. He probably counts the cases in 
the storeroom and from this count, by multiplication, finds the 
number of cans there; then counts the cans in the back row on 
the shelf, counts the cans in the front row on the shelf, and adds. 
Although it is not essential, we can extend the basic notion of 
addition to any number of sets, we can think of combining set < 2 , 
set 6, and set c into one set whose count is a + b + c. We are 
usually taught the addition combinations by two, thus 7 + 8 = 
15, not 7 + 8 + 9 = 24. However, we could be taught the 
combinations in any number of groups and frequently do recog¬ 
nize at a glance groups of more than two. 

Suppose the grocer found that he had 240 cans in the 
storeroom, 24 on the back row and 16 on the front row. .He 
could add 24 to 240 and 16 to this sum. We indicate this by 
(240 + 24) + 16, the parentheses showing that 240 + 24 are 
combined first. However, he is more likely to combine the 24 
and 16, then add the sum to 240. This would be indicated by 
240 + (24 + 16). Incidentally, if we use no parentheses and 
write 240 + 24 + 16, we imply the first order of the operation, 
so in (240 + 24) + 16 the parentheses are used merely for 
emphasis. In any event, the number of cans of beans is the 
same. We indicate this by writing (240 + 24) + 16 = 240 + 
(24 + 16). We may verify by as many examples as we like 
that the sum is unaffected by this regrouping. This property is 
known as the associative law for addition. Symbolically, 

Ai {a + b) + c = a + (b + c); a, b, c, natural numbers. 

(The axioms about natural numbers are indicated as Ai above. 
Definitions will be marked similarly with D’s.) 

The law is called associative because we associate a with b and 
their sum with c in the first case. But the elements are associated 
in a different manner in the second case, b and c are associated 
together and this sum is associated with a. The associative 
property provides a convenient check on addition. Different 
addition combinations are usually required when we obtain the 
sum by different associations. 

Addition also obeys the commutative law. To commute means 
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to reverse, to change. The commutative property states that 
for two natural numbers a and b 

Ao a -f- b = b + a 

The two operations are not identical. The roles of the a and 
the b have been interchanged. On the left side we are to add 
b to a but on the right side we add a to b. Adding a dollar to a 
million dollars is easier than adding a million dollars to a dollar 
even though both are out of reach for most of us. But if we are 

lucky enough to do either one, we have the same amount of 
money in either case. 

If the hardware merchant sells his hexagon-headed, fVmch 
bolts for the same price as square-headed bolts of the same size, 
he merely needs to know how many fV-inch bolts he has in 
taking inventory, hie doesn t want to dump them together 
and count them since they would have to be resorted. He can 
count the hexagon bolts and keep right on counting through 
the square bolts. But he can count the other way, square bolts, 
then hexagon bolts. This is the commutative property. The 

order in which the elements are used in addition is immaterial 
insofar as the sum is concerned. 


y 

/ 

3.6 Multiplication Is 
Addition 


We have been talking about counting the elements in sets 
of things. We also can count the number of sets. Let us see 
how many sets of cans of beans the grocer was counting. Those 
in the storeroom were one set, those in the back row on the 
shelf were a second set, and those in the front row were a third 
set. Of course, when he had finished his count he had com¬ 
bined them (mentally) into one set. Suppose those in the store¬ 
room were in cases, each case containing 24 cans. He would 
think you were rather silly if you suggested opening each case 
and counting the individual cans. There was a time in man’s 
development when that would have been the accepted pro- 
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cedure. Some time in the distant past, an unusually observant 
person saw that if groups were the same size, the. same number 
of groups always gave the same result. Our grocer merely 
counts the ten cases and since he knows each case holds 24 cans 
he has 240 cans in the storeroom. Now the set of cans in the 
storeroom consists of ten sets of cans, the ten cases. So the 
grocer counts the set of cases in order to find the size of the set 
of cans. He could have added the ten sets, each containing 
24 cans, and reached the same total of 240 cans. The process 
of finding the total count of a number of like-sized sets we shall 
call multiplication. The natural number b multiplied by the 
natural number a means the same as b + b + b + . . . until we 
have added /;, a times. You are probably familiar with three 
ways of indicating multiplication. They are: (1) the X sign 
as used in arithmetic, 5X6; (2) the raised dot, • just like the 
English decimal point, and (3) the juxtaposition or placing next 
to each other without a sign. Thus, 

a X b a • b ab 

all indicate b multiplied by a , or a times b. Notice the difference 
in the wording b multiplied by a and a times b; both mean that we 
add together sets whose count is b and we have a such sets. 
We are agreeing that in the multiplication symbolism the first 
factor tells how many sets we add and the second factor tells 
how large each set is. None of the three ways of indicating 
multiplication is completely satisfactory. The X can be con¬ 
fused with the letter x used to indicate a general number just 
as we have used a and b above. The raised dot might be con¬ 
fused with a decimal point. Juxtaposition can never be used 
with specific numbers due to our notation. We cannot let 56 
mean five times six because we have already decided to let it 
mean 5 X 10 1 + 6 X 10°. At this point we shall adopt the 
convention of indicating multiplication by means of the raised 
dot, as 5 • 3 for five times three, when using numbers. We 
shall omit the sign when using letters to stand for numbers, as 
ab for a times 6, or when we use a letter and a number, as 5a for 
five times a. 
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Multiplication is associative. Symbolically, 

A 3 u(bc) = ( ab)c 

the left side of the equality means the product be is added a times: 

be + be + be + be + . . . for a terms, 

the right member means the number c is added ah times: 

c + < : + r + r+ ... for ah terms. 

Ihe numbers to be multiplied together are called Jactor.sj the 

result of the multiplication is called the product. The names 

should be distinguished from the names employed in addition; 

the numbers added are terms x and the result is a sum. The names 

chosen are purely arbitrary but their distinction should never 

be lost. As we shall see later, terms and J.actors do not always 
behave the same way. 

The associative law for multiplication does not seem quite as 
obvious as was the case for addition. Suppose a packing carton. 
Figure 3.1, is deep enough to hold 3 layers of smaller boxes, and 



each layer contains 6 rows of boxes, 5 boxes to the row. We 
can count the boxes in each row (5) and the number of rows (6), 
then by multiplication we have 6 • 5 = 30 boxes per layer! 
Then we know, since there are 3 layers, there are 3 • 30 = 90 
boxes per carton. This is symbolized as 3 • (6 • 5). We could 
also think of the boxes as consisting of groups of 5, 6 such groups 
m each of 3 layers. The total number of groups of five is then 
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3*6 = 18, and the total number in the 18 groups of 5 is 
18 • 5 = 90 boxes per carton. This is symbolized as (3 • 6) • 5. 
Here we have associated the factors in two different ways, paren¬ 
theses being used to indicate the manner in which the association 
is made. 

Addition is associative, multiplication is associative, but addi¬ 
tion followed by multiplication is not associative. We cannot 
say 3 + (5 • 6) = (3 + 5) • 6. Suppose we write 3 + 5*6. 
We might infer that in the absence of signs to show how the 
numbers are associated we perform the operations in the order 
in which they appear. This would mean we add 3 + 5 = 8, 
then multiply by 6, giving 48. This happens not to be correct. 
Any time parentheses are not present to indicate how the num¬ 
bers are to be associated, the correct procedure is to perform 
all indicated multiplications (and divisions) in the order~In 
which they appear first , tHcrTall indicated additions (and sub¬ 
tractions) in the order in which they appear. This cannot be 
proved. It is one of the rules of mathematical grammar. It is 
by common agreement that we must make the above interpreta¬ 
tion. When we write 3 + (5 • 6), the parentheses serve merely 
to emphasize the fact that we are to multiply 6 by 5 and add the 
product to 3. 

Multiplication is also commutative: 

A 4 ab = ba 

The left side of the equality means 

b • b • b • b . . . for a factors 
while the right side means 

a • a • a • a . . . for b factors 

In counting the boxes in the carton we said we had 6 rows, 

5 boxes to the row. We could look at it the other way and call 
the same array 5 rows, 6 boxes per row. In the first instance 
we are adding six 5’s—5 + 5 + 5 + 5 + 5 + 5—when we find 
6*5. In the second case we are adding five 6’s—6 + 6 + 6 + 

6 + 6—when we find 5 • 6. 
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3.7 The Distributive 
Principle 

The natural numbers obey another law known as the 
distribu tive law . This law combines addition and multiplication. 
Multiplication is distributive with respect to addition. This is 
symbolized as: 

A 5 a{b + c) = ab + ac 

Here, the factor a distributes itself over the terms of the other 
factor ( b + c), giving us two terms ab and ac , each of which 
contains two factors, a and b , and a and c. 

We know that 3 • (4 + 5) = 3 * 9 = 27 and that 3*4 + 
3-5 = 12+15 = 27. If the prevailing price of apples is $3 
per bushel and Farmer Jones brings 4 bushels of apples to the 
produce merchant and an hour later his son brings 5 bushels, 
they will receive 3*4=12 dollars plus 3*5 = 15 dollars or 
27 dollars for the apples. However, if they arrive at the same 
time, the merchant pays Mr. Jones 3 • (4 + 5) = 27 dollars 
for the apples. Notice that neither 3 • (4 + 5) nor 3 • 4 + 3 • 5 
is identically the same as 3 • 9 but both are equal to it and to 
each other. 

The principle is familiar to algebra students as removing paren¬ 
theses when reading from left to right 

- > 

a(b + c) = ab + ac 

and as factoring out a in reading from right to left 

< - 

a(b + c) = ab + ac 

/ " 

3.8 Rules of the Game 

The associative, commutative, and distributive properties 
are the “rules of the game” in manipulating natural numbers. 
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Other rules concerning equality, some of which we might almost 
unconsciously use, follow. 

Substitution: A number may be replaced by its equal. 

A 6 If a = b and b = c, then a = c 

Identity: A number is equal to itself. 

A 7 a = a 

Addition: Equal numbers added to equal numbers give equal 
numbers. 

A 8 If a — b and c = d, then a + c = b + d 

Multiplication: Equal numbers multiplied by equal numbers 
give equal numbers. 

A 9 If a = b and c = d, then ac = bd 

We should keep in mind that at this point we are talking about 
natural numbers only, and only the operations of addition and 
multiplication. Any new numbers we admit we shall define 
in terms of what we have at that time. We shall also define 
any new operations. Assumptions, in addition to those already 
made, will be indicated at the appropriate places. 

One other property of the natural numbers should be men¬ 
tioned. It, too, is an assumption. A set of numbers is closed 
with respect to an operation if any two of the numbers of the set 
under the given operation yield a number of the set. The 
natural numbers arc closed with respect to both addition and 
multiplication. This means that if we add any two natural 
numbers we shall always get one and only one natural number. 
The same is true of multiplication. Notice that this assumption 
would be ridiculous if the natural numbers were not infinite. 
The set of numbers from one to ten is not closed with respect to 
addition because, although 5 + 4 does equal a number between 
one and ten, 8 + 7 does not. 

We know that 


a(b + c) = (c + b)a 
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which seems to be a new assumption, but it actually need not be. 
This equality can be derived from the properties already given. 

a(b + c) = (b + c)a Multiplication is commutative (A 4 ) 

(b + c)a = (c + b)a Addition is commutative (A 2 ) 

a(b + c) = (c + b)a Substitution (A 6 ) 

Where is the closure property involved? This same relationship 


may also be derived as follows: 

a(b + c) = ab + ac Distributive property (A 6 ) 

ab + ac = ac + ab Addition is commutative (A 2 ) 

ac + ab = a(c + b) Distributive property (A 5 ) 

a{c + b) = (c + b)a Multiplication is commutative (A 4 ) 

a(b + c) = (r + b)a Substitution (A 6 ) 


One might feel that the last step is actually three substitution 
steps. The substitution axiom can be stated: Numbers equal In 
the same number are equal to each other . Our chain of steps could be 
linked like this: 


a(b + c) = ab + ac = ac + ab — a{c + b) = (c + b)a 

If addition were distributive with respect to multiplication, 
this would mean 

c + ( ab ) = (c + a)(c + /;) 


We refuse to make this assumption because it is contrary to 
our experience with natural numbers: 

7 + (3 • 4) = 7 + 12 = 19 

but 

(7 + 3) (7 + 4) = 10 • 11 = 110 

We can prove that a statement is false if we can find a single 
exception, but we cannot prove it is true by finding any finite 
number of cases where it is verified if there are infinitely many 
possible cases. This is why we insist that we have merely as¬ 
sumed the properties listed. Our experience with natural num¬ 
bers tells us that they are true. But we have not proved them. 
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3.9 Undoing What Has 
Been Done 

Throughout mathematics we find the notion of inverses, 
inverse operations, inverse elements, and inverse functions. The 
inverse of an operation is another operation which “undoes” 
the first. If we operate on a number with a second number, 
then perform the inverse operation with the second number, the 
result is the first number. The two inverse operations put us 
right back where we started. 

The inverse of addition is subtraction. If a and b are natural 
numbers, the following equations define subtraction: 

Di a — b = x if b x = a 

We may think of it this way: a — b represents the thing we are 
attempting to define. What does this new operation ( —), oper¬ 
ating on two elements a and b , mean? We designate its meaning 
by the symbol x. The second equation tells us what * is, 
namely, the number which added to b gives a. We have defined 
subtraction in terms of addition, an operation which we have 
already accepted. Under this definition what does 5 — 8 mean? 
It means that number which, when added to 8, will produce 5. 
But since 5 precedes 8 in our ordered set of number names, we 
cannot hope to get back to 5 by proceeding to count on beyond 8. 
Then we can properly say there is no number x which we can 
add to 8 and get 5. Then we are forced to conclude that, 
without further definition, 5 — 8 is meaningless. You learned 
in arithmetic that you cannot subtract a larger number from 
a smaller one. Nothing which you learned in algebra contra¬ 
dicts this, because in arithmetic you were restricted to positive 
numbers. 

We have succeeded in defining the inverse of addition, but so 
long as we are restricted to natural numbers, the inverse is not 
always possible. It is possible only if a > b. The natural num¬ 
bers are not closed under the operation of subtraction. Is sub- 
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traction associative? Is it commutative? Docs multiplication 
distribute itself over subtraction? 

The inverse of multipl ication is division . . Since we thought 
of multiplication as the addition of equal sets, we could think of 
the inverse as the subtraction of equal sets. This concept of 
division, that is, repeated subtraction, is inherent in our method 
of division. But let us define division in terms of multiplication 
without worrying about what multiplication means. We define 
division of two natural numbers a and b, written a -j- b, by the 
equations: 

D 2 a -j- b = x if b • x = a 

The symbol x defines the expression a -f- b. The second equation 

b ■ x = a 

defines *. Put into words, the two equations state that a b 
means that number which, when multiplied by b, gives the 
product a. Under this definition, what does 5^-3 mean? It 
means that number which, when multiplied by 3, gives the 
product 5. But when we realize that 3-1 = 3, 3 • 2 = 6, and 
any greater number multiplied by 3 gives more than 6 (How do 
we know this?), we are forced to admit that there is no natural 
number which we can multiply by 3 and get 5. Therefore, 

5 3 does not mean anything until further definitions are made, 

and we must conclude that the . natural j iumhers are not closed 

with respect t o .division . Is division commutative or associative? 

Does division distribute over addition? Subtraction? 

. / / ' 

3.10 Name for an Empty Set 

The ancients were much disturbed as to whether zero and 
one are numbers; they felt that one, unity, is the source of number, 
that from which number is derived. Since we find zero first 
being used to indicate the absence of number, how can no 
number be a number? The approach we have used leaves little 
room for argument as to whether one is a number. But the case 
of zero is different. ‘ Zero is not a natural number ,. If we are 
counting a set there is no member of the set befbrTthe first one. 
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Wc shall take the position that zero is to be a number simply 
because we want it, and need it as a member of the family of 
numbers. When the farmer’s wife gathers the eggs it is con¬ 
venient for her to have a number to tell how many eggs the hens 
have laid. Just such a convenience as this is what motivated 
man to create numbers. It is equally convenient to have a 
number to represent the fact that the hens did not lay. So we 
create the number zero for just this purpose. From this point 
of view zero still means “nothing,” no eggs. For the present 
we shall let the matter rest there, the fact that zero does not 
always mean “nothing ’ will be taken care of in due course. 
We shall define zero in terms of the natural numbers and the 
two basic operations of addition and multiplication. The equa¬ 
tions: 

1) 3 a + 0 = a and a • 0 = 0, a a natural number, 

define the number zero. This is in conformity with our earlier 
interpretations of addition and multiplication as well as the 
notion that zero means “nothing,” an empty set. 

In the case, a + 0 = < 2 , we count through a set containing a 
elements and continue to count through a set that has no ele¬ 
ments. In other words, we count the first set. This is exactly 
the situation when we find how many eggs there are in two 
baskets, the first basket containing two dozen eggs and the second 
basket empty. No difficulty is encountered when we apply the 
commutative principle 0 + a = a. The first basket is now the 
empty one. The associative principle also continues to apply 
{a + b) + 0 = a + (b + 0) = a + b. No difficulty is en¬ 
countered if we think of two empty baskets. 

0 + 0 = 0 

This enables us to remove the restriction that a be a natural 
number, at least insofar- as the first of the defining equations is 
concerned. We may consider a as being any number of our 
enlarged system of numbers, the natural numbers and zero. 

Multiplication is subject to similar interpretations. The 
equation 


a • 0 = 0 
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may be interpreted as 0 + 0 + 0 + 0 + ... for a terms. We 
add together a empty sets. This is similar to asking how many 
oranges there are in 12 empty orange crates. At this point we 
encounter a fundamental difficulty when we consider the com¬ 
mutative property. What can 0 • a possibly mean? We are 
here concerned with sets each of which contain a elements but 
we add none of these sets together. How many eggs are there 
in no egg crates if each crate contains 30 dozen eggs? If there 
arc no crates how can we talk about the number of eggs this 
absence of crates will hold? This apparent difficulty really isn't 
a difficulty at all. Up to this stage our major emphasis has been 
on the physical interpretation of our system. Actually the 
mathematical system is in no way dependent on its physical 
counterpart. For the present, since it will not contradict our 
physical interpretation of the number system, we shall simply 
require that zero obey the commutative law for multiplication, 

a ■ 0 = 0 • a — 0 

and specifically, 

0-0 = 0 


Once we accept the commutative principle for multiplication, 
the associative law and the distributive law offer no difficulty. 

( ab ) -0 = 0 

but by the associative principle 


(ab) • 0 = a(b -0) = a ■ 0 = 0 


Similarly, 


0(a + b) = 0 


but the distributive law gives 


also 


0 (a + b) = 0- a-f-0-6 = 0-(-0 = 0 
a(0 + 6) = a ■ 0 ab = 0 + ab = ab 


Observe that 0 does the same for addition that 1 does for 
multiplication, namely, leaves the other number unchanged. 


a -f- 0 = a and a • 1 = 


a 
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They are called the identity elements^fov addition and multiplica¬ 
tion, respectively. 

Let us examine the effect the inclusion of zero has on the 
inverse operations. We have a — 0 = a, because we must add 
a (the difference) to zero to get a (the number we started with). 

Formerly we were restricted to the subtraction of a smaller 
number from a larger. Now, a — <7 = 0, since we must add 
zero to the second a in order to get the first a. We can now 
subtract a number from itself, but still cannot subtract a larger 
number from a smaller. 


3.11 Zero in Division 


Zero in division is not so simple. Let us examine three 

cases: 

(1) 0 + b (2) b + 0 (3) 0 — 0, (b ^ 0) 

Case (1), 0 -f- requires an answer which, when multiplied by b , 
produces zero. We know that regardless of what b may equal 
the other factor must be zero if the product is. 



because 


*•0 = 0 


Case (2) requires that we multiply zero by something and get b 
which is not zero. But we know that, regardless of what we 
multiply zero by, the product must be zero. Then we are in the 
dilemma of changing the definition of division or of not accept¬ 
ing that part of the definition of zero which requires that any 
number times zero gives zero. Case (3) requires that we find 
a number, which, upon multiplication by zero, gives the product 
zero. In this case any number whatever will do. Case (2) 
forces us into a contradiction and Case (3) does not permit a 
unique (single) result. We avoid these two situations by ban¬ 
ishing division 

have no fear that it will be defined. It is undefined because it 
cannot be defined in an acceptable manner. 


by zero. Division by zero is undefined , and we need 
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Note that Case (1) does not involve division by zero; it in¬ 
volves division of zero by a number different from zero. Case 
(1) is defined. 

At this point we shall state two more axioms of equality: 
Equal numbers .subtracted from equal numbers give equal numbers. 

A 10 If 

a = b and c = d where c ^ a and d ^ b , then a — c = b — d 

(The ^ restriction will later be removed.) 

Equal numbers divided by equal numbers different jrom zero are equal. 

A n If a — b and c = d ^ 0, then a -f- c = b — d 

We have accepted zero as a number which has the same 
properties as do the natural numbers with one restriction—we 
can use zero as a divisor. If we adhere to this restriction zero 
will behave in exactly the same way as a natural number. 


EXERCISES ^ 


In these exercises number means natural number or zero. 

1- We have assumed the natural numbers are closed under 
addition and multiplication. Which of the following sets 
are closed? 


(a) The even numbers under addition 

(b) The odd numbers under addition 

(c) The even numbers under multiplication 

(d) The odd numbers under multiplication 

(e) Gases under chemical combining 
JS) Words under rearrangement of letters 

2. Since 5 — 2 ^ 2 — 5, we cannot say subtraction is com¬ 
mutative. Neither is it associative, since 10 — (5 — 2) 

^ (10 — 5) — 2. Find three numbers, a , b , c, such that 
a — (b — c) = {a — b) — c. 

3. k Which of the following is commutative? 

(a) Brushing your teeth and combing your hair 

(b) Putting on your shoes and your socks 

(c) Reaching second base and reaching third base 

(d) Putting cream and sugar in your coffee 

(e) Loading a gun and pulling the trigger 
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'4. Which of the following is associative? 

(a) (Hot water + tea leaves) + ice 

(b) Ground beef + (salt + pepper) 

(c) (100 -T- 10) -5- 5 

(d) (100 10) -5- 1 

•5. State the principle by which each of the following is 
justified. 

(a) 4 + 12 = 12 + 4 

(h) a - b-\-c = b- a-\-c 

(c) x(j + z) = xy + xz 

(d) (a + b)(x y) = (a + b)x + (a + b)y 

(e) m + (n + 6 ) + 3 = (m + n) + (6 + 3 ) i 

^Since 3 + 9*4 = 3(9 + 4) = 39, does it follow that 
a + b • c = a(b + c )? Explain. 

7. Bear in mind that our assumptions with regard to the 
commutative property referred to only two terms, a + b 
= b + a and ab = ba. The associative properties are 
assumptions relating only 3 terms, {a + b) + c = a + 

(b + c) and a(bc) = ( ab)c . The distributive property 
concerns only three numbers and furthermore, the factor 
to be distributed precedes the other factor. We assume 
a(b + c) = ab + ac\ we have not assumed (b + c)a = ba 
+ ca. Prove the following, justifying each step. 

(a) a(b + c) = (b + c)a 

(b) (m + n) + p = (m + p) + n 

(c) (b + c)a = ba + ca 

(d) (x +y) + z = (z + y) + * 

(e) {a + b) + (c + d) = {a + ri) + (b + c) 

(0 <*(b + c + d + e) = ab + ac + ad + ae 

What is the difference in the meaning of two expressions 
ba and ab? 

V- Although the concept of an inverse is common to mathe¬ 
matics, not all operations have inverses. Which of the 
following have an inverse? 

(a) Putting on one’s shoes 

(b) Dying 

(c) Scrambling eggs 

(d) Falling in love 

(e) Falling out of a fifteenth story window 

(f) Reading a book 
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Insert parentheses so as to make each of the following 
expressions correct: 

(a) 60 4 • 3 — 2 = 3 

f (b) 60 -t- 4 • 3 — 2 = 43 

(c) 60 4 ■ 3 - 2 = 15 

("' 1 - r< ._(d) 60^4-3-2 = 6 

*11. Prove that multiplication is distributive with respect to 
subtraction, that is, a(b — c) — ab — ac> where b — c is a 
natural number or zero. Hint: Let b — c = x; then by 
definition of subtraction c + x = b. Now multiply both 
sides by a. 

12. If division is distributive with respect to addition, then 
a -r- (b + r) = a -4- b + a -4- c. If division is commuta¬ 
tive, then a -r- (b + c) = (b + c) ~ a; as a result of this 
and Example 7(c), (b-\-c)-^-a = b-i-a + c^-a. Which, 
if any, of the above equalities are correct? 

13. If subtraction is associative, (a — b) — c = a — (b — r). 
Evaluate (10 — 7) — 3 and 10 — (7 — 3). Is subtrac¬ 
tion associative? 

*14. Prove that a — (b — c ) = a — b + c where a > b > c. 
Hint: Use the definition of subtraction and the associative 
principle. This justifies the rule that when removing 
parentheses preceded by a minus sign we must change the 
signs of the terms within the parentheses. 

15. If division is associative, {a — b) -r- c = a -r- (b -t- U. 
Evaluate (64 -5- 8) -3- 4 and 64 -i- (8 -r- 4). Is division 
associative? 

*16. The exponent zero was defined by the equation 

a 0 = 1, a 9 ^ 0 

Why is the restriction placed on a? Hint: Why was this 
definition of the exponent zero chosen? (See Section 2.7.) 

17. What is wrong with the following proof that *> = U 
If a = b 

9 c 

then a 2 = ab (multiplying both sides by a) 

d 2 — b- = ab — b 2 (subtracting b 2 from both sides) 
(a + b)(a — b) = b(a — b) (distributive law) ^ 

+ b = b (division axiom) 
b + b = b (substitution) 

2b = b (addition) 

2 = 1 (division) 
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The Algorithms 

An algorithm is a schematic method for performing a mathe¬ 
matical operation. Whenever we add or multiply two one- 
digit numbers we merely state the result from memory, but for 
more complicated computations we may resort to the aid of an 
algorithm. The algorithm enables us to carry through the 
operation without having to know from memory any combina¬ 
tion where the numbers to be combined contain more than one 
digit. Our system of numeration makes the algorithms possible. 
The algorithms which we use are by no means the only ones 
which could be used. In fact, there are a number of earlier 
and cruder methods which we shall want to examine. The slow 
acceptance of the Hindu-Arabic numerals was due in part to the 
absence of good algorithms. 


3.12 The Addition and 

Subtraction Algorithms 

If our number system did not possess the place value 
property, the common algorithms would not be possible. We 
shall prove that 87 + 43 + 161 = 291 with the aid of our 
axioms and the definition of our system of numeration. We can 
then locate in the proof the steps of the usual algorithm. 

I: 87 + 43 + 161 = 8 • 10 + 7 + 4 • 10 + 3 + 1 • 10 2 

+ 6-10 + 1 (system of numeration) 

II: 8-10 + 7 + 4-10 + 3 + 1 • 10 2 + 6 - 10 + 1 = 

1 • 10 2 + 8 • 10 + 4 • 10 + 6-10 + 7 + 3+1 

(A 2 ) 

III: 1 • 10 2 + 8 • 10 + 4 • 10 + 6 • 10 + 7 + 3 + 1 = 

1 • 10 2 + (8 + 4 + 6)10 + 7 + 3 + 1 (A 5 ) 

IV: 1 • 10 2 + (8 + 4 + 6)10 + 7+ 3 + 1 =1 -10 2 

+ 18-10+11 (addition) 
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V: 1 • 10 2 + 18 • 10 + 11 = 1 • 10 2 + (10 + 8)10 + 

10+1 (system of numeration) 

VI: 1 • 10 2 + (10 + 8)10 +10+1 =1 • 10 2 + 10 2 

+ 8-10 + 10+1 (A,) 

VII: 1 - 10 2 + 10 2 + 8 * 10 + 10 + 1 = (1 • 10 2 + 1 • 10 2 ) 

+ (8 • 10 + 1 • 10) + 1 (A,) 

VIII: 1 • 10 2 + 1 • 10 2 + 8 • 10 + 1 -10+1 = (1 + 1)10 2 

+ (8 + 1)10 + 1 (A a ) 

IX: (1 + 1)10 2 + (8 + 1)10 +1 = 2 • 10 2 + 9 • 10 + 1 

(addition) 

X: 2 - 10 2 + 9- 10+1 = 291 (system of numeration) 

Each step of the usual addition algorithm can be identified 
above. 

87 

43 

161 

291 


Steps I and II justify the column-wise addition. The addition 
of each column—7 + 3+1 = 11; 8 + 4 + 6= 18; 1 = 1 — 
was performed in Step IV. Steps V, VI, and VII are required 
to justify the “carrying” process in the algorithm. Step IX 
completes the column addition which was begun in Step IV. 
Notice how much of the dissected addition is unnecessary in the 
algorithm because it utilizes place value. 

Subtraction is of interest because of the “borrowing” that is 
sometimes necessary. There are several ways of subtracting, 
all of which look alike on paper, the difference being in the 
thought processes. We shall use what is probably the most 
common method, the Take-away-Decomposition method. 

Example: Subtract 831 — 253 

831 

253 

578 

We think these steps: (1) 3 from 11 gives 8; (2) 5 from 12 
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gives 7; (3) 2 from 7 gives 5. We may prove the above problem 
correct as follows: 

831 — 253 = 8 • 100 + 3 • 10 + 1 — 2 • 100 — 5 ■ 10 - 3 

(system of numeration) 

8 • 100 + 3 • 10 + 1 — 2 • 100 — 5 • 10 — 3 = 8 • 100 

- 2 • 100 + 3 • 10 - 5 • 10 + 1 - 3 (A 2 ) 

8 • 100 — 2 • 100 + 3-10 — 5-10 + 1—3 = (8 — 2)100 

+ (3 - 5)10 + (1 - 3) (A 6 ) 

and we are stuck because there is no number (3 — 5) or (1 — 3). 
But since 

(8 - 2) = 6 = (5 + 1) 

we get 


(8 

- 2)100 + (3 - 5)10 + (1 - 

3) = 

= (5 + 1)100 

+ 



(3 - 5)10 + (1 

— 

3) 



(A 6 ) 

(5 

+ 1)100 + (3 - 5)10 + (1 - 

3) 

= 5 

• 100 + 

100 + 


(3 - 5)10 + (1 

— 

3) 



(A 5 ) 

5 • 

100 + 100 + (3 - 5)10 + (1 - 

- 3) 

= 5 

• 100 + 

10 

• 10 


+ (3 - 5)10 + (1 - 3) 

(system 

of numeration) 

5 • 

100 + 10 • 10 + (3 - 5)10 + 

i - 

- 3 = 

5 • 100 

+ 



(10 + 3 - 5)10 + 

(i 

- 3) 



(As) 

5 • 

100 + (10 + 3 - 5)10 + (1 - 

- 3) 

= 5 

■ 100 + 

8 

• 10 


+ (1 — 3) (addition and subtraction) 

5 • 100 + 8 • 10 + (1 - 3) = 5 • 100 + (7 + 1)10 + 

(1-3) (A 6 ) 

5 • 100 + (7 + 1)10 + (1 - 3) = 5 • 100 + 7 • 10 + 10 

+ (1 - 3) (A 5 ) 

5 • 100 + 7 • 10 + 10 + (1 - 3) = 5 • 100 + 7 • 10 

+ (10 + 1 - 3) (A,) 

5 • 100 + 7 • 10 + (10 + 1 - 3) =5-100 + 7-10 + 8 

(addition and subtraction) 
5 • 100 + 7 • 10 + 8 = 578 (system of numeration) 
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3.13 Multiplication and Division 

Algorithms 

Multiplication may be performed by using the one-digit 
addition and multiplication facts, the associative, commutative, 
and the distributive properties, and the system of numeration. 

Example: Multiply 23 by 15. 


I: 

zo 

• 15 = (2 • 10 + 3) (10 + 5) 




(system of numeration) 

II: 

(2 

• 10 + 3)(10 + 5) = (2 - 10 + 3)10 + 



(2 • 10 + 3)5 

(A s ) 

III: 

(2 

• 10 -(- 3)10 (2 • 10 3)5 = 

10(2 • 10 + 3) + 



5(2 • 10 + 3) 

(A 4 ) 

IV: 

10(2 • 10 + 3) + 5(2 -10 + 3) 

= 10 • 2 • 10 + 



10-3 + 5-2-10 + 5- 

3 (As) 

V: 

10 

• 2 • 10 + 10 • 3 + 5 • 2 • 10 + 

5-3=10-2-10 



+ 10 • 3 + 10 • 10 + 15 

(multiplication) 

VI: 

10 

• 2 • 10 + 10 • 3 + 10 • 

10 + 15 = 2 • 



10 2 3 • 10 + 10 2 + 15 

(A 4 ) 

VII: 

2 • 

10 2 + 3 • 10 + 10 2 + 15 = 

2 • 10 2 + 10 2 + 



3-10+15 

(A*) 

VIII: 

2 • 

10 2 + 10 2 + 3 • 10 + 15 = 

2 • 10 2 + 10 2 + 



3-10+10 + 5 (system of numeration) 

IX: 

2 • 

10 2 + 10 2 + 3 • 10 + 10 + 5 

= (2 + 1)10 2 + 



(3 + 1)10 + 5 

(As) 

X: 

(2 

+ 1)10 2 + (3 + 1)10 + 5 = 3- 

10 2 + 4 • 10 + 5 




(addition) 

XI: 

3 • 

10 2 + 4 • 10 + 5 = 345 




(system of numeration) 
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Let us compare this with the algorithm. 

23 

15 

115 

23 

345 

We find all the partial products, 5 • 3, 5 • 2, 1 -3, and 1 • 2, 
performed in Step V. The “carrying” in 5 • 3 was accom¬ 
plished in Step VIII where 15 was expressed as 10 + 5. The 
partial products 1 • 3 and 1 • 2 received their proper position 
in Step IV when (2 • 10 + 3) was multiplied by 10. The al¬ 
gorithm actually converts the original problem into this problem: 

5 • 3 + 5 • 20 + 10 • 3 + 10 • 20 

The division algorithm is more easily followed if we think of 
division as repeated subtraction rather than as the inverse of 
multiplication. Consider the algorithm of 312-4- 24. 

13 

24)312 

24 

72 

72 

The first step consists of subtracting 10 times 24 from 312, 
which can be dissected thus: 

3 • 10 2 + 10 + 2 - 2 • 10 2 - 4 • 10 = 

(3 - 2)10 2 + (1 - 4)10 + 2 = 

10 • 10 + (1 - 4)10 + 2 = 

(10 + 1 - 4)10 + 2 = 

7-10 + 2 

The second step consists of subtracting 3 times 24 from what 
was left after the first step. 

7 • 10 + 2 - 3(2 • 10 + 4) = 7 • 10 + 2 - 3 • 2 • 10 - 3 • 4 = 

7 - 10 + 2- 6- 10 - 12 = 7- 10 + 2- 6- 10-10-2 = 

7-10-6-10 — 10+ 2- 2 = (7-6 - 1)10 + 2 - 2 = 

0-10 + 0 = 0 
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We have thus succeeded in taking away ten times 24 one time, 

and 24 three times, which is equivalent to taking 24 away 13 
times. 


3.14 Older ft ays to Multiply 

and Divide 

Many other algorithms have been proposed from time 
to time. The method of doubling and halving which was de¬ 
scribed in Chapter II is probably the oldest multiplication 
algorithm. The method was used by the ancient Egyptians as 
indicated in the Ahmes Papyrus, written about 1650 b.c. Curi¬ 
ously enough, some primitive peoples use this method of multi¬ 
plying today. 

A method of multiplying which was popular at the time of 
the discovery of America was known as the “lattice” or “gelosia 
method.” We shall use this method to multiply 457 by 138. 



The factors are placed at the top and at the right of the gridwork 
In each square we place the product of the numbers above 
and to the right, the units below the diagonal, and the tens 
above. The answer is obtained by adding along the diagonals, 
“carrying” where necessary to the next diagonal. 

One form of abacus which differed considerably from that 
previously described was a sand board. The computer wrote 
in the sand sprinkled on the board and as his numbers were used 
they were removed by smoothing over the sand. This form of 
abacus led to a popular algorithm known as “the scratch 
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method.” The numbers were scratched out as they were used. 
We shall multiply 37 by 28 by this method. 


8 


^ 4 

10 

37 

X 3 

28 

X % 


>T6 


37 


28 

STEP I 

STEP II 


In Step I we place the units digit of one factor, 28, directly 
beneath the highest digit (the extreme left) of the other factor, 37. 
Multiply 2 • 3 to obtain 6. Then multiply 8 • 3. The 24 is 
entered as 4 over the 3 and 2 is added to 6, which is then 
scratched, to give the 8 over the scratched 6. It is scratched 
when no longer needed. In Step II the factor 28 is shifted one 
place to the right. The product of 2 • 7 is entered by replacing 
the 4, which is then scratched, by the 8 over it. The 1 is 
entered by replacing the 8 over the scratched 6 with 9. The 
final factor 8 • 7 is entered by placing 6 over the 7, adding the 
5 to 8 in the next column, giving us 3 and changing the 9 in the 
next column to 10. 

In practice the two steps were combined into one. Each 

number is scratched when it is no longer needed. 

The complete solution looks as follows: 

10 

/3 

6 

zz 

zzz 

z 

One of the most popular division algorithms was also a scratch 
method. It was also called “the galley method” because the 
work takes the shape of a ship. We shall use the method to 

divide 43,900 by 321. 
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1 1 8 

xx x o 

X// 

step r 



2 


0 

1 

X 4 

2 X 

XX/ 

X X X 1 

XX XX 4 

1 XZXZo 

13 xXXXz 

xxx 

XXX 


STEP I) STEP III 


136 


In Step I, 321 is subtracted from 439. In Step II, 3 times 321 
is subtracted from 1,180. In Step III, 6 times 321 is sub¬ 
tracted from 2,170. The 3 and the 6 are obtained by trial just 
as in the customary algorithm. 

Combining the steps, the complete solution is as follows: 


2 I 

J0T 

X 4 

z x y 

X X X X 4 
X Z X #0 136 

Z X X X X 

z z x 
X I 

The quotient is 136 with remainder 244. 


i, EXERCISES 


1. Some calculating machines use the following method in 
performing subtraction: 


735 

276 

1,458 

We add the complement to 9 of each digit in the subtra¬ 
hend. The complement of 6 is 3 (6 + 3 = 9), so we add 
3 to 5 giving 8 in the units digit. The complement of 7 is 2 

(7 -f 2 = 9); then we add 2 + 3 = 5 for the tens digit. 
Ihe complement of 2 is 7; then we add 7 + 7 = 14 f or 

the hundreds digit. The extreme left digit in the answer 
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which will always be a 1, is removed and added to the units 
digit. This gives the correct difference, 459. Use the 
above method to find 8,653 — 4,276. 

*2. Explain why the method employed in Exercise 1 works. 

: Use the gelosia method to multiply 836 by 279. 

I4T. Use the “dissection” method discussed in Section 3.12 to 
show that 146 + 58 = 204. 


Employ the method discussed in Section 3.13 to find 

136 X 73. 

Multiply 538 by 327, using the scratch method. 

Use the galley method to divide 4,321 by 157. 

With Roman numerals our algorithms are of no value. 
But we could change our base from 10 and they would work 
just as well in the new base. Use the gelosia method to 

multiply 635 8 by 213 8 . 


3.15 The Check of Nines 

When we make a computation with an abacus the only 
number remaining at its conclusion is the answer. This makes 
review of the steps of an operation impossible. Consequently 
some kind of check on the correctness of a computation is almost 
essential to the abacist. Many elaborate checks have been 
devised. One of the favorites is the check of nines. It may be 
applied to any of the fundamental operations. We shall use ex¬ 
amples to show how it works. 

Example 1: Add 

7,937 -> 26 -> 8 

2,816 —> 17 -> 8 

4,359 -> 21 -> 3 

1,182 —> 12 —> 3 / . 

6,065 17 -> _8 

30 —> 3 

Here we add the digits of each number, add the digits of that 
sum, and continue until we get a one-digit number. Across 
the top line we add the digits 7 + 9 + 3 + 7 = 26, the sum 
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of whose digits is 8. If our one-digit sum happens to be 9 we 
exchange it for 0. When the digits of each number have been 
summed we add these sums. In the above example we have 

added 8 + 8 + 3 + 3-1-8 = 30 and then 3 + 0 = 3. This 

final one-digit sum of digits should be the same that we get when 

we add the digits of the answer. The completed addition and 
check follow: 


7,937 -» 26 — 8 
2,816 —*• 17 —► 8 
4,359 -» 21 -» 3 
1,182 —* 12 —» 3 
5,065 — 17 -> _8 
22,359 30 —» 3 

I 

2 + 2 + 3 + 5 + 9 = 21; 2+1 = 3 

The only change to be made when checking subtraction is to 
subtract the digit sums rather than add them. 

Example 2: Subtract 


83,726 -> 26 -» 8 
52,914 -*• 21 —> 3 
30,812 5 

I 

3 + 0 + 8 + 1+ 2 = 14; 1+4 = 5 

We may have a subtrahend with a larger digit sum than that of 
the minuend. In that case add 9 to the digit sum of the minu¬ 
end and proceed as before. 


Example 3: Subtract 

53,605 —>19 —► 10 —► 1 
24,830 —> 17 -» 8 
28,775 2 

I 

2 + 8 + 7 + 7 + 5 = 29; 2 + 9 = 11; 1+1 = 2 

We check multiplication by multiplying the digit sums of the 
factors and comparing this with the digit sum of the product. 


1 


ti 
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Example 4: Multiply 

385 -> 16 -> 7 
156 -> 12 -+_3 
2,310 21 

1,925 
385 
60,060 

6 + 0 + 0 + 6 + 0 = 12 ; 1+2 

The usual inverse operation check for division, quotient times 
divisor plus remainder equals dividend, may be used vVilli tile 
check of nines. We merely perform the inverse step with the 
digit sums rather than with the numbers themselves. 

Example 5: Divide 87,562 by 376. 

232 

376)87,562 2 + 3 + 2 = 7 quotient digit sum 

752 

1,236 3 + 7 + 6 = 16; 1+6 = 7 divisor digit sum 

1,128 

1 082 3 + 3 + 0 = 6 remainder digit sum 

752 

330 8 + 7 + 5 + 6 + 2 = 28 

2 + 8 = 10; 1+0=1 dividend digit sum 

Then quotient (7) times divisor (7) gives 49, which sums to 
4 + 9 = 13, 1+3 = 4. Then this 4 plus remainder 6 gives 10, 
which sums to 1+0=1. But since the digit sum of the 
dividend is 1 the check holds. 


*5.16 Number Congruences 

Number congruence is a very convenient concept if we 
attempt to prove the correctness of the methods described in 
Section 3.15. The idea, though simple, is a very important one 
in number theory. It was first used by the great German 

mathematician Karl Friedrich Gauss.* 

If it is now 3 o’clock, what time will it be 15 hours from now? 
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We could find out by starting at 3 on the face of a clock and 
counting around the face clockwise for 15 steps. This “addition 
on the clock ’ would give 3 + 15 = 6. If we did not get too 
bored with the process, we could in the same way find that it 
would be 7 o’clock 100 hours from now, 3 + 100 = 7. We may 
get the same results by observing that 3 + 15 = 18 and 18 — 12 
= 6 in the first case, and 3 + 100 = 103 and 103 — 8 • 12 = 7 
in the other case. When two numbers have the same remainder 
upon division by 12, we express this relationship by saying that 
they are congruent. A moment of reflection will indicate that 
any natural number is congruent to one of the numbers 0 
through 11, for the numbers less than 12 are their own re- 
mainders when divided by 12. 

The idea of congruence is not confined to the face of the clock. 
We could replace 12 with any other natural number. We call 
the number so chosen the modulus. The generalized idea is 
stated in the following definition: Two natural numbers A and B 
are congruent with respect to the modulus M if they have the same re¬ 
mainder upon division by M. 

This relationship is symbolized 


which implies that 
and 


Otherwise stated, 
if 


A = B, mod M (read, A is congruent 

to B , modulo M) 

A = pM + R 

B = qM + R (/?, q natural numbers 

or zero) R < M 


A = B, mod M 


their difference is a multiple of M. 


A B — KM {A > B, K a natural number 

or zero) 

From the definition of congruence it is evident that any natural 

number A, is congruent, modulo M, to one of the numbers 0 
to (M - i). 
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We wish to prove the theorem: 


If 

A = 

= a , mod M ( A > a) 


and 

B = 

= b y mod M ( B > b) 


then 

A + B = 

= a + b, mod M 


Proof: 

A = 

= <7, mod M implies a + KM 

= A 


B = 

= A, mod M implies b + LM 

= B 


A + B = a + KM + b + LM = a + b + (K + L)M 

But the last expression is certainly congruent to a b, modulo 
M, hence our conclusion. 

The theorem merely asserts that if two numbers A and B are 
divided by the modulus M the sum of the remainders is con¬ 
gruent to the remainder of the sum. 

Illustration: 

40 = 5, mod 7 
63 = 0, mod 7 
40 + 63 = 103 = 5, mod 7 

The property may be established for subtraction by evaluating 

A - B. 

The same property applies to multiplication. 

Theorem: 

If A = a, mod M 

and B = mod M 

then AB = ab , mod M 

Proof: A a, mod M implies a + KM = A 

B = mod M implies b + LM = B 
AB = (a + KM)(b + LM) = 

(a + KM)b + (a + KM)LM = 

ab + bKM + aLM + KMLM = 

ab + (bK + aL + KML)M = ab , mod M 

With the aid of the addition and multiplication theorems we 
can show that any natural number 


#o 10” + < 2 il 0 " 1 + . . . + a n 
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is congruent to the sum of its digits, modulo 9. First we observe 
that 

10= 1, mod 9 

and by the multiplication theorem 

10" = 1" = 1, mod 9 (n any natural number) 

Using the multiplication theorem again 

tfjlO" -1 = a h mod 9 (7 any number from 0 to n) 

Finally, if we apply the addition theorem 

tfolO" + ^lO' 4 " 1 + . . . + a n = a 0 + a\ + . . . + mod 9 
Illustration: 

372 = 3 • 10 2 + 7 • 10 + 2 = 

3 - 1 2 + 7 • 1 + 2 = 12 = 1 + 2 = 3, mod 9 

All the checks of Section 3.15 are now immediately apparent 
in the light of the fact that if congruent numbers are added, 
subtracted, or multiplied the results will be congruent. 

Many interesting number facts can be established easily with 
the aid of congruence. A perfect, square isja natural number 
which is obtained by multiplying a natural number by itself. 
Every natural number is congruent to one of the numbers 0 
through 8, modulo 9. Then every perfect square must be con¬ 
gruent to the square of some number 0 through 8. 

0*0 = 0, mod 9 

1*1 = 1, mod 9 

2*2 = 4, mod 9 

3*3= 9 = 0, mod 9 

4*4= 16 = 7, mod 9 

5 • 5 = 25 = 7, mod 9 

6 • 6 = 36 = 0, mod 9 

7*7 = 49 = 4, mod 9 

8 *8 = 64= 10=1, mod 9 

From the above it is evident that any perfect square has a 
remainder 0, 1, 4, or 7 when divided by 9. Notice the system¬ 
atic order in which the remainders occur. This is not an ab- 
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solute check to determine whether or not a given number is a 
square. If the number is not congruent to 0, 1, 4, or 7, we 
know it is not a square. On the other hand if it is congruent 
to one of these numbers, it may be a perfect square. The.number 

93,548,674 is congruent to 9 + 3 + 5 + 4 + 8 + 64-7 + 4 = 
46 = 10 = 1, mod 9; therefore it may be a square. But 873,426 
is congruent to8 + 7 + 3 + 4 + 2 + 6 = 30 = 3, mod 9 and 

cannot be a square. 

By finding the third power of each of the remainders 0 through 
8 we can show that any perfect third power must be a multiple 
of nine, one more than a multiple of nine, or one less than a 
multiple of nine. We leave this as an exercise. 


■ ■ EXERCISES 

1. Write a number of several digits. Rearrange them to form 
a second number. Subtract the smaller of the two from 
the larger. Cancel all but one digit (the uncanceled digit 
must not be a zero). If you state what digits were 
canceled, the uncanceled digit can be determined from 
this. Explain how it is done. 

Multiply 583 by 427 by the gelosia method and check by 
the check of nines. 

3. Divide 4,371 by 287 by the galley method and check by 
the check of nines. 

*4. Multiply the following in base 12. Check your work in a 
manner analogous to the check of nines in base 10; that is, 
add digits until a result of 11 or less is reached. 

831j2 X 173i2 

Why will this check work in base 12? 

*5. Find four numbers that are congruent to (a) 5, mod 7; 
(b) 3, mod 13; and (c) 1, mod 2. 

*6. Verify the addition theorem of Section 3.16 with the follow¬ 
ing congruencies: 68 = 3, mod 13 and 140 = 10, mod 13. 

*7. Verify the multiplication theorem of Section 3.16 with: 
99 = 3, mod 12 and 20 = 8, mod 12. 
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Find four values for x 
relationships: 

(a) 25 + x = 3, mod 8 
(c) 16 + * s 0. mod 5 


which will satisfy the following 

(b) 73 + x = 5, mod 9 
(d) 33 -(- x = 6, mod 7 



.s t s for Divisibility 


When is a number divisible by two? We arc apt to say, 
“When it is even.” But when is a number even? When it is 
divisible by two? It does not make a great amount of difference 
which of the terms “even” and “divisible by two” is defined in 
terms of the other, so long as we dp not define each in terms of 
the other. However, let us say that a number is even if it is 
divisible by two. We determine divisibility by two by examin¬ 
ing the janits digit. If the units digit is divisible by two so is A-- 
the number; otherwise TFlsTioT. We just have to remember that 
0, 2, 4, 6, and 8 are one-digit multiples of two. It may never 
have occurred to you to wonder why this is the case. It isn’t 
true of all one-digit numbers. We cannot say that a number 
whose units digit is a multiple of 3 is divisible by 3. As a matter 
of fact if we change our base from 10, the principle may not 
even work for 2. Consider 1 3 17 and 22 5 . 

Tests for divisibility are dependent upon the base of numera¬ 
tion. If we write the number 

<7 0 10" + 1 O'* 1 + a 2 1 0' i—2 + . . . -f- a n j 10 -f- a n 

in the form 


(flolO"-* 


+ ad O'- 2 


+ < 2 2 10 '* 3 + . . . -f- a n _!)10 + a 


we are emphasizing the fact that the number is some multiple 
of 10 plus the units digit. The only factors of 10 are 2 and 5. 
This assures us that we can divide (a 0 10 n_1 + a 10 n_2 + 

+ 10 by either 2 or 5. Then the original number is di¬ 

visible by 2 (or 5) if and only if the units digit is. 

Four is not a factor of 10 but it is a factor of 100. The test 
for divisibility by 4 is: A number is divisible by 4 if and only if the 
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i\ number represented by the tens and units digits is divisible by 4. This 
can be shown in a way analogous to the above argument for 2. 
We may also establish the rule for 8 in this way. A number is 
^ divisible by 8 if and only if the number represented by the units , tens and 
hundreds digits is divisible by 8. 

-j We may infer from Section 3.15 that a number is divisible by 9 

1 if and only if the sum of its digits is. The proof of this statement 

follows immediately from Section 3.16. We may also show, 
using the method of Section 3.16 that a number is divisible by 3 if 
and only if the sum of its digits is divisible by 3. 

A number is divisible by 6 if and only if it is divisible by both 2 and 3. 
This takes care of all one-digit divisors except 7. We shall de¬ 
vise a test in the next section which is quite interesting, though 
impractical. It is easier to divide by 7 than to apply the test. 


*3.18 Tests for Divisibility ( Continued ) 

This section really does not deserve its star rating except 
for the fact that a minimum knowledge of negative numbers is 
required. Although we shall shortly extend the concept of 
number to include the negative integers, for the present we shall 
assume a few of their properties. 

We have said, in Section 3.16, that 

10 = 1, mod 9 

means that 10 is one more than a multiple of 9. In the same 
manner we can say that 

10 = (-1), mod 11 

to express the fact that 10 is 1 less than a multiple of 11. Paren¬ 
thetically, we developed congruence in Section 3.16 in terms of 
natural numbers only. The idea may be easily extended to the 
integers, the positive and negative whole numbers. We con¬ 
fined ourselves to natural numbers because they are the only 
kind of numbers the existence of which we have officially ad¬ 
mitted. If you will accept the facts that minus times minus 
gives plus and plus times minus gives minus, then for the present 
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we shall ask no more of these strange creatures that seem to be 
“less than nothing.” We can now establish the following se¬ 
quence of congruencies: 

10 2 = (— l) 2 = 1, mod 11 

103 = 10 2 • 10 = 1 ( — 1) = -1, mod 11 

10 4 = 10 3 • 10 = ( —1)(— 1) = 1, mod 11 

10 n = 10 n_1 • 10 = ( — l) n-1 (— 1) = (-1)" = ± 1, mod 11 

(The double sign means “plus or minus.”) 

Since the congruence of each power of 10 is obtained from 
that of the preceding power by multiplying by (— 1), it is evident 
that the congruences of succeeding powers are alternately minus 
and plus. From the above and the two theorems of Section 3.16 
we have 

ciq\ 0 n + 10 n 1 + . . . + a n — 1 10 + <z n = 

a o( — l) n + <2l(— l) n_1 + . . . + Q. n —l ( 1 ) + <3n(+l) 

Stated verbally, this means: A number is congruent, modulo 
11, to the sum of its odd-placed digits, units, hundreds, ten- 
thousands, etc., minus the sum of its even-placed digits, tens, 
thousands, hundred thousands, etc. If this difference of sums 
is zero or some other integral multiple of 11, then the number 
is a multiple of 11. 

Illustration: 

The number 95,943,628 is a multiple of 11 because 

8 + 6 + 44-5 — 2 — 3 — 9 — 9 = 0 

% 

But 8,362,817 = 23 = 1, mod 11, because 

7 + 8 + 6 + 8-1 - 2- 3 = 23 and 3-2=1 

Therefore 8,362,817 has a remainder 1 when divided by 11. 

In case we have a number like 

934,271 = -14 = -3 mod 11 

our interpretation is that we were 3 short of a multiple of 11 

which means that we are 8 more than the next lower multiple 
ofll. 


84 


WHAT IS A NUMBER? 


The test for divisibility by 7 may be obtained by observing that 

10 =3, mod 7 

10 2 ss 3 2 = 9 si 2, mod 7 

10* = 10 2 • 10 E= 2 • 3 = 6 s (-1), mod 7 

10 4 = 10* * 10 = (-1) • 3 = (-3), mod 7 

10 5 = 10 4 • 10 = (-3) • 3 = (— 9) = (-2), mod 7 

10* = 10* • 10 = (-2) • 3 = (-6) = 1, mod 7 

10 7 = 10* • 10 s 1 . 3 = 3, mod 7 

We then have 

10 7 = 10, mod 7 

and it is evident that the cycle of congruences will be repeated. 

This suggests the following rule for divisibility by 7. If and 
only if 1 times the units digit plus 3 times the tens digit plus 2 
times the hundreds digit minus 1 times the thousands digit 
minus 3 times the ten-thousands digit minus 2 times the hun¬ 
dred-thousands digit plus 1 times the millions digit, etc. is 
equal to an integral multiple of 7, then the number itself is also. 

Illustration: 

173,824 = 10* + 7 • 10 4 + 3 • 10* + 8 • 10 2 + 2 • 10 + 

4 s (— 2) + 7( —3) + 3( —1) + 8(2) + 2(3) + 4 = - 2 

- 21 -3 + 16 + 6 + 4 = 0 

Therefore, 173,824 has 7 as a factor. 

On the other hand, 

173,284 = 10* + 7 • 10 4 + 3 • 10* + 2 • 10 2 + 8 • 10 + 

4 = (-2) + 7( —3) + 3(— 1) + 2(2) + 8(3) + 4 = - 2 

-21 - 3 + 4 + 24 + 4 = 6 

Therefore, 173,284 has the remainder 6 when divided by 7. 

We devise a similar test for divisibility by 13. 

10 == ( — 3), mod 13 

102 == ( —3) 2 = 9 = (-4), mod 13 

10* = 10 2 • 10 = (— 4)( — 3) = 12 = (-1), mod 13 

10 4 = 10* • 10 = ( —1)( —3) = 3, mod 13 

10* = 10 4 • 10 = 3( — 3) = (-9) ss 4, mod 13 
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10 s = 10 6 • 10 s 4( — 3) - (-12) = 1, mod 13 

10 7 = 10 6 • 10 = 1( —3) - ( — 3), mod 13 

Then we add the units digit multiplied by 1, the tens digit by 

(-3), hundreds by (-4), thousands by (-1), ten thousands 

by 4, millions by 1, etc. If this sum is a multiple of 13, the 
number is also. 

Illustration: 

2,457 = 2 • lO- 7 + 4 • 10 2 + 5 • 10 + 7 = 2 • (-1) + 

4 ■ (-4) + 5 • (-3) + 7 = —26 = 0, mod 13 

Therefore, 2,457 has the factor 13. 

76,34 8 = 7- 10 4 + 6 • 10 3 + 3 • 10 2 + 4 • 10 + 8 = 7 - 3 
+ 6 • (-1) + 3( — 4) + 4 • (-3) + 8 = -1 = 12, mod 13 

Therefore, 76,348 has the remainder 12 when divided by 13. 


EXERCISES 


1. Use tests for divisibility to determine whether each one- 
d.git number greater than 1, except 7, is a factor of each 
of the following numbers. Determine the remainder when 
it is divided by each nonfactor, (6 and 7 excepted.; 

^.(a) 436,812 (b) 39,645 ( c ) 43,611 (d) 9,816 

2. Since a number is divisible by 6 if and only if it is divisible 

7 both 2 and 3 why can we not say that a number 
divisible by both 2 and 4 is divisible by 8? 

* 3 . Prove that a number is divisible by 3 if and only if the sum 
of its digits is divisible by 3. 

4> Is a base 12 number divisible by 5 if it ends in zero or 5? 
Explain. 

5. VHow would you test a base 12 number for divisibility by 4? 

6. Use the method of Section 3.18 to devise a test for divisi- 
bility by 4. 

* 7 . Show that the result of Exercise 6 is equivalent to the test 
given in Section 3.17. 5,1 

* 8 ' Sh ?. w . 7;' f n “ m 'f r of the form abc abc, such as 345 345 
is divisible by 7, 11, and 13. ’ 
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9. If we add the digits of 31,451 8 we get 16 8 . The sum of 
the digits of 16 8 is 7. May we conclude that 31,451 s is 
divisible by 7? 

10. Convert 31,451 g to base 10 and divide the result by 7. 

*11. If the sum of the digits of a base 12 number is a multiple 
of 11, what may we say of the digits of the same number 
written in base 10. 

Is 8,734 n divisible by 10? Why? 

*13. Is 8,734 12 divisible by 13? Why? 



do you know... 



'The difference between the conclusions of the 
scientist and those of the mathematician? 

You can prove anything you want to if you have 
complete freedom in picking your assumptions? 

A valid conclusion is not necessarily a true one? 

It is possible to reason incorrectly and still reach 
a true conclusion? 

The converse of a true proposition is not neces¬ 
sarily true? 

Every time you solve an algebraic equation you 
actually establish a deductive proof? 

The difference between necessary and sufficient 
conditions? (Is having a dollar a necessary or 
a sufficient condition for being able to buy a loaf 
of bread? Is it both necessary and sufficient?) 

The -difference between inductive reasoning and 
mathematical induction? 

What indirect proof is and on what principles of 
logic it rests? 




chapter IV 


Math ematica 
Proof 


In this chapter we shall attempt to find 
just what constitutes mathematical proof from the standpoint of 

logic, and to study in some detail certain methods of establishing 
deductive proof. 


The Nature of Proof 
4.1 Rules of Logie 

The Americap,mathematician Benjamin Peirce described 
mathematics as ‘^TmLScie nce which dra ws necessa ry ronrlminm. ” 
This is an apt description of mathem atical pr oof. 4 The “neces¬ 
sary conclusions” are drawn from the assumptions (hypotheses) 
by the application of logic. The logic employed is that of the 
Greek philosopher Aristotle. (There are other systems of logic.) 
Aristotle laid down three fundamental l a ws of reasoning- or 
carmm of logic: (1) the principle of iden tity, (2) the principle of 

- g<p ' - ' 
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exclud ed middle, (3) the principle of contradicti on. The first of 
these asserts that a thing is itself. A dog is a dog. A positive 
integer is a positive integer. The second principle asserts that a 
statement is either true or false. A dog is or is not a four-legged 
animal. Minus a either is or is not a negative number. The 
third principle asserts that no statement can be both true and 
false. A dog cannot both be and not be a four-legged animal. 
Zero cannot both be and not be a negative number. Another 
principle of logic asserts that if a false conclusion is reached 
either the reasoning is incorrect, or at least one of the assumptions 
on which the conclusion rests is false, or both. 

These pri nciples of logic are themse lves assu mptions. Even 
though it might never occur to us to question them, that does 
not alter the fact that they cannot, b ejwoved.^ Even the logicians 
have their troubles. Consider this paraphrase of an old favorite: 
A prisoner of war, as one final bit of torture, was told he could 
choose the method of his execution. He was to make a state¬ 
ment: if he made a true statement he was to be shot; if false he 
was to be hanged. The prisoner replied, “Well, I’ll be hanged.” 

4.2 V alidity and Truth Are 
Nat Synonymous 

If we assume that our reasoning is not faulty, our conclu¬ 
sions must be true if our assumptions are. A mathematical 
proof does not establish the truth of the conclusions. It does 
establish their validity^ A valid conclusion is one that is derived 
from the hypothesis by 'means of logically acceptable steps. A 
valid conclusion is true if the hypothesis is true. Is a valid 
conclusion True only ij the hypothesis is true? We shall in¬ 
vestigate this and other questions with nonmathematical ma¬ 
terial. 

hypothesis: (a) All citizens of the United States are tax¬ 
payers. 

(b) Some citizens of the United States are 
penniless. 

conclusion: Some taypayers are penniless. 
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Many taxpayers can vouch for the truth of this conclusion, 
but we are concerned with its validity. Is the conclusion justi¬ 
fied from the hypothesis? Diagrams similar to Figure 4.1 are 
often helpful in testing the validity of an argument. 



All taxpayers are represented by the points within the large 
boundary. The citizens of the United States by Hypothesis (a) 
are in the total group of taxpayers. Hypothesis (b) demands 
that at least part of the United States citizen area also be in the 
region of the penniless. Therefore, the hypothesis has forced us 



to place at least a part of the taxpayer region in the penniless 
region, and the conclusion is valid. Could the penniless region 
have been entirely within the taxpayer area? Entirely within 

mat he- 
least one i. 


me citizen area.' When the word “some” is used 


matics it does not mean “some, but not al 




it means 
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To return to the question: Is a valid conclusion true only if 
the hypothesis is true? The question may be stated: Does the 
truth of the conclusion imply the truth of the hypothesis? 

hypothesis: (a) All millionaires are paupers. 

(b) All paupers breathe free air. 
conclusion: All millionaires breathe free air. 

Here, the hypothesis (a) is false, yet we have reasoned correctly 
to a conclusion which we accept as true. Wc cannot infer that 
a hypothesis is true merely because the reasoning is correct and 
the conclusion is true. 



Figure /. ». 

Do a true hypothesis and a true conclusion imply that the 
reasoning is valid? 


hypothesis: (a) All Tennesseans are residents of the 

United States. 

(b) All Nashvillians arc residents of the 
United States. 

conclusion: All Nashvillians are Tennesseans. 

Both hypothesis and conclusion are true. Yet the hypothesis 
forces us only to place Nashvillians in the area of the residents 
of the United States. It does not force us to include Nash¬ 
villians among the Tennesseans. The reasoning is not valid. 
Valid reasoning makes the conclusion inescapable. 
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Table 4.1 shows all possible combinations of true or false 
hypothesis, valid or invalid reasoning, and true or false con¬ 
clusion. . 

% « 

P V 

TABLE 4.1. TRUTH TABLE 



1 

2 

3 

4 

5^'j 

6 

7 

8 

Hypothesis 

T ! 

T 

F 

F 

T 

T 

* ---— i 

F 

F 

Reasoning 

V 

I 

V 

I 

V 

I 

V 

I 

Conclusion 

T 

T 

T 

T 

F 

F 

F 

F 


If the reasoning is not valid vve can make no inference as to 
the relati\ e truth of hypothesis and conclusion. We may reach 
a true conclusion by invalid reasoning, from either a true or 
false hypothesis (combinations 2 and 4). We may reach a false 
conclusion by invalid reasoning, from either a true or false 
hypothesis (combinations 6 and 8). It is possible to reach a 
true conclusion from either a true or false hypothesis by either 
valid or invalid reasoning (combinations 1 through 4). Thus, 
if a conclusion which is accepted as true is reached we can make 
no inference as to the truth or falsity of the hypothesis. Since 
one of the principles stated in Section 4.1 requires that if the 
conclusion is false either the reasoning must be invalid or" the 
hypothesis false, we infer that a true hypothesis by valid reason¬ 
ing cannot lead to a false conclusion. Combination 5.isjhe only 
pne-of the eight which is impossible. We may summarize~by 
observing that with valid reasoning (1 ) a true hypothesis forces us t o 

ajr ue conclusio n^nd (2) a false., conclusion.requires that the hypothesis 

also be fa lse,~ However, a, true conclusion^lo^no t requ ire a true 
hypothesis nor d oes a false hypothesis require a false conclusion. 


4.3 Intuition in 
Mathematics 


It would be a mistake to think that intuition plays no 
part in mathematics. It is of extreme importance in suggesting 
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possibilities to be investigated. Intuition furnishes us with Jeads 
but it should never be substituted for proof. All leads which are 
suggested by intuition do not prove fruitful. Our intuition 
might tell us that there are more natural numbers than positive 
even numbers. Yet, as was shown in Section 3.4, this is not 
the case. Intuition is just an intelligent hunch. Some people 
think of it as some extrasensory power. Whether such exists or 
not, most of our intuitively held ideas are based on a certain 
amount of knowledge, observation, reasoning, and possibly wish¬ 
ful thinking. A vast number of intuitive mathematical beliefs 
subsequently have been proved. Others have been disproved; 
and still others are open questions, they have never been proved 
or disproved. One of the assumptions on which the geometry 
of Euclid is based is: In a plane one and only one line can be 
drawn through a point not on a given line and parallel to the 
line. The Greeks of Euclid’s time had the intuitive notion that 
this statement could be proved, in other words, did not have to 
be assumed. Mathematicians tried to prove it for nearly 2,000 
years without success. A little more than 100 years ago it was 
proved that this statement had to be taken as an assumption. 
The statement can be proved if we first make an alternative 
assumption. This has been done in many ways. As a matter 
of fact, the assumption quoted above is really an alternative to 
the assumption Euclid actually made. But that is begging the 
question. Intuition was wrong. But intuition was not a bad 
thing in this case because much valuable mathematical research 
resulted from efforts to vindicate intuition. 

Intuition tells mathematicians that it is possible to color any 
map with not more than four colors, so that no two adjoining 
areas shall have the same color. Two areas with only a point 
• in common are not considered to be adjoining in this problem. 
To date, no one has been able to prove this nor to disprove it. 
All that it would take to disprove it would be to exhibit a map 
requiring more than four colors. In case you wish to try to 
draw one, it will be helpful to know that it has been proved that 
such a map will, if it exists, have more than 83 areas in it. 
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Intuition is very valuable in its place, but it should never be 
th ought o f as proo f nor substituted forsook 

4.4 Deductive Versus Inductive 
Reasoning 

The type of reasoning illustrated at the beginning of this 
section is known as deductive reasoning. The word “deduction'’ 
is often used rather loosely to mean “reaching a conclusion.” 

- —— mn * --- —i n . i ' n ■ r- ii 

Here, we shall use the word in a much more precise way. A 
deduction is a conclusion which is reached by making logical 
i nferences from a specific hypothesis* Deductive reasoning is 
often called “if-then” reasoning. “If” the hypothesis is satisfied, 



“then" the ..conclusion is i nescapable. Insofar as our logic is 
concerned, the truth or falsity of the hypothesis is of no concern 
whatever. 


hypothesis: (a) All x’s area’s 

(b) Ally’s are z’s 
conclusion: (a) Some z* s are at’s 

(b) All x’s are z’s 

The above conclusions are valid. Are they true? They must 
be if the hypothesis is true. But is the hypothesis true? That 
depends on what the x’s,/s, and z’s are. Suppose they are the 
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undefined elements of our mathematical system. (Any mathe¬ 
matical system must have undefined elements.) As long as we do 
not attempt to give a concrete interpretation to the undefined 

elements, it is rather pointless to consider the truth or falsity of 
the hypothesis. 

This is the difference between. pure) mathematics and applied j 
mathematics. The number system which was described in Chap¬ 
ter III is in the realm of pure mathematics so long as no attempt 
is made to give the natural numbers a concrete interpretation. 
When w e give the m meaning in terms of physical objects, we 
are engaged in applied mathematics” It isToF interest to note 
in passing that a given pure mathematical system may be as¬ 
signed more than one “applied” interpretation. The unde¬ 
fined line of abstract geometry may be associated with a very 
narrow streak of physical ink and it may also be associated with 
an infinite set of number pairs. 

Inductive reasoning is the type which draw s genera l con¬ 
clusions^ from particular fa cts^ It is observed from experiment 
that water contains two parts hydrogen to one part oxygen by 
volume, within the limitations of measurement. The experi¬ 
ment is repeated many times, with comparable results. We 
conclude that water always contains two parts hydrogen to one 
part oxygen by volume. This is inductive reasoning. Such 
conclusions are in the realm o f probable truth .They are always 
subject to revision in the light of new evidence. If we consider 
“water” to include heavy water, this conclusion must be some¬ 
what revised. The conclusions of in duc tion are probably t ruej 
and by contrast, those of deduction are relatively true. Mathe- 

^ »■ 11 ~ ~ 1 ~*i 11 —1 ~ — i i rw m*mt j, ~~* —— 

matical p roof is based on deductive reasoning^. This does not 
mean that induction has no place in mathematics; it is quite 
valuable in selecting plausible hypotheses, but inductive con¬ 
clusions never constitute mathematical proof, except in sit¬ 
uations involving a finite number of cases all of which are 
established. 

Consider the expression x 2 — * + 41. If x = 0, the expres¬ 
sion equals 41, which is a prime number, that is, has no integral 
factor except itself and one. When 




M A T hi E M £ yCC A L PROOF 97 

1, we get 41 again. 

2, a 2 — a + 41 = 43, a prime; 

3, .v 2 — a- + 41 = 47, a prime; 

4, a 2 — a + 41 = 53, a prime; 

5, a 2 — a + 41 = 61, a prime. 

We may continue up to x = 10 and always get a prime. We 
may go on to a = 20, 30, 40 and always get a prime. By this 
time we would probably be ready to make the ind uction ( gene r¬ 
aliz ation ) that we always get a prime for any integal value 
of a. But this is not mathematical proof. We do not know 
that we will always get a prime. As a matter of fact, if we try 

a = 41 we get 41 2 — 41+41 = 41 2 , which is obviously not a 
prime. 

We could surmise that the sum of the first n odd numbers 
equals n 2 . We might verify this guess for all cases through 
71 = 100. We would hardly be ‘‘jumping to conclusions” if we 
decided that it would always be true. But we haven’t proved 
it. We cannot be sure that, no matter how many cases we have 
verified, the next case will hold. 



a = 
a = 
a = 
a = 
a = 


■■ EXERCISES 

XThe hypothesis may be true or false, the reasoni ng valid 
or invalid, and the conclusiqnjrue or false" LisTall pos¬ 
sible combinations of these. Which of these combinations 
cannot occur according to the principles of logic? 

2. Give an example of each of the other possibilities in 
Exercise 1. 

Draw a diagram to show the relationships among these 
three objects: cats, animals, tigers. Make all the state¬ 
ments you can about these objects on the basis of your 
diagram. 

+Follow the instructions of Exercise 3 with these objects- 
places of amusement, places of business, movie theaters. 
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For each of the following state the hypothesis, state the 

conclusion, state whether the conclusion is or is not valid. 

Which conclusions do you consider true? 

j 

(a) Mr. Jones is a good man because he goes to church and 
all churchgoers arc good. 

(b) Mr. Jones is an evil man since men are sent to prison 
for evil deeds and Mr. Jones has been in prison. 

(c) Kind people are honest. Mr. Jones is unkind. Hence, 
Mr. Jones is not honest. 

(d) All men arc intelligent animals. My dog, Fido, is an 
intelligent animal; therefore Fido is a man. 

(e) Beautiful movie actresses smoke X brand cigarettes, so 
if you smoke X brand cigarettes you will be beautiful. 

(f) Distinguished men drink X brand liquor, so if you are 
distinguished you will drink X brand liquor. 

(g) Anyone who does not study cannot pass this course. 
Mary does study. Mary will pass this course. 

Answer the following questions on the basis of intuition 

alone; then check your answer by computation. 

(a) A man sells two houses for $15,000 each. On one he 
gains 10 per cent of the cost, and on the other he loses 
10 per cent. Does he lose, gain, or break even? 

(b) Company employees are given a 25 per cent cost-of- 
living raise but they are told that when business drops 
off their salaries will be cut 25 per cent. Will their 
wages be higher, lower, or the same as before the raise? 

(c) Would you rather receive $100 the first day', $200 
the second, $300 the third, and so on for a month, the 
amount received each day being $100 more than the 
preceding day; or 1^ the first day, the second, 4 £ 
the third, and so on for a month, the amount received 
each day being twice that of the preceding day? 

(d) If you place $100 at 100 per cent interest compounded 
annually, it would be worth $200 at the end of the y ear. 
If it is compounded semi-annually it will amount to 
$225. Could the compounding interval be short 
enough for it to amount to $1,000 in one year? 

(e) One tin can is 5 inches tall and 4 inches in diameter. 
Another is 15 inches tall and 2 inches in diameter. 
Which can will hold more? 

(f) If one steel band is made to encircle the earth and 
another is made to fit over one foot stakes which en¬ 
circle the earth, how much longer is the second band? 
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(g) Would you prefer a discount of 25 per cent or a discount 
of 15 per cent followed by a second discount of 15 
per cent on the remainder? 

How can you color the following: map with not more than 
four colors so that no two adjoining: areas have the same 
color? 





Construct a map that cannot be colored with less than four 
colors. 


4.5 Con v<>rs <» Thvorvms 

Usually the hypothesis of a theorem consists of more than 
one assumption, from which we derive one or more conclusions. 
In its simplest form a deductive proof may consist of one hy¬ 
pothesis and one conclusion. We may write II — > C to mean 
the hypothesis H implies the conclusion C. Most proofs consist 
of more than one step. The hypothesis implies one conclusion, 
this conclusion implies another, and so on. This could be 
written H — > C\ —> C 2 — > C. In the case of a single hypothesis 
and single conclusion, the converse of a theorem, is, obtained by 
i nterchangi ng-the hypothesis and the conclusion. If the direct 
theorem is H —* C, its converse is C — > H. More generally, a 
converse is obtained by interchanging one hypothesis with one 
conclusion. If the direct theorem is established by the chain 
of implications H — > Ci —» C<i —» C, the converse could be estab¬ 
lished by reversing the argument C —» C -2 —» C\ —» II in case each 
of the implications is a reversible one. However, this is not 
essential; we will have established the converse if we can start 
with C and end with II regardless of what chain of implications 
connects them. 

If the direct theorem consists of: 

hypothesis: (a) All .v's area’s 

(b) Ally’s are z's 
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conclusion: (c) Some z *s are *’s 

(d) All .v’s are z *s 

one possible converse may be obtained by interchanging (c) 
with (b). 

The converse is: 

hypothesis: (a) All area’s 

(c) Some z’s are at's 

conclusion: (b) Aliys are z's 

(d) All x’s are z 's 

As indicated in Figure 4.5, neither eonelusion is valid. 



Figure 4.5. The converse oj a true theorem need not he true. 


All men arc animals. A is a man implies that A is an animal. 
But A is an animal does not imply that A is a man. The converse 
o f a valid state ment is not necessarily valid. 

It happens that many valid statements do have valid con¬ 
verses. If a statement and its converse are both valid, this 
means that H C. If two sides of a triangle are equal, then 
the angles opposite these sides are equal. The converse of this 
theorem is: If two angles of a triangle are equal, then the sides 
opposite these angles are equal. This is an instance of a theorem 
and its converse both being valid. Equal angles imply equal 
sides, and equal sides imply equal angles. On the other hand, 
all right angles are equal but all equal angles are not right 
angles. Two angles being equal does not imply that they are 
right angles. Here is an inference that is not reversible. 
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4.6 The Opposite and the 
Con traposi ti ve 


The converse of a theorem is obtained by interchanging 
hypothesis and conclusion. The denial or n egation of bo th 
hypothesi s and conclusion give a theorem which is the opposite 
of the original. Consider the direct theorem: If the units digit 
of a natural number is 5, then it is divisible by five. The con¬ 
verse is: If a natural number is divisible by five, then its units 
digit is 5. If we deny both the hypothesis and conclusion, we 
obtain the opposite: If the units digit of a natural number is not 
5, then it is not divisible by five. The contrapositir e of a theorem 
is obtained by both interchanging and denying hypothesis and 
co nclusio n. The hypothesis of the contrapositivc is the denial 
of the conclusion of the original theorem and the conclusion of 
the contrapositive is the denial of the original hypothesis. The 
contrapositive of the original theorem is: If a natural number 
is not divisible by five, its units digit is not 5. 

We designate the denial of an assertion .‘1 as not-A. Note that 

the denial of ‘Mary is a blonde” is not “Mary is a brunette”; 

it is “Mary is not a blonde.” We may summarize the above 
symbolically. 

direct theorem: H — > C 
converse: C —» H 

opposite: not-H —> not-C 

contrapositive: not-C —> not-H 

A theorem, H zzt C , a-nd-its contrapositive, not-C —> not-H, are 
eqjaivalent statements. They are both true or they are both 
false. It is helpful to refer to Table 4.1 in establishing this 
relationship. Remember that the fifth combination is impos¬ 
sible. Assume that H and C are both true. According to 
entry 1 in Table 4.1, H does imply C. But not-H and not-C will 
both be false, and according to entry 7 not-C does imply not-H 

If we next assume H and C both false, by entry 7 we may say 
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H does imply C. In this case not-H and not-C will both be true 
and by entry 1 not-C implies not-H. 

On the other hand, if we assume H true and C false, Table 4.1 

tells us the implication // —» C is itself false. H cannot imply C. 

Do not forget, entry 5 is impossible. But H true and C false 

means that not-H is false and not-C is true. Table 4.1 tells us 

again that not-C —> not-H cannot be established by valid reason¬ 
ing. 

Finally, if H is false and C is true, entry 3 indicates that 
H —> C may be established by valid reasoning. In this case 
not-H is true and not-C is false, and entry 3 again indicates 
not-C — » not-H can be established from valid reasoning. 

Let us examine the above theorem and its contrapositive. 

DIRECT THEOREM: 

hypothesis: Units digit five. 

conclusion: Divisible by five. 

CONTRAPOSITIVE: 

hypothesis: Not divisible by five. 

conclusion: Units digit not five. 

The direct theorem requires that a number must be divisible by 
five if it ends in 5. It says nothing about the number ending 
in 0. The direct theorem is true. If the contrapositive were 
false, it would be possible for a natural number not to be divisible 
by five and yet have 5 as its units digit. Since this contradicts 
the true direct theorem it is false that the contrapositive is false. 

Note that the contrapositive may be obtained either by taking 
the opposite of the converse or the converse of the opposite. 

If we consider the converse as the direct theorem we get: 

direct theorem : C — > H 
converse: H — > C 

opposite: not-C — > not-H 

contrapositive: not-H — > not-C 

But this contrapositive is the original opposite. Then the corv^ 
ve rse an d the opposite of a theorem are contrapositives and as 
such are logically equivalent. 
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4 ./ Necessary and Sufficient 
Conditions 

Frequently we see a proposition stated in the form: “B is 
true if and only if A is true" or “A is a necessary and sufficient 
condition for B." Both statements are merely other ways of 
specifying that both the proposition A —> B and its converse 
^ must be valid. We can accomplish the same thing by 

establishing the direct theorem A -> B and its opposite not-A —> 
not-B. 

If you studied plane geometry and recall locus problems, you 
will recognize this idea. The locus theorem required’ two 
things: (1) Every point of the proposed locus must satisfy the 
given conditions; and (2) Either every point which satisfies the 
given conditions is a point of the locus (the converse) or every 
pomt not on the locus fails to satisfy the conditions (the opposite). 

The example in Section 4.6, slightly modified, stated in the 

"if and only if" form would be: A natural number is divisible 

by five if and only if its units digit is 0 or 5. The "if" part of 

the argument is established when we prove the direct theorem - 

units digit 0 or 5 —> divisibility by five. The "only if” part 

calls for proving the opposite: units digit not 0 or~5'-^ not 

divisible by five. But if the converse is easier to prove, it is 
just as go ocL , — -— 

"TTTRW a dollar I can buy a loaf of bread. Having a dollar 
is a sufficient condition for the price of a loaf of bread, but it 
isn’t necessary since fifty cents is more than enough even at 
current prices. On the other hand, having a dollar is a neces¬ 
sary condition for buying a suit of clothes (cash sale), but it 

isn’t sufficient unless the suit is second hand and worn out at 
that. 

If the above theorem were stated in the necessary and sufficient 
form, it would read: Having a units digit of 0 or 5 is a necessary 
and sufficient condition that a natural number be divisible by 
five. When we establish the direct theorem: units digit 0 or 
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5 > divisibility by five, we have shown the condition to be 

sufficient. Incidentally, a units digit of 0 or of 5 either one 
constitutes a sufficient condition for divisibility by five, but 
neither one used alone is a necessary condition. The necessary 
condition requires that we prove either the opposite (failure to 
satisfy the condition of ending in 0 or 5 means failure to get the 
result of divisibility by five) or the converse (if the situation of 

divisibility by five is present, the condition of ending in 0 or 5 
also has (o be present). 

t 

/.# Logical Hoohy t raps 

Many of the favorite errors of logic to which mathematics 
students are addicted are the result of misconceptions concerning 
the ideas we have been discussing. We shall call specific at¬ 
tention to some of them. 

JThe idea that a theorem implies its converse. We wish to prove 
that A —> B. If we assume B is true and can conclude that A 
must be also, that does not give us the right to say that A —> B. 
All we have shown is that B — > A. If this were permissible, we 
could “prove” that all odd numbers greater than 2 are prime 
by proving that all prime numbers greater than 2 are odd. The 
best insurance against this mistake is to identify correctly the 
hypothesis, what is given, and reason from it to that which is to 
be proved. 

The idea that a statement which implies a true statement must be true. 
We have already pointed out that valid reasoning from a false 
hypothesis may yield a true conclusion. We can make no infer¬ 
ence as to the truth or falsity of the hypothesis unless the conclu¬ 
sion is known to be false and we are sure the reasoning is valid. 

If a statement which implies a true statement had to be true, we 
could “prove” that — 4 = +4. Assume —4 = +4, then mul¬ 
tiply each side of this “equality” by the “equal” quantities —4 
and + 4, and get 16 = 16. We have reached a true conclusion; 
then we “conclude” that —4 — +4. 

Reasoning in a circle , or assuming that which is to be proved. 
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On its face, one might wonder how such a breach of logic could 
be made. However, this is probably the most deadly trap of 

all for the unwary. That is because the conclusion is often 
introduced in a disguised form. 

The following is an example of reasoning in a circle. I wish 
to prove that all natural numbers are even. Let y equal any 
natural number. If it is even y = 2)>, where y is a natural 
number. But if any natural number is doubled, the result is an 
even number. Therefore 2y is even. But 2y = at, so y is even. 
Vet y is any number. Therefore, any number is even. 

Substituting induction for deduction. This is not really an error 
in logic. It is evidence of lack of grasp of the meaning of de¬ 
ductive proof. In this connection, just as “some” in mathe¬ 
matics means “at least one” so “all” means “without a single 
exception.” We can never prove that A —» B by finding any 
number of special cases unless there are only a finite number of 
cases to be considered. But we can prove that A -+* B (A docs 
not imply B) by finding one case wherein A fails to imply B. 
A —» B means always, without exception, B follows logically 
from A. A -++ B does not mean that A never implies B. It 
means that B does not have to follow from A, and all we have 
to do is find one instance where B fails to follow from A. 

It should be observed that A B is not the opposite of A —> B. 

Let A represent quadrilateral and B represent parallelogram. 

A B means if a figure is a quadrilateral that does not implv 

that it is a parallelogram; it does not have to be a parallelogram 

simply because it is a quadrilateral. The opposite of A —» B 

means if a figure is not a quadrilateral it cannot be a parallelo¬ 
gram. 


■ ■ EXERCISES 

1. Write the converse, the opposite, and the contrapositive of 
each of the following: 

(a) If it rains tomorrow my feet will hurt today. 

(b) All prime numbers are odd. 
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(c) Lines perpendicular to the same line are parallel. 

(d) If a person’s parents are both blue eyed the person 

is blue eved. 

/ 

(e) If two things are equal to the same thing they are equal 
to each other. 

(f) If .v is an odd number, so is x 2 . 

(g) If a number ends in 5 it is divisible by five. 

(h) Are the statements in (b)—(g) true? Are the converses? 
Are the opposites? Are the contrapositives? 

2. Point out the error of logic in (a)—(e). 

(a) Doctor X's cancer cure is a certain cure for cancer 
because all 500 patients he has treated recovered. 

(b) Sweet milk and gun powder is a sure cure for poison 

ivy because every person who has tried it has recovered 
from poison ivy. 

(c) Any number, a: equals any other number, y. Let 
X + y = z; then if x = y, x +y = x + x = 2 x = z 
and x = z/2. Therefore, z/2 + y = z and y = z/2. 
But since x — z/2 and y = z/2, it follows that x = y. 

(d) If a man is sufficiently hungry he will steal. Therefore 
Jesse James was driven to crime by hunger. 

(e) Since nobody likes Santa Claus and Santa Claus is a 
fat man, it follows that nobody likes a fat man. 

•3. Compare the following with Exercise 2(e). Since nobody 

likes a fat man and Santa Claus is fat, nobody likes Santa 
Claus. 

4. Decide whether the given condition (stated first) is neces¬ 
sary, sufficient, both necessary and sufficient, or neither 
necessary nor sufficient for the situation. 

(a) Being at least 21 years old—being President of the 
United States. 

(b) Being a triangle—being a polygon. 

(c) Being a polygon whose interior angles = 180°—being 
a triangle 

(d) Being blue eyed—getting married. 

(e) Having $10—having a good time. 

(f) Answering this question—passing this course. 

(g) Being sleepy—going to sleep. 

(h) Being an odd number—being a prime number greater 
than 2. 
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I Mot hods of Proof 

4.9 Direct Proof 


Mathematical proof is always deductive logic. One prin¬ 
ciple of logic asserts that f rom a true hypothesis, by valid .reason- 
ing, we must reach a true conclusion. The proposition to be 
proved consists of an assumption (hypothesis) and a conclusion. 
We do not question the truth of the hypothesis, but each state¬ 
ment which the hypothesis implies must be justified by the postu¬ 
lates of the mathematical system and/or logic. Direct proof 
consists of getti ng an implication from the hypothesis, getting a 
s econ ( J implication from the first, and continuing the chain of 
implications until we obtain an implication which is the desired 
concl usi on. Our reasoning becomes: If the hypothesis is true, 
then the first implication must be; if the first implication is true,' 
then the second must be; ... if the nth implication is true, then 
the conclusion must be. The assertion that the conclusion is true 
is not made. The assertion is: The co nclusion must be true if 
the hypothesis Js true. Aside from the principle which asserts 
that from a true hypothesis, by valid reasoning, we reach a true 
conclusion, we need one other principle in order to assert that 
our chain of reasoning has established the conclusion. It is 
this: If A implies B and B implies C, then A implies C. Now, 
all relationships are not of this sort. A, the father of B, and B, 
the father of C, does not imply A, the father of C. Equality of 
numbers is such a relationship: If A = B and B = C then 

<L=JZ The principle holds for “greater than” with numbers 

But it does not hold for “is not equal to” unless we specify that 

A, B, C are all different; since 10^8 and 8^10 but 10 = 10. 

Each individual step in the chain must be justified in terms of 

the mathematical postulates, definitions, previously proved facts 
or principles of logic. 9 

The only difference between a formal and an informal proof 
is a difference of style. In the formal proof each step is clearly 
indicated and its justification specifically given. The informal 
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proof is usually written in narrative style, only those reasons 
which might be obscure being given. 

All too frequently, mathematical proof is associated exclu¬ 
sively with geometric theorems. Whenever we “solve” an al¬ 
gebraic equation we are actually presenting a logical argument. 
Since the literal numbers in an equation represent numbers, the 

properties of numbers may be applied to them. We shall solve 
the simple equation: 


5* — 13 = ,v — 1 
5x = x -f- 12 
4x = 12 
.v = 3 

Here, the hypothesis is 5x — 13 = x — 1 and the conclusion is 
x ” 3- The solution of the equation differs from the usual 
geometry theorem in that the conclusion is not stated in advance. 
Stated in the usual “if-then” manner, the above would be: 
Prove that if 5* — 13 = x — 1 then * = 3. Our chain of rea¬ 
soning is: if the hypothesis 5x — 13 = x — 1 is true, then the 
first implication Sx = x + 12 is also true, because we have 
agreed that when equals are added to equals the results are 
equal. If the first implication 5* — x + 12 is true, then the 
second implication, 4x = 12 is also true, since we have agreed 
that if equals are subtracted from equals then the results are 
equal. If the second implication 4x = 12 is true, then the last 
implication = 3 is also true, because we have agreed that 
equals divided by equals (not zero) produce equals. From the 
logical standpoint, the solution to the equation merely consists 
of establishing the proposition that if 5x — 13 = x — 1 then 
x — 3 must be a logic al consequence. We have not shown that 
if x = 3 then 5x — 13 = x — 1. If we knew in advance that 
some number x exists which will make 5x — 13 = x — 1, we 
would then know that our hypothesis is true, and as a result 
our conclusion, x = 3, is also true. But we did not know this 
in advance; all we have established is that if there is any value 
of x which will make 5x — 13 = x — 1, that value must be 3. 
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We arc in a position to assert that 3 is the only value , v can 
possibly have, it is 3 or nothing (and we don't mean zero). 

Since we set out to find a value for a which docs make 5.v _ 13 

— -v — 1, the most obvious way to find out whether or not 3 is 
such a value is to try it and see. Another method is to establish 
the converse: If v = 3 then 5a - 13 = a - 1. This could be 
done most easily by reversing the steps in the original argument 
We divided by 4 to get a = 3, so the first step is to multiply by 4 
and get 4.v = 12. This was obtained by subtracting a from 
both numbers; therefore we shall add a, giving 5a = a + 12 

The first step consisted of adding 13 to both sides, so we shall 
subtract 13 from both sides, giving 5.v — 13 = v — 1 

So long as we are certain that every step is a reversible one 
one of the form A —> B and B —-> A, we don't bother to verify 
the result by substitution or to establish the converse. How¬ 
ever, it is a mistake to assume that all legitimate steps are re¬ 
versible. If a = b, we may square both and get a 2 = b 2 . Now 
if it is known that a 2 = b 2 = 25, we cannot infer that a = b = 5 
because we could have « = -5 and b = 5 as we shall see when 
the number system is enlarged. It is legitimate, though danger¬ 
ous, to multiply both sides of an equation by zero—the results 

will certainly be equal since they both are zero. But the inverse 
step, division by zero, is meaningless. 

Consider the “solution” to the following equation: 


- 10\/a _ 4 _p 25 

— 10, we get 2 - 

4 and adding 4 to 


V A + 1 = \ / A — 4 — f 

Squaring both sides to get a + 1 = a — 4 

or -20 = — 10V7— 4. Or, dividing by 

4. Squaring again, we get 4 = a — 
both sides, we have 8 = x. 

Our reason ing is: If there is any number a which will make 

V + } = 0 N/ ' V ~ 4 ~ 5 that num ber must be 8. No number 
other than 8 can possibly do the trick. However, when we sub 

stnute a = 8 we get 3 = -3. The difficulty lies, not in the fact 

that a mistake has been made, but rather in the fact that some 
nonrcversiblc step has been taken. The direct argument tells 



110 


MATHEMATICAL PROOF 


us that 8 is the only possibility and substitution tells us that it 
will not work. Then we must conclude that there is no number 

x which will satisfy the equation Va + 1 = Va — 4 — 5. Con¬ 
sider the equation: 

2p + 2) _ 4x _ 9 
3 “6 

Multiply both members of the equation by 6, getting 

40 + 2) = 4x - 12 

Apply the distributive law for multiplication: 

4a + 8 = 4a — 12 
Add 12 to both members: 

4 X + 20 = 4x 

Subtract 4x from both members: 

20 = 0 

We have reasoned thus: If 



to 

w + 

II 

cv £ 

i 

- 2 

then 

4a + 8 = 4.v - 

- 12 

If 

4.v + 8 = 4.v - 

- 12 

then 

4.v + 20 = 4.v 


If 

4a- + 20 = 4a 


then 

20 = 0 



But we know that 20 does not equal 0. We have reached a false 
conclusion by valid reasoning. One of our principles of logic 
asserts that this can happen only if we started with a false 
hypothesis. Our result then tells us that there is no number x 
such that 

2p + 2) __ 4 a 9 
3 6 

On the other hand, consider the equation: 

0 + 4) 2 — 3 = A' 2 + 16a + 5 - 80 - 1) 
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The distributive law for multiplication gives: 

.v 2 + 8.v + 16 - 3 = at 2 + 16* + 5 - 8* + 8 

Subtracting a -2 + 8a we get: 

16 - 3 = 8a + 5 - 8a + 8 

Combining like terms, 

13 = 13 

The reasoning is as follows: If 

(a + 4) 2 - 3 = a 2 + 16a + 5 - 8(a - 1) 

then 

a 2 + 8a + 16 - 3 = a 2 4- 16a + 5 - 8a + 8 
If a 2 + 8a + 16 - 3 = a 2 + 16a + 5 - 8a + 8 

then 

If 

then 

We have reached a true conclusion which is independent of a. 
It makes no difference what value a takes, 13 will certainly equal 
itself. Furthermore, it makes no difference whether the hy¬ 
pothesis is true or not, 13 = 13. What then can we conclude 
from such a result? IJ our steps are reversible , we may conclude 
that the hypothesis is true. If the steps are not reversible, we 
can make no inference regarding the truth or falsity of the 
hypothesis. Why? But assuming that they are reversible, we 
know our hypothesis is true. Yet the conclusion, 13 = 13, 
places no restriction on a. The hypothesis is true whenevei 
13 = 13. In other words, it is always true. 

(a + 4) 2 - 3 = a 2 + 16a + 5 — 8(a — 1) 

if a is any number. 


16 — 3 = 8a + 5 - 8a + 8 
16 - 3 = 8a + 5 - 8a + 8 
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4.10 Indirect Proof 

As has been pointed out, direct proof (consists of moving 
directly from the hypothesis to the conclusion by a series of valid 
implications. Many times it is much easier to establish the 
conclusion by what is known as “indirect proof.” The prin¬ 
ciple of excluded middle asserts that a statement is either true or 
false. “All bullfrogs have five eyes” is either true or false. In 
other words, one of the two statements “All bullfrogs have five 
eyes'' and “Not all bullfrogs have five eyes” is true. The prin¬ 
ciple of contradiction asserts that the statement cannot be both 
true and false. “All bullfrogs have five eyes” and “Not all 
bullfrogs have five eyes" cannot both be true. Notice that the 
denial of “All bullfrogs have five eyes” is not “No bullfrogs have 
five eyes.” The denial of “My dog is brown” is not “My dog 
is white”; it is “My dog is not brown.” This distinction is 
important in indirect proof. We sometimes have to investigate 
more than one possibility when considering one of two con¬ 
tradictory statements. If we wish to show that a = b by showing 
a b is false, we may do so by showing a < b is false and a > b 
is false. 

The two above-mentioned canons of logic, together with the 
principle that requires that a false conclusion be the result of a 
false hypothesis or invalid reasoning, or both, constitute the 
logical framework for indirect proof. Suppose we wish to prove 
that “Not all bullfrogs have five eyes.” We assume, we take 
as our hypothesis, the statement, “All bullfrogs have five eyes.” 
Then, just as in direct proof, we proceed to draw logical im¬ 
plications from this. If it is possible to derive an implication 
which is known to be false, we have by valid reasoning reached 
a false conclusion and must admit that the hypothesis, “All bull¬ 
frogs have five eyes” is false. .But by the principles of excluded 
middle and contradiction, it follows that “Not all bullfrogs have 
five eyes” is true, and the proposition is established. 

If in the chain of implications, one reaches the conclusion, 
“Not all bullfrogs have five eyes,” the hypothesis and conclusion 
contradict each other. Both cannot be true and each must be 
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cither true or false. But if the hypothesis is true, we have 
started with a true hypothesis, used valid reasoning, and reached 
a false conclusion. According to Section 4.2, this cannot hap¬ 
pen. Our only alternative is to admit that the hypothesis is 
false and the conclusion is true. 

In essence, the indirect method consists of assuming the con- 
tradiction of that which is to be proved, and deriving a false 
or contradictory conclusion. This establishes the falsity of our 
assumption and the truth of its contradiction, or that which was 
to be proved. 

A beautiful example of indirect proof is Euclid's proof that 


there are no two natural numbers whose ratio equals v/2. Now 
we know that either there are two such numbers or there are 
not two such numbers. We wish to prove that there are not. 
Therefore, we assume that there arc, and proceed to establish 
a contradiction. 


Assume a, b exist such that a/b — \ // 2; assume further that 
a, b have no factor in common. This assumption is certainly 
justified for if a and b have a factor in common, we may remove 
it by dividing a and b by all common factors, and we still have 

two integers whose ratio = V2. If a/b = v/2, then a = y/2b\ 

if a = y/2 6, then a 2 = 2 b 2 . 

But 2 b 2 is certainly even since it is twice a number b 2 \ therefore 
a 1 is even. If a 2 is even then a is even and can be expressed as 2c 
which makes a 2 = (2c) 2 = 4c 2 . We may substitute 4c 2 for a 2 , 
giving 4c 2 => 2b 2 . But dividing this by 2 gives 2c 2 = b 2 . Now 
2c 2 is certainly even, therefore b 2 is even, and if b 2 is even so 
is b. We conclude that each of the numbers a and b , being even, 
have the common factor 2. But this is contrary to our assump¬ 
tion that they have no factor in common. Therefore, the as¬ 
sumption that a and b exist such that a/b = v/2 is false. Note 
that we did not contradict the assumption that a and b exist. 
We contradicted the assumption that a and b had no common 
factors, and our logic asserts that something in the hypothesis was 
false. But we know that we can remove all common factors 
of a and b from the ratio a/b. Then the only thing that can be 
false is the assumption that a and b exist. 
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4.11 The Infinitude of 

Primes 

The proof that there is an infinite number of primes 
(integers greater than one which have no integral factors aside 
from themselves and one) is another interesting example of in¬ 
direct proof. It is also ascribed to Euclid. 

We wish to prove there are infinitely many primes. We 
assume the contradictory statement that there is only a finite 
number of primes. Designate them p u p 2 , p y3 . . . p n . Multiply 
them all together and add 1. 


pi ‘ p'l * p3 • • • pn + 1 

Now this number is either a prime or it is not a prime. If it is a 
prime it is different from each of the first n primes. Thus we 
contradict the assumption that there are only n primes. If it is 
not a prime it has prime factors. But when we divide by any 
one of the assumed n primes, we get a remainder 1. Therefore, 
the number has prime factors different from the n primes which 
we assume.to be all the primes. Whether p x • p 2 • p 3 ... p n + 1 
is a prime or not, we are led to a contradiction since there are 
at least n + 1 primes. 


4.12 Mathematical Induction ^^y,**,^**/ 

0 1 

The above argument is reminiscent of another type of 
proof known as mathematical induction. Suppose we had as¬ 
sumed there were 100 primes. The above argument yields a 
contradiction in that there must be at least 101 primes. We 
could repeat the argument, starting with the assumption that 
there are 101 primes and show that there must be at least 102. 
This could be repeated indefinitely. We have shown that, no 
matter how many primes we assume there are, there is always 
at least one more. 

Mathematical induction-is a method which is applicable only 
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when there is a succes sion of cases. There is a first situation, a 
second, a third, and so on. I here is no next fraction after 5 , 
but there is always a next natural number after any specified 
one. Mathematical induction is still deductive reasoning. 

Mathematical induction consists of two parts. YVc wish to 
prove that a statement involving the natural number n is true 
for all values of n. (1) We show that it is true when n = 1 . 
(2) We show that if it is true for some number n = k, it will 
have to be true for the next number n = k + 1. As a child, 
you probably amused yourself by stacking a set of dominoes on 
end and tipping the first one over. The first tips over the 
second, the second tips the third, and so on, until they all fall. 
The second part of our proof is like showing that if any domino 
is tipped over all those that come after it will topple. The first 

part of the proof is analogous to showing that you can tip the 
first one. 

Let us use the method to show that the sum of the first n odd 
numbers equals rr. 

Part 7: If n = 1 the sum of the first n odd numbers is 1, 
but n" 1 is also 1 . 

We would probably try more cases if we were trying to dis¬ 
cover the relationship or if we wanted to convince ourselves that 
there is any point in trying to establish Part 2. But insofar as 
the proof is concerned this is unnecessary. 

1 + 3 = 4 = 2 2 , 

1 + 3 + 5 = 9 = 3 2 , 

1+3 + 5 + 7 = 16 = 4 2 

These relationships verify that the proposition is true when 

n = 2 > 3, and 4, but they neither prove the proposition holds 
for any n , nor contribute anything to the proof. 

Part 2: We assume that 1 + 3 + 5 + . . . + (2k — 1) = k 2 
[(2£ — 1) is the £th odd number]. 

We must prove that on the basis of our assumption 

1 + 3 + 5 + . . . + (2k — 1) + (2k + 1) = (k + 1)2 
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[(2k + 1) is the next odd number after (2k — 1); it is the 
(k + l)st odd number.] 

This is our proposition: 

If 1 + 3 + 5 + . . . + (2k - 1) = k 2 

Then 1 + 3 + 5 + . . . + (2k - 1) + (2k + 1) = (* + l) 2 

Proof: If 1 + 3 + 5 + . . . + (2k - 1) - k\ then 1 + 3 + 

5 + . . . + 2k — 1 + 2k + 1 = k 2 + 2k + 1 because we added 
2k + 1 to both members of the equation. But (k + l) 2 = 

(k + 1 )(k + 1) = (k + 1 )k + (k + 1)1 = k* + k + k + 1 = 

k 2 + 2k + 1. Then if we replace k 2 + 2k + 1 with its equal, 
we get 1 + 3 + 5 + . . . + (2k - 1) + (2k + 1) = (k + l) 2 , 

which is the required conclusion. 

The proof accomplishes two things. It shows that if there is 
any value of n for which the proposition is true it must be true 
for the next value of n also. This was Part 2. 

Part 1 showed the proposition true for n = 1. Then if we 
apply Part 2 we know it is true for ti = 2. Once we know that, 
we can apply Part 2 to n = 2 and infer its truth for n = 3. 
This step can be taken indefinitely, showing the proposition true 
for all n. 

Both parts of the argument by mathematical induction must 
be established or we have proved nothing. It is easy to find 
examples of propositions that are true for n — 1 and for many 
other values of n but Part 2 cannot be established. For instance; 
ri 1 — t? + 41 =a prime number (see Section 4.4), or the sum 
of the first n integers is an odd number. The latter statement is 

true for n = 1, n = 2, n = 5, n = 6, . . . 

It is also possible to find cases where Part 2 but not Part 1 
can be established. On the assumption that it is true for n = k y 
we can show that it must be true for n = k + 1 also, but we 
can find no value of n for which it is true. Consider the false 

proposition 




1 




n 
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If this is true for n = k, we have 


1 = 1 
k k + 1 


which implies that k = k + 1 (Why?). But k = k + 1 is pre¬ 
cisely what we need to make the induction. If wc substitute 
k -f- 1 for k in 


we get 


l = 1 

k k -4“ 1 

1 = 1 = 1 

k + 1 k + 1 + 1 k + 2 


EXERCISES 


Determine the condition under which the following proposi¬ 
tions are true. State exactly what is done at each step and 
what the conclusion establishes. 




3. 


5. 

6 . 

7. 


8 


9 

10 


v; = 

Vx + \ ■ 

3 

io 

x - 2 

Tf- 

1 

X 

n 

1 

3 

_ 5 

x — 2 

2+x 

Vat — 

"5 = 3 


is odd. 
1 where 


(* — 1)(* — 3) =0 
(x + 4)(* + 1) — 4 = x (x + 5) 

Prove that the product of two odd numbers 
Hint: Any odd number may be expressed as 2 n — 
n is a natural number. 

Use an indirect method to prove that if the product of two 
natural numbers is odd at least one factor is odd. Hint- 
What is the product of two even factors? 

State the converse of Exercise 8. Is it true? 

State and prove the necessary and sufficient condition that 
the product of two natural numbers be even. 
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II. If the product of two natural numbers is an odd number, 

/ is the condition that one of the factors be an odd integer a 
necessary condition? A sufficient condition? Explain. 

*12. Use an indirect argument to prove that there are no two 
natural numbers the square of whose ratio is 3. 

*13. Prove that the square of any odd number is one more than 
a multiple of 8. 

*14. If you wished to use an indirect proof to show that some 
quantity x is less than 10, would it be sufficient to assume 
that x = 10 and reason to a conclusion which is a con¬ 
tradiction? Explain. 

15. In the first line below we have consecutive integers; in 
the second line we have consecutive odd integers. 


1 

2 

3 

4 

5 

• • • 

n 

1 

3 

5 

7 

9 

• • • 



Try to discover what the /?th odd integer is in terms of n. 
When you think you have the correct answer, see if you 
can prove it by mathematical induction. 

*16. By mathematical induction prove that 

1 + 2 + 4 + . . . + 2 n_1 = 2” — 1 

*17. Use the result of Exercise 16 to find how many grains of 
wheat are required if one grain is placed on the first square 
of a chess board, two on the second, and on each succeed¬ 
ing square the number is doubled. 

*18. Establish Part 2 of the proof of: The sum of the interior 
angles of a polygon of n sides = 180 n degrees? Why can 
the proposition not be proved? 









do you know 



The difference between algebra and arithmetic? 

Why medieval barbers called themselves “ alge - 
bristas”? 

'There is more than one algebra? 

The difference between an identical equation and 
a conditional equation? 

The difference between a field and a group? 

Why we have numbers other than the natural 
numbers and zero? 

Why we do not add fractions like this one? 

a c _ a + c 

b + d ” b + d 

Why you invert the divisor and multiply when 
dividing fractions? 




chapter V 



1 v An tnis cha pter we shall attempt to see 

gebra as an application of logic and not as the blind manipulu- 
:°n of S >^ bols - In order to do this we must learn what from 
the mathematical viewpoint, a field is. This will require the 
extension of number so as to get the positive and negative in¬ 
tegers and the rational numbers into the picture. 


•>•1 From Arithmetic to 
Algebra 

One answer to the question, “What is algebra?” is “It is 
ge neralized arithmetic ’» There are twn m • ,, ■ .' . s 

tween arithmetic and elementary algebra First I * tmCl ? < ?" s be ' 

W= are concerned with special ca^whTreas n allebra ° 

cop^edwirir^n g-alizations of special c... B * " are 

1 he statement 

2(5 + 8 ) = 10 + 16 

191 
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is a special relationship involving these numbers, 2, 5, 8, 10, and 
16. This is an application of arithmetic. 

But the statement 


a(b + c) = ab + ac 

is a stat ement allying to all number s (that is, all numbers of the 
algebra under consideration). Here we have used a , b , and c 
to represent any number. This is an application of algebra. 
Also, 

a — b — 5 

is an algebraic statement, but it applies to som e numbers. The 
distinction between these two basically different algebraic state¬ 
ments is important and will be further elaborated presently. 
But for now we see one distinguishing characteristic of algebra 
as the extension of arithmetic from relationships involving spe¬ 
cific numbers to those involving either the whole set of numbers 
of our algebra or a part of the set. 

When we say that 

a(b + c) = ab + ac 

we are asserting that this relationship is true for any three 
numbers of our set; a , b y and c do not necessarily have to be 
distinct. We have complete freedom in choosing each of them. 
Each letter represents any number. 

On the other hand, in the expression 

a — b = 5 

we do not have complete freedom of choice. If our set of num¬ 
bers consists of the natural numbers, a may be anything equal 
to or greater than 5. But paired with each value a may take, 
there is just one value for b. In this case there are infinitely 
many ordered pairs of values which a and b may take simul¬ 
taneously. 

In either event the letters are used to represent sets of num bers. 
They are calle d literal numbers . Literal numbers may also be 
used to represent a single number, as in the equation 


5x — 6 = x 18 
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Here the * is called the unknown in that the solution of the cqua- 
tton consists of finding all values of* (and there is just one in this 
case) which make a true statement of the proposition that 
5v - 6 and * + 18 are equal. We may think of this one value 
as a set which has just one element in it. A letter may also be 
used to represent a single number in a different sense. It may 
be used to stand for a number the value of which we know, as tt 
for the ratio of circumference to diameter of a circle Or we 
may not particularly care what its value is so long as we know 
it docs not change. For example, in the equation 


ax 


6 = x + 18 


if we think of .v as the unknown the solution consists of finding 
the value of * which satisfies the equation. But we can only 
md v in terms of a. If a has a single value we can find a single 
value for at. Literal numbers like tt and a above are called 
^ because they domot^change throughout the discussion 
The second major difference between algebra and arithmetic 
concerns the kind of numbers with which we deal. In the arith- 
metic of the elementary school we work with whole numbers 
which we have called natural numbers, and fractions, which we 

of^Hh 7th numbers - ° n the other hand, the elements 
o algebra (the most common variety of algebra) are complex 

We ha ^ C n0t as defined complex number! but 

int S 3 -n Ur firSt extension of number will be to the 

integers which will give us the negative numbers. In the arith¬ 
metic of the elementary school there is no such thing as 8 - 12 

but as soon as we complete our first extension of number 8 - 12 
will be a number just as truly as 8 + 4 is. 


5.2 Algebra—Then and Now 

,, A / lgcbra d f rived its fr om the title of an Arabic book 

" » J Wal - ,nu( l uabalah b >- a famous mathematician of the 

to^ht * CemUry ' al -. Kh °wari Z mi. The title has been transla ed 
to mean . restor a t i on and opposition.” These words refer to 
mechanical steps in the solution of equations. We “restore” 
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negative terms and “oppose'’ positive terms in order to evaluate 
the unknown. Al-Khowarizmi’s text was translated into Latin 
and used in Europe. It became known simply as Algebra, 
which was derived from the first word of the title, Al-jabr. An 
algebrista was a restorer of broken bones. In those days the 
barber was also the bonesetter and bloodletter. 

Algebra, as the science of solving equations, was pretty well 
completed during the seventeenth century. During the past 
century however algebra has come to take on a much broader 
meaning. As it is now conceived, algebra is the study of mathe¬ 
matical systems_ In Section 1.5 a mathematical system was 
described as consisting of undefined terms, axioms, definitions, 
and theorems. An algebra may consist of (1) undefined elements , 
(2) two undefined operations (usually denoted by the familiar 
signs + and X), (3) a set of postulates or axioms which specify 
assumed relationships between the elements and operations, 
(4) certain definitions^-as for example, the definitions of the in¬ 
verse operations, and (5 ) theorems. Every time we solve an al¬ 
gebraic equation we are actually proving a theorem. 

A given algebra may have a number of different applications 
provided we can find more than one suitable interpretation to 
give the undefined elements and operations. However, it is in a 
different sense that we say there are many algebras. If we use 
a different set of postulates we get a new algebra even though 
we may not even bother to find any interpretation of the un¬ 
defined terms. 


5.3 The Natural Numbers and 
Algebra 

In Chapter III we accepted the natural numbers as un¬ 
defined despite the fact that they were described at length. The 
same may be said of the operations of addition and multiplica¬ 
tion. We stated without proof a number of properties which 
natural numbers possess. Within this framework of undefined 
terms and postulates we defined zero and the inverse operations 
of subtraction and division. Then we are in business. We have 
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fulfilled the conditions of Section 5.2 and vve are ready to estab¬ 
lish some theorems and develop the algebra of natural numbers. 
However, as was noted in Section 3.9, the natural numbers are 
not closed under subtraction nor under division. This fact 
would surely circumscribe the usefulness of our algebra. 

The nat ura l numbers and zero possess the following properties. 

UNDEFINED TERMS! 

Elements: a, b, c .. . 

Operations: +, X. The operation X is indicated a X A, 

a ■ b, or ab 


postulates: 


Pi 


Pv 


8 


10 


Closure under the operation, + : If a and h are. 
elements, a -f~ b is an element. 

Associativity under the operation, -f- : 

( a + b) + r = a + (b + c) 

Identity element under + : There exists an element 
called zero such that 

a -{-0 = 0-\-a = a 

Commutativity under + : 

a + b = b -f* a 

Closure under the operation, X : 

If a and b are elements, then a X b is an element. 

Associativity under the operation, X : 

(a X b) X c = a X (b X c) 

Identity element under X : There exists an element 
called one such that 

X 1 = 1 X^ = a 

Commutativity under X : 

* X b = b X a 


% 
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P n Distributive property: 

* X (h + r) = (a X h) + 0 X c) 

Note that we skipped P 4 and P 0 . This was deliberate. We 
should like to create a new kind of number out of the natural 
numbers such that subtraction and division are always possible 
and the above properties continue to hold. The two missing 
properties would then be: 

4 Every element has an additive inverse, or subtraction 
is always possible. 

a + ( — a) = ( — a) + a = 0 

P 9 Every clement except zero has a multiplicative in¬ 
verse, or division other than division by zero is always 
possible. 

<2X- = -'Xtf = 1, # X 0 

a a 

Any set of elements which obeys these eleven principles is 
called a field. We shall extend our numbers to include first the 
integers, then the rational numbers in order that we have a field 
and thus have closure under the four fundamental operations of 
arithmetic. 

The set of natural numbers and zero have still another prop¬ 
erty aside from nine of the eleven properties of a field listed 
above. The natural numbers are ordered. In terms of the 
counting of sets a “comes before” b if we must count on after 
counting set a in order to reach b. Stated more elegantly, 
a < b if and only if there exists a c such that a + c = b. 

The notion of a field is important because any theorem which 
can be established by using only these eleven field postulates 
will be valid in all fields. For example we prove the “right 
distributive law” for natural numbers 

(a + b)c = ac + be 

by using only properties which are among those of a field. 
Consequently, we know this same property will hold for any set _ 
which has the properties for a field. 
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*5.4 Examples of Fields 

The field of ra tional numb ers (whol e number s and frac- 
tions) is probably the most familiar example of a field. The real 
numbers form a field as do the complex numbers. This will 
become evident when we complete our extensions of number. 
But we can find other examples of a field without waiting for 
these extensions. 

We saw in Section 3.16 how it is possible to map all the 
natural numbers onto a finite number of them by means of the 
notion of number congruence. For example, we learned that 
any number is congruent to 0, 1, 2, 3, or 4, modulo 5. Let us 
take the numbers 0, 1,2, 3, and 4 as elements. Remember that 
although the two undefined operations are usually called “addi¬ 
tion” and “multiplication,” they do not have to mean what 
addition and multiplication usually mean. We shall let “addi¬ 
tion” in our modulo 5 arithmetic mean the following. Imagine 
a clock face with only five hours on it, Figure 5.1. If we add 



Figure 5.1. Addition , J + 4, on a "Jive-hour clock.” 

a + b we start at a and count clockwise b units. We stop at 

a + b. Although this is a rather close analogy to the counting 

of sets, this new addition is not required to be analogous to the 
addition of natural numbers. 

Table 5.1 contains all the addition facts we can get. These 

results may be verified on a circle of five divisions. They may 

also be verified by applying the congruence theory developed 
in Section 3.16. 
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TABLE 5 . 1 . ADDITION, MODULO 5 



0 

1 

2 

3 

4 

0 

0 

1 

2 

3 

4 

1 

1 

2 

3 

4 

0 

2 

2 

3 

4 

0 

1 

3 

3 

4 

0 

1 

2 

4 

4 

0 

1 

2 

3 


A glance at Table 5.1 tells us that if we add any two of the 
numbers 0, 1, 2, 3, 4 the result will be one of these numbers. 
Pi is fulfilled. 

The analogy between ordinary addition and addition, modulo 
5, can be carried over to multiplication. We may think of 
a X b as meaning b + b + b . . . for a terms. Table 5.2 con¬ 
tains all the multiplication facts that exist in our modulo 5 
system. 

TABLE 5 . 2 . MULTIPLICATION, MODULO 5 



0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

0 

1 

2 

3 

4 

2 

0 

2 

4 

1 

3 

3 

0 

3 

1 

4 

2 

4 

0 

4 

3 

2 

1 


We see from Table 5.2 that the product of any two elements 
is also an element, and P 6 is therefore satisfied. Note that Pi 
and P 6 were assumed for natural numbers; we could never verify 
infinitely many cases. But in the present system we have veri¬ 
fied closure for all cases, there being only a finite number of 
possibilities. 

We could show that the associative, commutative, and distrib¬ 
utive laws hold by verifying every case, but the number of 
possibilities would make the procedure tedious. These proper- 




WHAT IS ALGEBRA? 


190 


ties may be shown to hold by using the congruence properties 

which were established in Section 3.16. Let us restate these 

properties in the language of this setting. Let capital letters 

represent natural numbers and the corresponding small letters 

their values on a circle of m divisions. For example, if A = 107 

then a = 8 on a circle of 11 divisions. This is just another way 

of saying A = a, mod m. The theorems of Section 3.16 may 
be restated: 

(1) The circle value of the sum of two numbers is equal to the 
sum of their circle values. On a circle of m divisions, 

A + B = a + b 


Illustration: 

Let A = 42, B = 36. Then on a circle of five divisions a = 2 

and b 1. But A + B = 42 + 36 = 78 which, on a circle of 
five divisions equals 3 = 2 + 1 = a + b. 

(2) The circle value of the product of two numbers is equal 
to the product of their circle values. On a circle of m divisions, 

A X B = a X b 

Illustration: 


Let A — 12, B — 6. Then on a circle of five divisions a = 2 

and 6 = 1. But A X B = 12 X 6 = 72, which on a circle of 
five divisions equals 2 = 2X1 = a X b. 

I o show that addition is associative we observe that 


(A + B) + C = (a + b) + c 
A + (B + C) = a + (b + c) 

But since the natural numbers are associative (A + B) + C = 

A + (B + C), and being equal, they certainly have the same 
value on the circle. Then by substitution we get 

(a + b) + c = a + (b + c) 

Illustration: 


Show that on a circle of five divisions (4 + 3) + 2 = 4 -f 

(3 + 2). On the left, 4 + 3 = 2 and 2 + 2 = 4; on the riffht 

3 + 2 = 0 and 4 + 0 = 4 
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The remainder of the associative, commutative, and distribu¬ 
tive properties may be verified in a similar manner. The iden¬ 
tity elements zero and one are present. All eleven field proper¬ 
ties have been verified except P 4 and P 9 , the two properties 
which the natural numbers do not possess. 

In order that P 4 be satisfied it is necessary to show that there 
is an element which we can add to each element and get zero. 
The following may be verified either on the circle or from the 
addition table. 


0 + 0 = 0 
1+4 = 0 

2 + 3 = 0 

3 + 2 = 0 
4+1=0 

Each element has its additive inverse. 

We may similarly verify P 9 . Either from the multiplication 
table or on the circle we get 

1X1=1 

2X3 = 1 
3X2 = 1 
4X4 = 1 

Note that zero is neither required to have nor does have a 
multiplicative inverse. This means that we cannot divide by 
zero in our modulo 5 system. 

We have shown that modulo 5 numbers under “addition” 
and “multiplication” constitute a field. As a consequence, any 
theorem that we can prove, by use of the field postulates, for 
rational numbers is also valid for modulo 5 numbers. 

We shall postpone the definition of an ordered field until we 
have constructed the rational field. However, one of the prop¬ 
erties of an ordered field is given by 

a < b —> a + c < b + c 

Note that in our modulo 5 field 2 < 3 but 2 + 2 = 4>3 + 

2 = 0. We conclude that the modulo 5 field is not an ordered 
field. 
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5.5 Groups 



Another concept which is extensively employed in modern 
algebra is that of a grout), A group consists of a set of elem ents 
and _a_jiugl£_o.peration which satisfy the following properties: 
clos ure, associativity, identity element, and inverse elements. 
A ^^ofj?leinents and the operation + which satisfy the first four 
field postulates is a group. If the operation is (xy properties 
6, 7, 8,_ 9_jiiust be met in order to have a group. If the com- 
muialxyjL postulate is lulfilled the group is called a commutative 
group or Abelian group. Group theory and related concepts date 
tothc early nineteenth century and the young French genius 
cCSIoiS who was a much better mathematician than duelist. 
He was killed shortly before his twenty-first birthday. 

The natural numbers and addition do not form a group be¬ 
cause there IT no identity element under addition and there are 
no inverse elements. Our first extension of the system of nat¬ 
ural numbers and zero, that is the integers, positive, negative, 
and zero form a group under addition. They do not form a 
group under multiplication because, although we have the iden¬ 
tity element one, we do not have the inverse elements. For 
example, there is no number which we can multiply by 5 and 

get the result 1; there is no such thing as £ in the system of 
integers. 


The first extension of the natural numbers could be to positive 
rational numbers, that is positive fractions, instead of to the 
integers. The positive fractions do form a group under multi¬ 
plication . When we multiply any two positive fractions we get 
a positive fraction. (A whole number is just a special kind of 
fraction.) As we shall prove, they obey the associative law 
One is the identity element. Any whole number « has as its 
inverse 1 /a. However, the positive fractions and addition do 
not constitute a group. Why is this true? As was pointed out 

m . ection 5.2, both of the above extensions are necessarv in order 
to have a field. 
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Y 5.6 Modulo Systems and 

Groups 

Since the modulo 5 numbers constitute a field (see Section 
5.4), it is immediately apparent that they form, under addition, 
a group. If we exclude the element zero, the remaining elements 
and multiplication form a group. 

Table 5.3 is the modulo 4 multiplication table. In the 3 times 
3 entry we find 1 because 3X3 = 9 = 24 + 1. Similarly, in 

each cell we find, not the usual product, but the remainder when 
the product is divided by 4. Let us examine the table to deter¬ 
mine whether the modulo 4 system of 0, 1, 2, 3 and multiplication 
constitute a group. From Table 5.3 it is clear that we have 

TABLE 5.3. MULTIPLICATION, MODULO 4 



0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

0 

1 

2 

3 

2 

0 

2 

0 

2 

3 

0 

3 

2 

1 


closure and the identity element, 1. Considerations similiar to 
those in Section 5.3 can establish associativity. This leaves only 
the question of an inverse. Bear in mind that the product of 
two inverse elements must equal 1. This means that if each 
element has an inverse there will be a 1 in each row and each 
column of products. This condition is not met; ne ither zer o 
nor tw o have inverses. Notice that 1 is its own inverse as usual 
but so is 3 its own inverse. If we were investigating field prop¬ 
erties we would exclude zero from the requirement of an inverse. 
But since 2 also fails to have an inverse the modulo 4 system 
cannot be a field. If we exclude zero from the system we still 
fail to have a group, for then we would not have closure; 2X2 
is not an element of the system. 
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i ■ ■ EXERCISES 

1. Which of the eleven field postulates are satisfied by the 
positive even integers? 

2. Why do the positive fractions and addition not form a 
group? 

3. If a set of elements and the operations of addition and 

multiplication form a field, must these elements and addi¬ 
tion form a group? 

4. If a set of elements and -f- form a group, and the same 

elements, excluding zero, and X form another group.* do 

these elements and the two operations form a field? 
Explain. 

5. Do the odd positive integers and multiplication form a 
group? If not, which postulates are not satisfied? 

6. Show why the positive integers with respect to subtraction 
/ do not form a group. 

7. Construct the addition table for the integers 0, 1 ? ? 
modulo 3. Why is the closure postulate satisfied? ’ Verifv 
the associative property for a = 2, b = 0, c = 1. What 

is the identity element? What are the inverses of 0 1 2? 
Is this an Abelian group? ? 5 

*8. Construct the multiplication table for the integers modulo 

3, zero excluded. Show that this set satisfies all the 
properties of an Abelian group. 

9. Construct the addition table for the integers 0, 1, 2 3 4 5 
modulo 6. Test this set for the group properties. 

* 10 . Construct the multiplication table for the integers modulo 
6, zero excluded. Test this set for the group properties. 


*>•7 The Extension of 
Number 

Throughout our discussion of natural numbers in Chapters 
II and III, a great deal of emphasis was placed on the concrete 
interpretation of number. We accept the natural numbers as 
well as the rules for operating with them on intuition We ac 
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ccpt these rules because they are in keeping with our experience 
with number. At this point we shall adopt a different point of 
view. New kinds of numbers will be examined from the stand¬ 
point of their usefulness and their application to concrete situa¬ 
tions, but we shall also examine them from the logical standpoint. 

The natural numbers were undefined; we accepted without 
proof the laws under which they operate. As we create new 
numbers we shall define them in terms of the numbers we already 
have. We shall also define the operations of addition and multi- 
plicatiQn in terms of the numbers and operations already at our 
disposal. We should like the new numbers to behave as the old 
ones did, that is, obey the associative, commutative, and dis¬ 
tributive laws. The fact that we should like to preserve these 
properties is no assurance that we will. It is up to us to prove 
that we have so chosen our definitions that the new creatures 
have to conform to these rules. 

This point is very significant. Just a little more than a cen¬ 
tury ago, mathematicians came to realize for the first time that 
their postulates were not “self-evident'’ truths but were mere 
noncontradictory assumptions. In the early part of the nine¬ 
teenth century, it occurred to an English mathematician named 
Hamilton that a “number," a thing defined in terms of number, 
did not of necessity have to obey the commutative law. Coin¬ 
cidentally, the same notion of denying time-honored postulates 
occurred to several men in the field of geometry at about this 
same time. This was an important milestone in the history of 
human thought. Without this changed conception of the nature 
of knowledge as obtained from deduction, the atomic age would 
never have been born. 

From the standpoint of logic it is not at all necessary that our 
new numbers have any practical usefulness. From the historical 
standpoint, both logic and utility have been responsible for the 
extensions of number. New kinds of number have been invented 
because of a logical need for completeness, it being long after 
their invention before man found a practical use for them. The 
rational numbers, common fractions, came into existence be¬ 


cause man needed such numbers in his daily pursuits, but nega¬ 
tive numbers were accepted as “absurd," “fictitious," meaning- 
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less symbols long before they were given a meaningful physical 
interpretation. 


5.8 The Integers 

As we have seen, the natural numbers are not closed with 
r espect to s ubtraction; a — b does not always equal a number 
if we mean by number the natural numbers and zero. We invent 
the integers in order that a - b, where a, b are natural numbers 

or zero, shall always equal a number. Algebraically, we wish 
to have a solution to the equation 


a: + a = 0, a a natural number 


The natural numbers are closed under addition. If a and b 

are natural numbers then a + b = n is a natural number. Our 

first reaction is that we have combined a and b and obtained a 

new number n. But let us center our attention on the a + b\ 

we may quite properly think of a + b as being just another way 

of writing the number n. For example, if we wish we can write 

2 + 3 instead of 5. We may consider a + b as the sum of two 

numbers but we may also consider it''a number. In the same 

fashion we may represent 5 as 20 — 15, 92 — 87, 44 — 39 l n 

fact, there are infinitely many pairs of natural numbers we may 

subtract and get 5. Just as the natural number 5 is used to 

identify all sets that may be put into one-to-one correspondence 

with the fingers of one hand (the ordered set of names one, two 

three, four, five, if you insist), we shall now invent a number +5 

to ‘dentify the set of all ordered natural number pairs whose 

difference is the natural number 5. In conformity with this 
idea we shall define the integer. 


definitions: 

D, If a , b, and n are natural numbers or zero and if 

a~ b = n, the ordered pair (a, b) is the positive 

integer +«. If b - a = n, the ordered pair (a, b) 
IS the negative integer — n . 
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D 2 Two integers are equal, {a, b ) = ( c , d) if and only if 

a + d = b + c. 

D 3 The integer ( a , b) < ( c , </) if and only if (a + d) < 

(b + c ). 

D 4 Addition of integers is defined by (a, b ) + (c, </) = 

[(tf + (£ + d)]- 

D 5 Multiplication of integers is defined by (a, b) • (c, 

= [(ac + bd), {be + ad)\. 

Notice that the integers -}-n and —n were both defined in 
terms of the natural numbers and zero and the operation of 
subtraction, in other words, in terms of what we have already 
admitted into the system. Note further that +/z and — n are 
integers neither of which is the natural number n. The relation¬ 
ships = and < are defined in terms of the natural numbers and 
zero. We see from Definitions 4 and 5 that the integers are 
closed under addition and multiplication since the natural num¬ 
bers are, and further, the operations are defined in terms of 
addition and multiplication of the natural numbers and zero. 

The first question to confront us in our new set of integers is: 
Where have the natural numbers gone? Have they, amoeba¬ 
like, reproduced two new numbers each and lost their identity 
in the process? This is not quite the case. Although tech¬ 
nically the natural numbers are not part of the integers, we can 
identify a part of the newer, larger set with the natural numbers. 
We can establish a one-to-one correspondence between the nat¬ 
ural numbers and a subset of the integers which will be pre¬ 
served under addition and multiplication as well as equality and 
order. For example, if we identify the natural numbers a and b 
with the integers (c, d) and (c,/) respectively, the same means 
of identification will pair a + b with (c, d) + (e>f) and a • b 
with (c, d) • (tf,/). This relationship is known in advanced 
mathematics as i somorph ism. 

Consider the Tnteger~~(7z7 0). From Definition 1, since a — 0 
= a the natural number pair ( a , 0) is the integer +«. Then 
any natural number a corresponds to the positive integer -\-a. 

From Definition 2 ( a , 0) = (r, 0) if and only if a + 0 = 0 + c 
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or a - c. We are saying that the integer (a, 0) will equal the 

integer (e, 0) if and only if the natural number a equals the 
natural number c . 

Definition 3 requires that (a, 0) < (c, 0) if and only if a + o < 
0 c or a < c. 

From Definition 4 (a, 0) + (c, 0) = [a + c], [0 + 0], 

In other words the sum (a + c) of the natural numbers a and c 
when written as an integer is [a + c], [0], which is identically 

i be sum of the integers which correspond to a, c, namely (a, 0) 
and (c, 0). 

Similarly for multiplication (a, 0) • (c, 0) = [ac + 0], [0 + 0] 

= ac + 0 = ac. 

Then for all practical purposes we still have the natural num¬ 
bers in the guise of positive integers. For this reason we usually 
write simply as n. 

Referring once more to Definition 1, we see that we have 
created negative integers as well as positive integers. The or¬ 
dered pair (a, b) defines the negative integer ( — n ) if b — a = n. 

Note that the pair (a, b ) cannot define both a positive and a 

negative integer because if a - b = n, a, b, n natural numbers, 

then b a cannot equal a natural number. Similarly if b — a 

= n then a - b is meaningless in the set of natural numbers 

We have shown that the positive integers ( a , 0) are isomorphic 

to the natural numbers. What about the integers (0, a)? Do 

they also “act just like” the natural numbers? The integer 

(0, a) cannot be a positive integer, for if it were, 0 — a would be 

a natural number. If a is not zero, we conclude that (0 a) is a 

negative integer. Furthermore, by definition it is the negative 

integer ( a) since a — 0 = a . There is a negative integer (0, a ) 
corresponding to each natural number a. ' 

From Definition 2 (0, b ) = (0, d) if and only if 0 + d = b + 0 

The condition that two negative integers be equal is precisely 

he condition that the natural numbers we have associated with 
them be equal also. 

According to Definition^, b) < (0, d) if and only if 0 + 

1 < b + and here the isomorphism breaks down because the 
arger of two natural numbers is associated with the smaller of 
the two corresponding negative integers. 
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But let us continue and see if the negative integers act like 
natural numbers relative to addition and multiplication. By 
Definition 4 (0, b) + (0, d) = ([0 + 0], [b + d]). And the sum 
([0 + 0], [b + d}) is in turn associated with the natural number 
(b + d). But they do not “behave” under multiplication: 
(0, b) • (0, d) = ([0 + bd], [0 + 0]) = (bd, 0). If the isomor¬ 
phism existed we would have to get the result (0, bd). Another 
way to get at the idea is to observe that (1) the natural number s 
closed under multiplicati on, (2) the positive integers^are 
closed under multiplication, but (3) the negative integers are not 
closed under multiplication. 

We have observed that a one-to-one correspondence exists 
between the natural numbers and the positive integers which 
are of the form (<3, 0). But what about the positive integers 
(<z, b), b 0? Is there a one-to-one correspondence between all 
the positive integers and the natural numbers? The question 
reduces itself to whether or not any positive integer is expressible 
in the form (#, 0) and therefore -\-a. For example (20, 15) 
(17, 12) and (5, 0) are all by definition the integer +5. The 
definition of equal integers provides an affirmative answer to our 
question. If a , b , c are natural numbers then the integers ( a , b) 
and (c, 0) are equal provided a = b + c, but this implies that 
a — b = c. And by Definition 1, a — b must equal some natural 
number c if ( a , b) is a positive integer. 

Similar considerations will show that every negative integer 
(< a , b) is expressible in the form (0, d ). We may conclude that 
all positive and negative integers are obtainable from the natural 
numbers by attaching the sign, + or —, as was implied in 
Definition 1. But what about zero? Is it an integer? If so is it 
positive or negative? If, in Definition 1, a = b then a — b = 
b — a = 0 and we are justified in saying (a, b) = +0 and ( a , b ) 

= —0. This seems to imply that zero is both plus and minus. 
No logical difficulties would result if we adopted this point ol 
view, in fact we may attach either sign we wish to zero. Any 
couple ( a , a) is equal to the couple (0, 0). From the standpoint 
of physical interpretation it is better to adopt the point of view 
that zero is neither positive nor negative. Then we say the 
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5.9 Properties of the 
Integers 


We set out to enlarge our set of natural numbers so as to 
^isiy all eleven field postulates listed in Section 5 3 Our mo 
tive in creating the integers was to satisfy P 4 , that is, produce a 
system that is closed under subtraction. We not only must be 
sure our new creature has this property but we must be sure that 
it does not do violence to the other properties. 

satisfied^ 1008 4 and 5 gUarantCe that Pl and P s respectively are 
P ’2 requires that 

[(«, b) + (c, d )] + 0,/) = ( a , b ) + [ (f> d) + y ), 

We shall establish this by evaluating each side of the equation 
separately and arriving at the same result. 

[(«, b ) + ( c , d)] + (<?,/) = [( a _j_ c ) ) (i _j_ + ^ y-j = 

[{a + c + e), (b + d +/)] 

and 


(«, b) + [(c, d) + 0,/)] = b ) + [(f + ^ {d + f)] = 

i(a + c + e), (b + d +/)] 

Zero still serves as the identity element under additi 


by D 


ltion since 


(a, b) + (0, 0) = [(a + 0), (b + 0)] = ( a . 


b) 


and P 3 is satisfied. 

That P 4 is fulfilled is evident if we add 


0 > b) 


+ (b , «) = (« + b ) ; ( b + a) = (0; Q) 


The inverse of the positive integer (a, b) = -\- n j. 


integer ( b , a) = 


is the 


n 


negative 
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P 5 follows from direct application of D 4 to each side of the 
equation 

0, b) + (c 9 d) = (c 9 rf) + (a, A) 

0, A) + 0, d) = [(a + c) y (b + d)] 

0, d) + (a 9 b ) = [0 + a), (d + 6)] 

If we remember that a , c, d are natural numbers or zero and 

therefore commutative, it follows that 

f (a + c)Ab + d)] = [(c + a), (d + b)] 

We may establish P 7 by applying D 5 to each side of 

[( a , b) • (c, 6/)] • (*,/) = (a, A) • [0, </) • (<?,/)] 

[( a , /;) • (r, </)] • 0,/) = [(ac + M), (be + ad)] • (*,/) = 

\(ac + bd)e + (be + ad )/], [(be + ad)e + (ac + bd)j ] = 

(ace + bde + bef + ad/) 9 (bee + ade + acf + hdj) 

and 

(a, b) • [(c, </) • (<?,/)] = (a, £)[0 + df) 9 (de + ef)] = 

[a(ee + df) + b(de + cf)] 9 [b(ee + dj) + a(de + (/)] = 

(<7C^ + tfr// + bde + bef ), + bdf + ade + acf). 

P 8 holds since 

(a 9 b ) • (1, 0 ) = (a + 0), (b + 0) = (*, A) 

P 10 readily follows by applying D 6 to both sides of 

(a, b) • (r, </) = (c 9 d) • (a, A) 

((3, A) • (c, ^/) = (tfc + W), (£c + ad) 

and 

(c, d/) • (a, b) = (r <2 + </£), (Az + c£) 
but (ac + bd) = (ca + db) and (be + ad) = (da + cb) 

In similar fashion Pn may be established by evaluating both 
sides of 



WHAT IS ALGEBRA? 


141 



(fl, b)(c. d + ej) = (a, b ) • 0, </) + ( a , 4) . (^y) 

( fl » d + *»/) = (a, *)[(«■ + e), (d +/)] = 

[a(c + e) + b(d +/)], [b(c + e) + + /)] = 

(<zc + ae + bd + bf), (be + be + ad + af) 


% 


(a, b) ■ (c, d) + (a, b)(e,f) = [( ac -f- bd), 

(be + ad)] + [( ae + bf), (be + af)] = 

(ac + bd + ae + bf), (be + ad + be + af). 

We have now verified that all the field postulates except P 9 
are satisfied by the integers. 

To show that P 9 is not satisfied let us assume that it is YVe 
have already verified the fact that the product of two positive 

positive integer 

(a, 0 ) has a multiplicative inverse (x,y) it must be positive. Our 
assumption is that there exists a positive integer (x,y) suc h that 

(a, 0) (x, y) = (1, 0) 

But if we multiply on the left we get 

(ax + 0 ), (0 + ay) = (1,0) 

Applying D 2) this implies that 


ax + 0 + 0 = 0 + ay + 1 

which implies that 


ax 


ay 


1 or a(x — y) = 


1 


Since (*, j.) is positive A: - j, = a natura | numb and h 
ast equal,on asserts that the natural number a has a multiplica! 

S,sTw!;. is fak " Th - p c£> 


5.10 Inverse Operations 

We define subtraction and division with integers in ore 
cisely the same way as was done with the natural numbers. We 
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define subtraction as the inverse of addition , but we shall take ad¬ 
vantage of the fact that P 4 is satisfied in doing so. By definition 

(tf, b) — C c , d) = {a + d), (b + c) 

In effect, we are saying that by definition, subtraction of (c, d) 
is equivalent to the addition of the additive inverse (d> c). Since 
(a + d), (b + c ) is always an integer, subtraction is always 
possible. 

As with natural numbers we define division by the equations, 

0 , b) -f- 0, d) = 0,/) 

if and only if 

0 ,/) * (c, d) = (a , b) 

Since P 9 is not satisfied we may conclude that there is not always 
an (a/) which will satisfy this condition. 


Example: 

If (5, 3) -r- (4, 1) = (x,j>) then (x,y) • (4, 1) = (5, 3). But 
0 ,y) * (4, 1) = {Ax +y ), (Ay + x). 

The assertion that 


implies that 


(Ax + y), (Ay + x) = 5, 3 

(Ax + y) — (Ay + x) = 5 — 3 

3x — 3y = 2 
3(x —y) = 2 


From this result we know that if the integer (*, >>) exists (x — y) 
must be a natural number. But there is no natural number 
which multiplied by 3 gives 2. We conclude that the assump¬ 
tion— an ( Xy y) exists which satisfies the original equation is 

false. 


5.11 Rule of Signs 

An integer is defined as an ordered pair of natural num¬ 
bers or zero, expressible as a natural number or zero with one 
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of the signs + or — attached. In Section 5.8 we showed that 
corresponding to each natural number a there is a positive 
integer (a. 0 ) which we agree to write as -\-a. We also showed 
that corresponding to each natural number a there is a negative 
integer (0, a ), which we agree to write as — a. We showed 
further that any nonzero integer (r, d) is equivalent to one and 
only one of the integers of the form ( a , 0 ) or (0, a). From the 
foregoing we may conclude that if we attach a + sign to each 
natural number, then attach a — sign to each natural number, 
these two resulting sets, plus zero, constitute the set of integers. 
Unless we revert to a natural number pair for emphasis, we shall 
indicate an integer by a single letter from now on. 

Although +<2 and —a are not the same number, they have 
more in common than the mere fact that they are both integers. 
They are both derived from the natural number a . When two 
numbers differ in sign only, they are said to have the same 
numerical value or the same absolute value. The number a is the 
absolute value of both +a and —a. This is symbolized as 
° = = ~ a • Since the positive integers are isomorphic 

to the natural numbers, it would make little difference whether 
we thought of a as a positive integer or as a natural number. 
But for the sake of simplicity when further extensions are made 
we shall consider it positive. 

Let us now reexamine the definition of addition of integers. 

{a, b) + (c % d) = [(a + r), (/; -f- d)] 

If both of the integers to be added are positive we may rewrite 
the definition as 

(a, 0) + (r, 0) = [(« + c ), (0 + 0)] 

or 

( + a) + ( + r) = +(a + c) 

If both integers are negative we get 

(0, b) + (0, d) = [(0 + 0), (b + d)] 

or 

+ (~d) = —(b + d) 
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This gives rise to the familiar rule of signs: When adding like 
signed numbers , add the absolute values and attach the common sign. 

If ( a , b) is positive and (c, d) negative we get 

(*, 0 ) + ( 0 , d) = (a + 0 ), (0 + d) = (a, d) 

Reference to Definition 1 tells us that ( a, d) is the positive num¬ 
ber, a — d = n, if a > d and the negative of d — a which is — n, 
if a < d. This gives rise to the other half of the rule of signs in 
addition: When adding unlike signed numbers, subtract the smaller 
absolute value Jrom the larger and attach the sign oj the larger. 

The definition of multiplicadon 

(a, b) • (c, d) = [(ac + bd), (be + ad)] 

may be written as follows when both factors are positive: 

(a, 0) • (c, 0) = [(ac + 0 ), (0 + 0)] = (ac, 0 ) 
or 

( + a) • (+c) = +ac 
If both factors are negative, we get 

( 0 , b) • ( 0 , d) = (0 + bd), (0 + 0 ) = (bd, 0 ) = +bd 

or 

(-b) • (-d) = +bd 

These two results are summarized in the familiar rule: The 
product oj two like signed numbers is the positive product oj their absolute 

values. 

If (a, b) is positive and (c, d) negative, we get 

(a, 0 ) • ( 0 , d) = [(0 + 0 ), (0 + ad)} = ( 0 , ad) = -ad 
or 

( + a)(—d) = —ad 

which is equivalent to the rule: 

The product of two unlike signed numbers is minus the product oj then 

absolute values. 

We have not proved these rules. We merely emphasize the 

fact that they are inherent in our definitions. 

It is unnecessary to consider (a, b) negative and (c, d) positive 
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in the above derivations since vve have already shown both 
addition and multiplication to be commutative. 

In Section 5.0 we showed the additive properties of zero were 
unchanged; that is: ( 2-\-0 = 0 -\-a= z a i a any integer. We 
must show that for multiplication 

a • 0 = 0 • a = 0 


Since we have already shown multiplication to be commutative, 

it is sufficient to show a - 0 = 0 . Using the multiplication defi¬ 
nition we get 


(a, b) ■ (0, 0) = [{a ■ 0 + b • 0), {b • 0 + a • 0)] = (0, 0) = 0 


and we may still say that a product is zero if at least one factor 
is zero. 


The rule: To subtract signed numbers change the sign of the sub¬ 
trahend and add , is justified when we observe (1) subtraction was 
defined as the inverse of addition and (2) we obtain the additive 
inverse of an integer by changing its sign. In view of this rule, 
we may interpret a minus sign either as an indication that a 


number is negative or as the indicated operation subtraction. 

Remember that we agree, since the positive integers are iso¬ 
morphic to the natural numbers, that the omission of the plus 
sign in front of a positive number can cause no ambiguity. The 

symbol -a may then be thought of as meaning either 0 + (-a) 
or 0 — ( + a). 

The rule of signs for division is identical to that of multiplica¬ 
tion: When dividing like signed numbers the quotient is plus; when 
dividing unlike signed numbers the quotient is minus. This rule is 
justified if we recall that division was defined as the inverse of 
multiplication. If a, b, c are natural numbers such that a -t- b 
= c, which implies that c ■ b = a, we have four cases to consider: 


(1) ( + a) -r- ( + 6) = (+c), because (+c) - ( + b) = (+ a ) 

(2) (+a) -r- ( — b) -- (— c), because (—c) • ( — b ) = ( + a) 

( 3 ) (—a) ( + 6) = (— c), because (— c) ■ ( + b) = (—a) 

( 4 ) (— a) ~ ( — b) - ( + c), because (+c) • { —b) = ( — a) 
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5.12 Physical Interpretation 

of Signed Integers 

We have given a formal, abstract development of the 
integers. But what practical application do they have? What 
physical interpretation can they be given? Our former concept 
of addition is now inadequate. You may have an empty basket 
and say the basket contains zero eggs, but how could a basket 
have minus five eggs in it? Less than nothing is truly impossible. 
This accounts for the fact that the ancients, although they ma¬ 
nipulated negative numbers and even discovered the correct 
rules of operation with them, rejected them as meaningless and 
fictitious. The difficulty lies in the fact that we are attempting 
to give negative numbers a physical interpretation just like our 
interpretation of natural numbers. If this were possible we 
would have no need for negative numbers. No, a basket cannot 
contain minus five eggs, but neither can you jump out a window 
f of a time. That does not mean ( — 5 ) and f are not perfectly 
good numbers; it does mean that they are not natural numbers 
and we should not expect them to perform in a way in which 
they are not intended to. Nobody expects to type a letter 
with a washing machine. 

One of the earliest attempts to interpret negative numbers was 
that of Fibonacci, an Italian of the thirteenth century. He de¬ 
cided that in determining profit, a negative result implied a loss. 
Here we have the basic idea underlying this extension of number; 
that is, direction . You have played games where it is possible 
to “go in the hole.” The thermometer sometimes goes below 
zero. Debits and credits are in opposite directions in that one 
is for and the other against. We think of numerous situations 
where our concern is not merely with how much or how many 
but also in what direction. Is it for or against, profit or loss, up 
or down, to the left or right? When our concern is with magni¬ 
tudes which may be applied in either of two diametrically op¬ 
posite directions we have a need for directed numbers. Just as we 
thought of addition of natural numbers as counting sets we can 
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now think of the add ition of signed numbers a s directed count ing. 
Consider a line extendTncf'criel 1 essIy ifPboth directions. Mark 
an arbitrarily chosen point as zero, then mark in each direction 
points a convenient unit apart. We name the points in one 
direction + 1 , + 2, + 3 , and so on, and in the opposite direction 
— 1 , — 2 , — 3 , and so on. It is mere conformance to tradition 
that requires us to consider positive a direction that is up or 
to the right, and negative one that is down or to the left. 

^-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 -f 1 +2 + 3 +4 +5 +6 +7 +8 + 9 + 1 () > 

Zero now takes on a new role as a number. It is unique in that 
it is neither positive nor negative. But it is on an equal footing 
with other numbers in that it is a point on a scale that has no 
first or last number. Zero is merely t he point from which we 

o rient ourselves. _The concept of zero as an empty set, a symbol 

to represent the absence of quantity is now inadequate. If in 
the evening following a hot day in August the thermometer 
suddenly dropped to zero, that certainly would not be nothing; 
it would be something indeed. Zero on the Fahrenheit or Centi¬ 
grade scale does not mean the same thing; we have used two 
different points of reference. But in neither case are we to 
infer that a zero reading means the absence of heat. Scientists 
use still another temperature scale, the absolute scale. On this 
scale, zero is supposed to mean the complete absence of heat, 
but that point has never been reached. 

To return to our number scale, we can explain the addition of 
signed numbers in terms of counting. Keep in mind the fact 
that we are not defining anything. That has already been done. 
We shall interpret the addition sign as meaning “.move to the 
right ” and the subt racti on sign as “move to the le ft.” (They 
are i nverse operations.) Now if a and b are signed numbers, 
a + b means start at a and move to the right b units. This 
interpretation is meaningful whether it conforms with our defini¬ 
tion or not, so long as b is positive or zero. But if b is negative 
we are asked to move minus b times, which is meaningless. 
Then we shall further agree that when required to move a minus 
number of steps this is to be interpreted as moving in the dlreoT 
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t implied by the sign of operation. We in¬ 
to mean start at (+#) and move to the right 
( + /?) steps; ( —tf) + ( —/>) to mean start at (— a) and move to 
the right ( — b) steps, but since we cannot move ( — b ) steps we 
move to the left ( + /;) steps. On the other hand, ( — a ) — ( — b) 
shall mean start at { — a) and move to the right ( + £) steps since 
it is impossible to move to the left ( — b) steps. 

We can easily verify the fact that this physical interpretation 
is consistent with our abstract definition of addition. Let us use 
numerical examples. ^ 

( + 4) + ( + 5) = ( + 5) + (+4) = +(4 + 5) = 9 

The first member of the equality, ( + 4) + ( + 5), means start 
at ( + 4) and move to the right five steps. The second member 
means start at ( + 5) and move to the right four steps. In each 
case we wind up 4 + 5 = 9 units to the right of zero. 

(-4) + (-5) = ( — 5) + (-4) = -(4 + 5) = -9 

In this example we start at ( — 4) and move to the left five steps; 
or by the second member, start at ( — 5) and move to the left 
four steps. In either case we end up 9 units to the left of zero. 

(-4) + ( + 5) = ( + 5) + ( — 4) = + (5 - 4) 

In the first instance we start at ( — 4) and move to the right five 
steps. In the second case we start at ( + 5) and move to the left 
four steps. In either case we end up one unit to the right of 
zero. ( — 5) + ( + 4) = ( + 4) + ( — 5) = —(5 — 4). In the 
first operation we start at ( — 5) and move to the right four steps, 
and in the second we start at ( + 4) and move to the left five 
steps. In both instances we end up one unit to the left of zero. 

According to our definition of subtraction we may think of 
using the inverse operation with the inverse element, then 
(+ 4) — ( + 5) = ( + 4) + ( — 5) which again gives (-1). We 
could have interpreted subtraction on the line as follows: 
(q_ 4 ) — ( + 5) equals whatever must be added to ( + 5) to get 
(+4) and we obviously must add (—1). All these considera¬ 


tion opposite tha 
terpret ( a ) + ( b) 
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tions indicate that our on-the-line interpretation of subtraction 
should mean that we end up at (—1). According to this in¬ 
terpretation, ( + 4) — ( + 5) means start at ( + 4) and move to 
the left five steps, which puts us at (—1). 

By the definition of subtraction ( — 4) — ( — 5) = ( — 4) + 
( + 5) = +1. If we start at ( — 4) and move to the right five 
steps, we end up at (+1). The consistency of the line interpre¬ 
tation of subtraction with the definition can be verified easily 
for the other cases. 

We can interpret multiplication on the directed line of ( + a) 
by ( + 6) in a manner analogous to the interpretation of the 
multiplication of natural numbers, namely we add ( + 6) + ( + 6) 
“h ( + 6) . . . for a terms. I hus, ( +a) (-(-/>) may be interpreted 
as meaning start at zero and step b units to the right, then b 

more units to the right, and continue until the operation has been 
performed a times. 

Similarly, ( + a)( — b) may be interpreted to mean ( —£) + 

( — b) + . . . for a terms, or start at zero and move to the left b 
units, then move to the left b more units, and continue until 
the operation has been performed a times. 

How shall we interpret (-«)( + £)? We can hardly say that 
it means ( + &) + ( + 6) + ( + 6) . . . for minus a terms. Recall 
the interpretation of ( + «) + (-b) wherein we agree that (- b ) 
does not mean minus b steps, but rather, take b steps in the other 
d irection . In a similar manner we may interpret ( —a)( + i) to 

mean 0 — ( + 6) — ( + 6) . . . until we have moved to the left 
of zero b units a times. But this is equivalent to the interpreta¬ 
tion given ( + a)( —Z>), which is in keeping with the fact that our 
abstract definition preserved commutativity. 

Finally, we seek to give meaning to { — — b) — -\-ab. We 

could take the position that it should equal -ab in order that 
negative numbers when combined with each other act as the 
natural numbers do. If we try to paraphrase the multiplication 
of natural numbers, we could say that (—a)( — b) means ( — £)-(- 

( — *) + ( — b) ... for minus a times. But since we cannot per¬ 
form the operation minus a times we can agree as before that 
this shall mean perform the inverse operation a times. Then 
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(“ a )( — b ) may be interpreted to mean 0 — ( — b) — ( — b) — 

( — b) . . . which we have already agreed means 0 + ( + £) + 

( + b) ... for a terms. This leads us to the acceptance of the 

definition ( a)( — b) = -\-ab. There are, however, more com¬ 

pelling reasons. 

Observe that 3-3 = 9, 3-2 = 6, 3-1 =3, 3-0 = 0, 

^ ^) = 3, 3( 2) = 6, 3( 3) = —9. As the multi¬ 

plier is decreased by 1, the product is decreased by 3 without 
exception. Observe further that ( — 3)3 = —9, ( — 3)2 = —6, 

(~3)(1) = ( — 3), ( — 3) • 0 = 0. In this sequence the product 

increases by 3 each time. If we wish this pattern to continue, 
we must get (-3)(-l) = +3 as the next step. Once again 
we are led to the desirability of defining the product of two 
negative numbers as positive. 

Perhaps the strongest motive for the acceptance of our defini¬ 
tion of multiplication lies in the fact that otherwise the distribu- 
tive l aw would not hold. Consider the following: ~~ 

(+*)( + £) + ( + «)( — b) -f ( — a)( — b) = 

(-+#)( + £) + ( — b){-\-a) + ( — /;)( — «) 

Multiplica tion is commutative^ Applying the associative law to 
both sides, we get” ~ 

[( + <*)( + £) + ( + a)( — />)] + ( — tf)( — b) = 

( + <*)( + £) + [( — b)(+a) + ( — b)( — a)) 

But when we apply the distributive law, this reduces to 

# 

+a[( + b) + (-A)] + ( — a)( — b) = 

(+*)( + £) + (-b)[( + a) + (-*)] 
or 

( — *)( — b) = +ab 

This does not prove that minus times minus gives plus. That 
is an aspect of the definition of multiplication. We proved that 
the distributive law held under this definition. If we attempt 
to prove minus times minus equals plus and the distributive law, 
each in terms of the other, we will be reasoning in a circle. 
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■ ■ EXERCISES 

^1. Use the addition Definition D 4 to find: 

(a) (5, 1) + (1, 4) (c) (5, 0) + (4, 1) 

(b) (1, 3) + (6, 2) (d) (2, 6) + (3, 5) 

2. Translate the results of Exercise 1 to the usual form by 
applying D,. 

3. Use D 5 to find: 

(a) (1, 3) • (2, 2) (c) (2, 4) • (5, 2) 

(b) (4, 3) • (2, 5) (d) (2, 1) • (6, 3) 

4. Translate the results of Exercise 3 to the usual form by 
applying Dj. 

5- Verify that the definition of subtraction and its interpreta¬ 
tion on a directed line are equivalent for the following 
cases: 

(a) (-5) - (-4) (c) (-4) — ( + 5) 

(b) ( + 5) - (-5) (d) (+5) - (-4) 

6. Concrete should never be poured in freezing weather. If 
the first number represents the centigrade temperature an 
hour ago and the second represents the chan ge in tempera¬ 
ture during the past hour, how are the two situations 
15 — 8 and —8 + 15 the same? How do they differ? 

Which would be the safer if you wish to begin pouring 
your concrete? 

7. Thales of Miletus, the first Greek geometer, was born 
640 b.c. and died 546 b.c. Diophantus of Alexandria, 
one of the last Greek mathematicians, died about 325 a.d. 
According to these dates, how long did the Greek Era last? 

8. If Diophantus was born 250 a.d., he was 21 years old 
how long after Thales’ death? 

9. Archimedes was born 287 b.c. and died 212 b.c. In 
terms of dates of birth, did Archimedes live nearer in time 

Thales or Diophantus? How much nearer? 

10. According to the dates given how long did each live? 

11 . The Great Pyramid was built about 2900 b.c. How old 

was it when Columbus discovered America? How old is 
it now? 
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12. The Ahmes Papyrus was written 1650 b.c. Which is the 
older and how much, the Papyrus or the Great Pyramid? 

13. If it is 17 colder at the top of a mountain than it is at 

the foot, determine what temperature each of the following 

implies: 10° at the top of the mountain, —5° at the foot 

of the mountain, -10° at the top, -10° at the foot, 20° 

at the top, —20° at the top, 20° at the foot, —20° at the 
foot. 

14. The following table indicates the fluctuation in the prices 

of certain common stocks. Determine the final quotation 
of each stock. 


Stock 

Initial 

Change * 

Change 


Quotation 

First Day 

Second Day 

A. 

. 128f 

— 2 1 
^ 8 

+ 5} 

B. 

. 23 

_ 7 

8 

— 3 1 

c . 

. 47 a 

+ f 

+ 4 

D. 

. 146J 

+if 

_ o i 
^ 2 

E. 

. 18f 

-21 

_ 7 

8 


15. In running levels, the surveyor takes a back sight on a point 
whose elevation is known, then takes a forward sight on 
the point whose elevation is to be determined. His first 
back sight is taken on a bench mark whose elevation we shall 
take as zero. He reads 4.8 feet on the level rod on his 
first back sight. The forward reading on point A is 10.4 
feet. 


B.M. 

Elev. Zero 




* 


10.4 ft. 
A 


He then moves his level and back sights on point A; (he 
reading is 5.9 feet. From this position he takes a forward 
reading on point B and gets a reading of 3.7 feet. He 
again moves his level and back sights on B, reading 11.6 
feet. Find the elevation of points A and B. If the work 
is accurately done what reading should he get on the 
bench mark from this position? 

16 . Evaluate each side of the equation separately and show 
that [(-5) + (-3)] - (-4) = (-5) + [(-3) - (-4)]. 

17. Show that — 6[3 + (-5)] = (-6)(3) + (-6)(-5). 

18. Under what condition will ( — a) represent a positive 
number? 
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19 . What does ( 6) (— 3) mean on the directed line? 

What does —(6 — 3) mean on the directed line? In 
what sense are the two expressions the same? 

the fact that we cannot divide natural numbers by 
zero and the definition of division of integers to prove 
that we cannot divide an integer by zero. 


5 ./.? I ho Hational 1\author 

Systowa 



J 


1 he integers make it possible always to add, subtract, or 
multiply. But even with the restriction that we do not divide 
by zero, division is not always possible. We have followed what 
seems to be the more natural logical order in discussing signed 
numbers before rational numbers. Historically, the other order 
was followed just as it is in school work today. Man found a 
need for rational numbers long before he found any need for 
negative numbers. We have observed that the signed numbers 
came into being long before their practical usefulness was dis¬ 
covered. Just the reverse is true of fractions. Man needed 
fractions long before he invented rational numbers. Various 
schemes were devised to avoid the use of general fractions. 
Some of them seem rather weird to us. 

The Egyptians were quite fond of unit fractions. A unit 
fraction is one whose numerator is one. The Ahmes Papyrus, 
written about 1650 n.c., contained extensive tables of unit frac¬ 
tions. Rather than use the fraction A they used T V + -g\ + 

up)- + sh:- Why the most obvious unit fractions A + 4 V were 
disregarded remains a mystery. One exception to the exclusive 
use of unit fractions was the fact that they used the fraction f. 

Another effort at avoiding fractions, popular with the Greeks 
and Romans, was the invention of sub-multiples. Rather than 
use tt of some unit of measure, a new unit ^ as large was in¬ 
vented and 7 of these were used. Another favorite sub-multiple 

was t*. Our English system of weights and measures bears 
eloquent evidence of this practice. 

Still another effort at simplifying work with fractions consisted 
of using powers of a single number as denominator. The Baby- 



154 


WHAT IS ALGEBRA? 


lonians used sexagesimal fractions. The only denominators used 
were 60, 60 2 , 60 3 , and so on. This idea, when combined with 
the base of the system of numeration, has tremendous advan¬ 
tages. In fact, this is precisely the idea behind the use of decimal 
fractions. A decimal fraction is simply one where the denomi¬ 
nator, though not written down, is some integral power of 10. 

5.14 Rational Numbers 

Defined 

We defined an integer as an ordered pair of natural 
numbers. We shall define rational numbers as ordered pairs 
of integers. If a and b are two integers, and b ^ 0, then in 
the equation bx = a, x is equal the integer a - 4 - b if a is divisible 
by b. But in such cases as 5 a- = 2, there is no integer which 
when multiplied by 5 gives 2. We shall then create a new kind 
of number, the rational number. 

D 6 We define the rational number x as a number which satisfies 

the equation bx = a , where a , b are integers and b 0. 
We shall agree to write the number x = ( a , b). 

The rational number is thus defined as an ordered pair of integers . 
In our rational number system the number ,v which satisfies the 
equation 4x = 12 is not 3 but (12, 4). 

The rational number (a, b) is an implied division of the two 
integers a and b. The invention of rational numbers makes it 
possible always to add, subtract, multiply, and divide the in¬ 
tegers. But the integers are still not closed under division; we 
are merely sure that we will get a rational number when per¬ 
forming these operations with integers. We shall see that the 
rational numbers are closed with respect to all four operations. 

In order that the rational number system may be of service 
to us we wish to define addition and multiplication in such a way 
that the usual associative, commutative, and distributive laws 
still hold. Furthermore, we wish to be able to identify the 
integers and consequently the natural numbers as a part of this 
new system. Finally, they must have a practical usefulness. 
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We may tentatively identify the integers among the rational 

numbers in the following way. Since the rational number ( a , b) 

is an implied division (a -4- b), the rational number (<?, 1) is an 

implied division (a + 1). But this is equal to the integer a. 

Then we may identify the integers as rational numbers whose 

second component is 1, provided the definitions of addition, 

subtraction, multiplication, and division of rational numbers 

yield results consistent with this identification. In other words, 

we wish to show the integers isomorphic to the subset (a, 1) of 
rational numbers. 

We shall define equal rational numbers as follows: 

D 7 {a, b) = ( c , d) if and only if ad = be. 

Next let us order the rational numbers, 

D 8 (a, b) > ( c , d) if and only if abd 2 > b 2 cd. 


5.15 Multiplication and Addition 

of Rational Numbers 


We shall define the product of two rational numbers as 
the rational number whose first component is the product of the 
first components of the factors and whose second component is 
the product of the second components of the factors. 


D, 


( a > b)(c y d) = ( ac , bd) 


We are now able to prove the following important theorem: 

U each component of a rational number is multiplied by the same integer 
the resulting rational number is equal to the original. & 


fa, b) = (Ka, Kb) 

Proof: By definition of equal rational numbers (a, b) = Ka Kb 
xf and only if But since «, * and * are integer^they 

obey the commutative law for multiplication and aKb = bKa 
We shall now define addition. 


D i° b ) + (e, b ) = [( a + c ), b]. 
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This defines the addition of rational numbers when the two 
numbers have the same second component. If we employ the 
relationship which was proved just above, we may always change 
two rational numbers so that they will have the same second 
component. Our definition does not permit the addition of 
(a, b) + (c, d ), but if we multiply both components of {a, b) 
by d and both components of (c, d) by b we get {a, b) -f- (c, d) 
= {da, db) + {be, db) = [{da + be), db ]. We could, if we choose, 
state this result as a general definition of addition: {a, b) + {c, d) 

= \{da + be), db], but it is actually a result of our simpler defini- 
tion and our theorem. 

Addition is commutative. 

( a , b) + (c, d ) = [(da + be), db] 

( c ? d) + ( a, b) = [(be + da), bd\ 

Applying D 7 , these two results are the same if 

(da + bc)bd = db(bc + da) 

which is seen to be true if we apply the commutative laws of 
addition and multiplication for integers. 

If addition is associative, we must show that 

[(a, b) + (r, d)] + (e,f) = (a, b) + [(c, d) + (c,f)] 

Performing the addition inside the brackets, we get 

[(da + be ), (db)] + (>,/) = (a, b) + [(fc + de), (fd)] 

Applying the theorem at the beginning of this section, this may 
be expressed as 

[(/da + /be ), (/db)] + (dbe, db/) = 

(JdaJdb) + [<Jeb + deb), (/db)] 

and adding the rational numbers on each side of the equation 

[(/da + {be + dbe), (db/) ] = [(/da + feb + deb), (/db) ] 

But these two rational numbers can be made identical by apply¬ 
ing the fact that integers are commutative under multiplication. 
Therefore, the two members of the original equation are equal 
and addition of rational numbers is associative. 
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Multiplication is commutative. 

{a, b)(c, d) = (ac, bd) 

and 

(r, d)(a, /;) = (ca, db) 

But the two results are equal rational numbers because acdb = 
bdca. 

Multiplication is also associative. 


[{a, b)(c, d)](e,f) = (ac, bd)(e, f) = (ace, bdf) 

and 


(a, b)[(c, d) (e, /) ] = 0, b)(ce, df) = (ace, bdf) 


The distributive law holds for rational numbers. The dis¬ 
tributive law requires that (a, b)[(c, d) + (<?,/)] = (ac, bd) + 

(ae, bf). We shall first evaluate the left member of this equation. 


(a, A)[(c, d) + (e,f)] = (a, b)[(fc, fd) + (de, df)] = 

(a, b)[(fc + de), df] = \[a(fc + de)], (bdf) j = ({afc + ade ], bdf 


But if we add the two rational numbers in the right member, 
we get 


(ac, bd) + (ae, bf) = (fac, fdb) + (dae, dbf) = 

(fac + dae), (fdb) = (afc + ade, bdf) 

and the distributive law is established. 

Returning to the definition of rational numbers, D c in Section 

5.14, we see the equation which defined the rational number, 

at, involved the multiplication of an integer by a rational number’ 

an operation which has itself never been defined. Let us refine 

the definnion. If a, b are integers, b 0 then there always 

exists the rational number (x, y) (where x and y are integers) 
such that 

(b, 1 )(x,y) = ( a , 1) 

Note that all numbers in the equation are pairs of integers, that is 
rational numbers. By our definition of multiplication of ra¬ 
tional numbers we may verify the fact that the number v v 
above is (a, b). ' 


(b, 1) (a, b) — (ab, b) 
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The number ( ab, b) = (a, 1) since we may multiply each com¬ 
ponent of (a, 1) by b without changing its value. 

If we multiply (a, 1)0, 1) = (ab, 1) = ab; and if we add 
1) + 0> 1) = 0 + b), (1) = a + b. 

Then under the interpretation of an integer as a rational 
number whose second component is 1, both the multiplication 
and addition of the integers a and b, treated as rational numbers, 
yield correct results. 


5.16 Subtraction and Division of 

Rational Numbers 

We shall define subtraction in a manner analogous to 
addition. 

0, /;) — 0, b ) = [(a — c), 0)] 

As was true of addition, this definition does not permit the sub¬ 
traction of rational numbers whose second components are differ¬ 
ent. However, we may again utilize the theorem of Section 5.15 
to change any two rational numbers to this form 

(a, b) — (c, d) = (ad, bd ) — (cb, db) 

and the definition of subtraction now applies 

(ad, bd) — (cb, db) = [(ad — cb), (bd) ] 

Under this definition of subtraction is it the inverse of addition? 
It is, if and only if 

[(ad — cb), (bd)] + (cb, db) = (ad, bd) 

Performing the addition on the left, we get 

[(ad — cb), (bd)] + (cb, db) = [(ad — cb + cb), (db)] = (ad, bd) 

Let us choose with care in selecting the definition of division. 
We created rational numbers in order that we might divide 
integers. Furthermore, we have defined the addition, subtrac¬ 
tion, and multiplication of two rational numbers as a rational 
number in each case. We wish to define the division of two 
rational numbers as a rational number. 


WHAT IS ALGEBRA? 


159 


Fhe equation bx a defined x as the rational number (<7, b). 

Then bx — a, x = (a, b), x — a -j- b are all equivalent state¬ 
ments. The last two of these statements imply a H- b = {a, b), 
but if we write a as (a, 1) and b as (b, 1) we get (a, 1) -t- (b, 1 j 
= a, b. However, if we multiply (1, b) by (a, 1) we get 

(a, 1)(1, b) = (a, b) 


This suggests the following definition of division of rational 
numbers: 

(<3, b) -r- (d, c ) = ( ac , bd ) 

Compare this with (a, b)(c, d). Notice that the definition of 

rational numbers excludes b = 0 and c = 0. We must also 

exclude d = 0; otherwise we would be attempting to define 
division by zero. 

Does this definition make division the inverse of multiplication? 

If so, we must have ( d , c)(ac, bd) = (a, b). But (d, c)(ac , bd) = 

(dac, cbd) = ( acd , 6ca'). The last member is equal to (a, b) since 

we can multiply both components of (a, b) by cd and obtain 
(acd, bed). 

Our identification of the integers as rational numbers whose 

second component is 1 is consistent with both subtraction and 
division. 


(a, 1) — (b, 1) = [(a — b), 1] = a — b 

(a, 1) - ( b , 1) = [(a • 1), (1 • b )) = ( a ,b) = a b 


5.17 Properties of the Rational 

System 

We have shown that the rational number system obeys 
the commutative, associative, and distributive laws. We now 
ave a system such that we may perform any of the four funda¬ 
mental operations and always get a number of the system We 
have succeeded in identifying the earlier numbers, integers and 
consequently natural numbers, as special cases of rational num¬ 
bers. In other words, the rational numbers satisfy the require- 
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ments of a field, in which we have established an isomorphism 
between the integers and the rational numbers ( a , 1). 

Inverse elements under addition and subtraction are as they 
were formerly, namely oppositely signed rational numbers. 
Rather than add (or subtract) ( a , b ) we may subtract (or add) 
— {a,b). The definition of division indicates that (c, d) and 
(d, c ) are inverse elements under multiplication and division since 

(a, b) -h (c, d) = (ad, be) = (a, b)(d, c) 

Then we can always reduce subtraction to addition by adding 
the inverse element and we can reduce division to multiplication 
by multiplying by the inverse element. Every rational number 
except (0, a) has an inverse under multiplication and division. 

One other property should be mentioned. We may consider 
a number couple whose components are rational numbers (as 
opposed to integers) as a rational number, 

(a, b), (c, d) = (a , b) -r- (c, d) = (ad, be) 

so long as we interpret the number couple as an implied division. 

In Section 5.13 the assertion was made that in the equation 
4x = 12, x is not 3, but (12, 4). Let us examine this more 
critically. We know now that the integer 3 is equivalent to the 
rational number (3, 1). If we apply the theorem of Section 5.15, 
we get 

(3, 1) = (3 • 4, 1 • 4) = (12, 4) 

Then by the definition of rational numbers, * does equal (12, 4) 
but nevertheless 3 is still the solution to the equation 4x = 12. 


* 5.18 Ordered Fields 

The natural numbers are ordered. The integers are 
ordered. The rational numbers are also ordered, but for the 
first time we are dealing with a field. The rational numbers are 
an ordered field . An ordered field is a field which satisfies two 
additional postulates. 
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P 12 Every element a of a field is one and only one of the 

following: a is a positive element, a = 0 , or the addi¬ 
tive inverse of a is positive. 

P 13 For every two positive elements a, b, of a field, a + b 

is a positive element and ab is a positive element. 

As an example of a field which violates both of these postulates, 
consider the field of integers 0, 1,2, 3, 4, modulo 5, discussed in 
Section 5.4. This field does not satisfy P 12 because 3 is a positive 
element and its additive inverse 2 is also positive, yet P 12 states 
that only one of these conditions can exist. P 13 is also violated 
because once again 3 (a positive element) + 2 (a positive ele¬ 
ment) = 0 (a nonpositive element). 

The field of real numbers, our next extension, is ordered; but 
our final extension, complex numbers, is not ordered. 


5.19 Interpretation of Rational 

Numbers 

We have now built the rational numbers more or less 
abstractly They are, of course, nothing more than our familiar 
common fractions. They are called rational because they are 
the ratios of integers. The notation (*, 6 ) was not used in the 

P ° f , th i e more famili ar a/b as an aid to the printer. It was 
used to help the reader concentrate his attention on the logical 

development of the system and divorce his attention from pre- 
conceived notions about fractions. 

The multiplication of fractions is accomplished by multiplying 

e numerators for the numerator of the product and multiply 

mg the denominators to obtain the denominator of the product 

Suppose we had defined the addition of fractions in a similar 
manner, namely miar 

£ i £ _ a + c 

b d b + d 

I. is easy to verify the fact that the commutative, associative and 
distributive laws would all hold if addition were defined in thil 



162 


WHAT IS ALGEBRA? 


way. All too frequently some persons try to use this method for 
adding fractions. Why not, in deference to them, choose this 
as our definition? In the first place, we could no longer identify 
the integers among the rational numbers. Since 5 + 4 = 9, W e 
get inconsistent results when we add f + t = f• 

There is another equally important reason for our choice of 
definition. Under the definition in the preceding paragraph, 
rational numbers could not be used to do what we want them to. 
However, we could find meaningful interpretations for that kind 
of addition. You will find in the study of probability that the 
probability of an event taking place is the ratio of the number of 
ways it can occur to the number of ways it can occur and fail to 
occur. For example, the probability of drawing a spade from 
a deck of cards is since there are 13 spades in a deck of 52 
cards. Empirical probability is that which is obtained by actual 
trial or observation. Suppose that out of a group of 100 men, 
age 34, 3 died within a year; from another group of 250 men, 

5 died; and from a third group of 1,050 men, 12 died. The 
probability of dying at age 34 could be estimated from these 
samples as yinr + idhr + tMtt = tttto- A strange way of add¬ 
ing fractions? Yes indeed, but we have exhibited a meaningful 
interpretation of addition if it were defined as 

a , c _ a -f- c 

b d b + d 

We chose our definition as we did because we want a/b to 
mean a pieces, which are obtained by dividing the whole into 
b equal parts. Thus 7 % of an apple means we have 5 pieces, 
each piece being of the apple. We certainly can add 5 pieces 
to 3 pieces, obtaining 8 pieces, but unless the pieces are the same 
size we do not know what quantity the 8 pieces represent. That 
accounts for the insistence in the definition that fractions cannot 
be added unless the denominators are the same. Recall that 
by definition a/b + c/d is given no meaning. It is only after 
we apply the property that numerator and denominator of a 
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iiaction can be multiplied by the same number without chang¬ 
ing its value that we are able to apply the definition of addition 
to the above fractions. 

Is there any difference in meaning between 7 % and yV • 5? 
We interpret 1 % of an apple to mean 5 pieces, each piece T V of 
an apple. On the other hand, xV • 5 means we have T V of 5 
apples, which is something quite different unless we are making 
fruit salad. But the number ^ and the product of the numbers T V 
and 5 are quantitatively the same since 5 = f and we may em¬ 
ploy the definition of multiplication of rational numbers to 

A • f = A- 


The rational number a/b may be interpreted in a variety of 
ways. First, it is an implied division a/b — a - 5 - b. The di¬ 
vision, a ^ b, and consequently the rational number, a/b, may 
lie interpreted in either of two ways; (1) We are splitting a units 
up into b equal sets and a/b indicates how many units there are 
m each of the b sets, or (2) We are splitting the a units into 

sets, each one of which is to contain b units and a/b tells how 
many such sets we get. Thus ^ may be interpreted tQ mean 

the number we get in each set if we divide 20 into 4 equal sets 
or it may be interpreted as the number of sets we get when we 
divide 20 into sets of 4. We may also interpret a/b to be a 
comparison of a with b, a is so many times as large as b 

Although fractions in some form have been in use from earlv 

times, it would be erroneous to assume that man encountered 

no difficulties with interpretation of these numbers similar to 

those connected with negative numbers. For example, the 

writers °f the Middle Ages were quite at a loss to explain why 

multiplication does not always increase the quantity. How can 

you multiply and get something less than you start with? We 
could interpret 5 X * as J + * + J + * + X but what of j x 5P 

We are forced to extend our concept of counting sets to in- 
ude counting part of a set; here we count half of a set of 5. 
imi ar y oi 2 X 3 , we can think of our sets as containing \ of 
a unit each and we are finding a part, namely half of such a set. 
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EXERCISES 


1. 

2 . 
3. 


Prove that j S) j n genera i ) a rat i ona i number if 


all letters represent nonzero integers. 
What is the exception to Exercise 1? 


II addition of rational numbers were defined as - -I- - = 

b d 

a c 

h J prove that the distributive law would still hold. 

Hint: evaluate ^ by adding the numbers in the 

parentheses, then multiply by e/f. Apply the distributive 
law, then add. 


4. Prove 



a ~ h ib* 0 ). 


Hint: Let * = — ( a/b ), then —* = 



11 o 

5. Prove that for no integers a and b can-f- - — --- 

a b (a + b) 

6. What is the inverse of (a) —5, under multiplication; (b) 
under subtraction; (c) zero, under addition; and (d) — J, 
under division? 

7. Prove that if two fractions have the same numerator, the 
one which has the larger denominator is the smaller. 

8. Reduce the following fractions to a common numerator 

and arrange from smallest to largest. §, x ^, -^ T , 

9. Repeat Exercise 8 by reducing to a common denominator. 
Which is the easier in this case? 

10 . A oz. box of cereal costs 18^; a 10^ oz. box of the same 
cereal costs 26fh Determine which is the better buy with¬ 
out finding the cost per ounce or how many ounces a cent 
will buy. 

11 . Find a rational number between and -pg-. 

* 12 . Prove that between any rational number a/b and any 
other rational number c/d. there exists another rational 
number. 
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13. To divide fractions vve may divide the numerators to get 
the numerator of the answer and divide denominators to 
get the denominator of the answer. Prove that this rule 
is equivalent to the definition in Section 5.16. 

*14. The two equations a + 0 = * and * • 0 = 0 (* is a natural 

number) were used to define zero. Prove that these 
equations still hold it a is a rational number. 


15. 


16. 


17. 


18. 


What is the difference in meaning of the two expressions 
a (\/b) and ( a/b )? Prove that they are equal. 

Are the integers a group under addition? Are the nega¬ 
tive integers? Justify your answer. 

Are the nonzero integers a group under multiplication 5 
Justify your answer. 

™ e .! he , POSUlV T rational nu mbers a group under addition? 
Multiplication? Why? 


5.20 Rectangular Coordinates 

A geometric postulate known as Archimedes' postulate of 
continuity asserts: Let A 4 be any point between two arbitrary points A 
and B of a straight line. Let points A 2 , A 3 , A 4 , . . . be so chosen that Ao 
les between A , and A 3 , A 3 between A-> and A 4 , etc. and further let see- 
rnents AA U A t A 2 , A 2 A 3 , ... be equal. Then there is a point A„ such 
that B lies between A and A n . This assumption has to do with the 
measurement of line segments. It states in effect: There is an 

smlfw M ^ ^ ° f SCgment no ma «- how 

small (AAO which is greater than any other segment no matter 

how large (AB). This is the geometric equivalent of the as¬ 
sumption that the rational number system exists 

Archimedes’ Postulate enables us to find a point on our di¬ 
rected line (see Section 5.12) to correspond to each rational 
number. Between any two points of the line there is a point 
Between any two rational numbers there is a rational numbed 
(Exercise 15, Section 5.19). Beyond any point on a directed 
mejhere is a point. There is a rational number greater than 
any chosen. (in advance) rational number. The points on the 
me are ordered. The rational numbers are ordered. These 
pairs of statements do not prove but they strongly suggest an 
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isomorphism between the points of a line (or at least some of 

them) and the rational numbers. Whether or not there are 

other points on a line is up to you. It depends on what other 

assumptions you make regarding points and lines. In fact there 

is another assumption, accepted by most mathematicians, the 

consequence of which gives the line many more points. But 

that need not concern us here; we shall return to it when we 
consider real numbers. 

If we draw two perpendicular lines in a plane, they may serve 
as lines of reference for any point of the plane. Any point is a 
unique distance above or below the horizontal line in Figure 5.2, 
and it is a unique distance to the right or left of the vertical line. 

We call the intersection 0 of the perpendicular lines the origin. 
The horizontal line we call the x-axis and the vertical line the 
y-axis. This divides the plane into four parts or quadrants. The 
quadrants are numbered as indicated in Figure 5.2. ~We select 


-L + 


> a* 

K 

04 - 


B(-4,3) 


+ A<3,4) 


♦ * < » » < t i i i 


0 


f " ‘ -t ♦ t d- ♦ t 1 I \ 

F( 3,0) X-axis 


C(-3r~4) #0(3,-5) 

' E(0,-6) 


N 


Figure 5.2. Rectangular coordinates. 


a convenient unit and lay off a scale on each axis. By tradition, 
the right is considered positive, the left negative; up is positive 
and down negative. There is a unique point in the plane corre¬ 
sponding to each ordered pair of rational numbers. The num¬ 
bers of the pair are called the coordinates of the point. The first 
number is called the x-distance or abscissa. The second number 
is called the^y-distance or ordinate. Such a system of perpendicu¬ 
lar number scales is called a system of rectangular coordinates. 
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To locate the point corresponding to a number pair, we move 

out the x-axis the number of units corresponding to the x-distance 

and erect a perpendicular to the x-axis at this point; move out 

thej’-axis thej’-distance and erect a perpendicular to the v-axis 

at this point. The required point is the intersection of these two 
perpendiculars. 

In Figure 5.2, the point A(3, 4) is found by moving to the 
right 3 units and up 4 units, then finding the intersection of the 
perpendiculars to the axis at these points. Verify the correct¬ 
ness of the location of the other points: Bf — 4 31 C( _? _ 

D(3, -5), E(0, -6), F(3,0). 1 

Quadrant I contains points whose corresponding number pairs 
are both positive. The points of Quadrant II have negative 
abscissas and positive ordinates. In Quadrant III both co¬ 
ordinates are negative, and in Quadrant IV the abscissa is posi- 
tive and the ordinate negative. 

The idea of a coordinate system to locate positions in a plane 
is an ancient one. It has been used by engineers and car¬ 
tographers in just the same way as we use circles of latitude and 
longitude to locate positions on the earth. Its real importance 
in mathematics is due to the correspondence between points 
in the plane and ordered number pairs. This idea dates back 
to the seventeenth century and Rene Descartes’ work in analytic 

geometry. The coordinate system is sometimes referred to as 
KsCittesiun cooidiTiates in his honor. 


5.21 The Rational Numbers As 

Exponents 

° ur defini tion of exponents in Chapter II includes only 
P ' lve mte S ers an d zero. If we attempt to use negative num- 

we define ^ S ^" b ° ls ™aningless unless 

ve detine them. The question is, can we extend the concept of 

exponents to include the new numbers in a meaningful useful 

ay. If they are to be of any value we should selectdefinitions 
so as to preserve the old rules for combining exponents 

Suppose we divide * by According to the formal rules 
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established in Chapter II, a 9 -r- a h = a 9 5 = a 2 , a meaningless 
symbol. But we know that 

o , o ' a ’ n 1 1 

** -r- tf 5 = - = - = — 

g ' g ’ a ' a ' g a - a a 


Since the formal rule produces a 2 and we know the quotient is 
1 /a 1 this suggests our definition of negative exponents. 


Definition 


— n 


1 


g '* = —* n any integer 


This definition permits n to be positive, negative, or zero. It 
gives rise to the rule. A factor may be moved from denominator to nu¬ 
merator , or from numerator to denominator , by changing the sign of its 
exponent. 

If our rules for combining exponents are to extend to fractions, 
a* • aS = aS 2 = a ] = a. But by definition of square root and 

cube root \^a • \ / a = a and V a • \ a • \ a = a. These con¬ 
siderations suggest the following: 


Definition 


n 


an = \ n an integer 


If we recall that — = m m and that 


n 



m 

n 


= —m 



our definitions cover all rational numbers as ex- 


ponents. 


Example (7): 

a \ — a i •* == (V a) 

also 

a \ = a 3 (0 = Va 3 

therefore 

(• </~a ) 3 = </l? 

and in general 

£ = V7-' = (<y~ a ) 

Example (2): 

x~* = x* ( -v = -L- 

X*™ 

Example (3): 

a-3 1 - 1 

8 s V8 2 

otherwise 8 “ 

1 = 8*<- 2) = (V8)- 2 = 


m 


1 


VJT 

4 


2 2 
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*5'.22 “Basirnal Fractions” 

Negative exponents make it possible to extend the gen¬ 
eral notation for a base 10 number to include numbers as small 
as we please in addition to numbers as large as we please. The 
general base 10 representation of a number is 

a„10" + ai 10-i + . . . + a n 10° + a„ +1 10 -1 + a n+2 \0~* + . . . 

where is some digit 0 through 9, n an integer, a 0 ^ 0. 

Since the scheme is now capable of extension in both direc¬ 
tions, we need some means of indicating the starting point, some 
means of separating the number into parts greater than one 
and less than one. This is accomplished by means of the decimal 
point. If we move the decimal point, the value for which each 
digit stands is changed. If we shift one place to the right, the 
power of 10 by which each digit is multiplied is increased by one. 
It is similarly decreased if we shift to the left. 

The basic idea may be carried over to bases other than 10. 
For example, if we write 76.12 8 we have represented 7X8' + 

6 X 8» + t X 8"‘ + 2 X = 56 + 6 + * + * = 62*. 

We might call .12g an octonal fraction since 8 is the base. But 
with complete generality we may call such fractions basirnal 
fractions regardless of what the particular base may be. If we 
shift the basirnal point, we multiply the number by the corre¬ 
sponding power of the base. If we shift the basirnal point in 
76.12 8 two places to the right and get 7612. 8 , the value of each 
digit has been multiplied by 8 2 = 64. 

In Chapter II we learned that we could convert a number 

from any base to any other base by dividing the number and 

succeeding quotients by the desired base. The digits in the new 

notation are the successive remainders. It is obvious why the 

method works if we consider the number as already written in 

the desired base, then consider the effect of shifting the basirnal 
point to the left one digit at a time. 

Following this same scheme, we can convert a number less 
than one from any base to any other base by multiplying the 
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fractions, less than one, by the desired base. The integer in the 
result gives the first digit in the new notation. We repeat the 
process—each time multiplying the fraction less than one by 
the desired base. We know that in base 10 some fractions 
terminate (£ = .25) and some do not Q = .333 . . . ). The 
same is true of other bases. If we have a terminating basimal 
fraction in one base, it may and may not terminate in another 
base. The illustrative examples which follow are chosen so as 
to terminate in both bases. 


Example: 

Convert .5343r, to base 8. All computation is in base 6. 

.5343 .3 

12 12 

15130 4.0 

5343 
11.3000 

116 = 7 8 .53 43 6 — .74 8 

We may check the above by converting each fraction to base 
I 0 as follows: 


.5343 6 


= 5 X 6' 1 + 3 X 6" 2 + 4 X 6" 3 + 3 X 

= % + A + 2“TtT + tAv = i + tV + IT 


6~ 4 

+ Tib 



4 o 5 _ JL 

4 3 2 “16 


7X8- 1 + 4X8“ a = l + ^ = H 


Example: 

Convert 123.53 8 to base 4. When we have a mixed number 
we may convert the integral part by division and the fractional 
part by multiplication. All computation is in base 8. 

24 5 

4)123 remainder 3 4)24 

IQ 24 remainder 0 

~23 

20 

3 
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1 _0 

4)5 remainder 1 4)1 remainder 1 

4 

1 


123 g = 1103, 


• • 

and 


.53 .54 

.60 

4 4 

4 

2.54 2.60 

3.00 

.53* = .223., 


123.53 8 = 1103.223 4 



We check this by expressing each in base 10. 


123.53, = 1 X 8 2 + 2 X 8 1 + 3 X 8° + 5 X 8 _1 + 3 X 8~ 2 

= 64 + 16 + 3 + 1 + * = 83* 

1103.223 4 = 1 X 4® + 1 X 4 2 + 0 X 4 1 + 3 X 4° + 2 X 4" 1 

+ 2 X 4" 2 + 3 X 4~ 3 = 64 + 16 + 3 + f + T \ 



5.23 The Algebra of Rational 

Numbers 

The rules of elementary algebra are either applications of 
the properties of an ordered field or may be derived therefrom. 
An expression of the form 

a 0 + a x x + a 2 x 2 + . . . + a n x n (a £ members of a field, a n ^ 0) 

is known as a polynomial of degree n in 
The polynomial equated to zero 

a 0 + a x x + a 2 x 2 + . . . + a n x n = 0 

is known as a polynomial equation of degree n. 

If w = 1 we have a linear, or first degree, equation of the form 

I ax + b = 0 

If a , b are rational, equation I always has a unique rational 
solution — b/a . 
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That it has the solution — b/a is evident if we replace x with 
— b/a. Otherwise, we may subtract b from both sides, giving 
ax = —b; then divide by a , giving * = —b/a. To show the 
solution unique, assume that there are two solutions Ci and c 2 . 
Then 

aci + b = 0 = ac 2 -\- b 
Subtracting /;, we get 

ac\ = ac 2 

dividing by a 

C i = C'i 

Any equation in one unknown consisting of terms of degree not 
more than 1 is reducible to the form 

ax + b = 0 

by applying the field postulates and the equality axioms. 

Example: Solve 4 — 2x = x + 5 — 4x 

4 — 2x = x — 4* + 5 addition commutative 
4 — 2x = — 3x + 5 distributive property 
4 + * = 5 addition axiom—add 3x 
x — 1 = 0 subtraction axiom—subtract 5 

This is in the form ax + b = 0 and has the solution — —-— = 1. 

1 

An equation of the form 

a\x + b x y = Ci 

is known as a linear equation in two unknowns. It is indeterminate 
since there are infinitely many pairs of values of x and y which 
will satisfy it. We may solve for at in terms ofy 

C\ — b\y 
x = - ,z - 

then for each value we assign to^anx is determined. 

Two such equations 


II 


a\x + b\y — Ci 
a 2 x + b 2 y = c 2 
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are known as simultaneous linear equations —in two unknowns. If 
we solve the first of these for a: in terms of^, then substitute the 
obtained value of X in the second, we will then have a linear 
equation in y of type I. 


ai 


C\ 


b\y 


a 1 


+ biy = c 2 


If we apply the distributive law to the first term, then multiply 
both sides by #i, we get 

02^1 — a<ib\y + ciiboy = a\c*i 
If we subtract a<ic x from both sides, we get 

— a<ibiy + a\b<ty = a\Co — a<2.C\ 

Apply the distributive law, 

( a<ib\ + a\b<i)y = a\C<i — a^Ci 

and divide by the coefficient of y 9 


y — QxC%1 ~~ a ' lC ' 

a\b<i — a>ib\ 

This value of y substituted in either equation yields 

_ _ ri ^ 2 — C'ib i 

a i bo — a<ib\ 

Then the system of equations, II always has a unique solution 
if a\b<L 7^ a>zb\. 

The solution of equation I or system of equations II is always 

in the same field as are the coefficients since they are obtained 

by applying the field postulates to the coefficients. 

In our definition of zero we required that a ■ 0 = 0 for any 

natural number a. It actually did not have to be assumed in 

the definition. It can be shown true of the elements of any field 

as a consequence of the field postulates and the postulates of 
equality. 

It follows that any polynomial equation which can be ex¬ 
pressed as the product of linear factors equal to zero can be solved 
by equating each factor to zero. 

Example: (3* - 2)(x + 5) (2* - 9) = 0 
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One of the factors must be zero since the product is. How¬ 
ever, if any one of the three is zero, the equation is satisfied. 

Then the solution of the equation is equivalent to solving the 
three equations 

3* 2 — 0, x + 5 = 0, and 2x — 9 = 0 

Not all polynomials with rational coefficients can be factored 
into linear factors with rational coefficients. The second or 
higher degree equation with rational coefficients does not always 
have a rational solution. For example: x 2 — 2 = 0 cannot be 
factored into linear factors and therefore has no rational solution. 


■ ■ EXERCISES 

Draw a set of rectangular coordinates and locate the fol¬ 
lowing points: A(4, —5), B(0, —3), C(-2, —3), D(4, 0), 
E(4, 4), F(4, -4). 

2. Demonstrate Archimedes’ Principle with and 150. 

^3. What do you know about all number pairs which corre¬ 
spond to points on thej»-axis? 

l 4. Where are those points all of whose corresponding number 
. pairs have abscissas —3? 

"5. Describe the locus (place) of all points whose coordinates 
are equal. 

-6. Evaluate: 5"(3)- 2 , (3 • 4) 2 , 3 2 + 4 2 , -85, 32*, • 4-5, 

10 3 • 10 -’, *5 • a i -f- bi. _ 

* 7 . Demonstrate that = V 7 a m with a = 64, n = 3, 

m = 2. 


8. Convert .346* to base 12. 

9. Prove that the fraction a/b (a, b have no common factor) 
will terminate when expressed as a decimal if and only if 
the only prime factors of b are 2 and 5. 

*10. Devise a rule to determine how many steps in the division 
process will be necessary if the fraction terminates. 

*11. State the conditions under which a basimal fraction will 
terminate in each of two different bases. 

>J2. Solve (a) 3 — x = 3x + 6; (b) \x — 6 = 2x + 4; (c) 
4 - 3* + 2 = * - 5 + lx\ (d) y + 5 = 2y - 3. 
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! 1'3. Check to determine whether the 
solution. If it does, solve: 

(a) 2x -f- y = 7 (b) 

3 x + 4y = 18 

(c) 3* + 2y = 5 (d) 

2x + 4y = 7 — Ax 

\Xi. Solve the following: 

(a) (2x - 3)(x + 4) = 0 

(b) ^ = 0 

AT 
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system of equations has a 
x — 3 y — 10 

y = -5 

3x = y — 6 

2>> = 6x + 12 


(c) 3x~ + 4x = 0 (Use distributive law) 

(d) (x - l)(x + 3) = -4 


5.24 Equations: Conditional, Identical, 

Inconsistent 


When we solve an equation we find the value or values 
of the unknown which make a true statement out of the proposi¬ 
tion posed by the equation. We may think of the equation as 
posing a question. Under what condition will the right mem¬ 
ber of the equation equal the left member?. Three kinds of 
answer are possible. We may find that only A limit ed number 
of values, possibly just one, of the unknown will make both sides 
of the equa tion take the same value. We may find tha,t t}ie two 
members of the equation have the same value for all values of 
tbejmknown. And finally* we may find that the two members 
can never be equal regardless of the value of the unknown. 

I p Tf the first of thes e situations exists, the equation is called a 
conditional equation. For example, when we solve the equation 


4x 


3 - .v + 5 = 2 


3x 


we find that just one value of * makes 4x — 3 — * + 5 and 
2 — 3x take the same value, namely x = 0. 

If the second possibility is present the equation is called an 

identical equation or simply an identity. For example, when we 
solve 


4*-3-x + 5 = 2 + 3* 
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the first step is the collection of terms which yields 

3* + 2 = 2 + 3* 


But this is obviously true regardless of the value of x. 

We usually refer to two or more equations as being inconsistent , 
but if the last of our three possibilities exists, the two conditions 
placed on the unknown by the two sides of the equation are 
inconsistent. In any event, the solution of the equation consists 
of reaching a condition that can never be met. For example, if 
we solve 

4x — 3 — .v + 5 = 5 + 3* 

we get 

3* + 2 = 5 + 3* 

and then 

2 = 5 


And we conclude that the original equation is satisfied if 2 = 5, 
in other words, can never be satisfied. 

In Section 5.23 the assertion was proved that the equation 
ax -\~ b = 0, a + 0, always has a unique solution. It was 
further stated that any equation in one unknown consisting of 
terms of degree not more than 1 is reducible to the form ax + 
b = 0. But the proviso a ^ 0 was not attached. We call 
attention to this fact lest one see a contradiction between 
the unique solution statement and what has been said about 
“identical” and “inconsistent” situations. 

A similar situation exists regarding simultaneous linear equa¬ 
tions. The system 

aix + b x y = Ci 
a-ix + b 2 y =■ c 2 

has a unique solution if a\b 2 ^ a 2 b\. How do we interpret the 
situation if a\b 2 = a 2 b\? Recall that the * value of the solution is 

x _ cib 2 — c 2 b i 
ci\b 2 — a 2 b\ 

We have two possibilities. If a\b 2 = a 2 b\ but C\b 2 ^ c 2 b\, we 
have an impossible situation since we are attempting to divide 
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a quantity ^ 0 by zero. When this situation exists the system 
of equations is called an inconsistent system. The conditions of 
the two equations are inconsistent and cannot be satisfied by 
the same pair of values for the unknowns. 

Example: 2x — 3y = 5 m 

4x — 6y = 7 (II) 

If we divide (II) by 2 we get 


2x — 3y = { 

and it is required that 2x - 3y equal 5 in equation (I) and equal 
i in equation (II). 

The other possibility occurs when a x b 2 = a.b, and c x b 2 = c 2 b x . 

Here we are trying to find at by dividing zero by zero, and this 

can mean anything. Equations satisfying these two conditions 

are called dependent; they are really stating the same relationship 
twice. ~~~ 

Example: 

2x - 3y = 5 (I) 

4x — 6j> = 10 (II) 

If we multiply both sides of equation (I) by 2 we get iden- 
tically equation (II). 

We have solved an equation or system of equations when, 
by applying the properties of a field and the equality axioms’ 
we reach a relationship which we can identify on inspection. 
For instance, there is no doubt what condition must be placed 
on the unknown if * = 0 must be satisfied. Furthermore, there 
is no doubt what the situation is if in order for the original 
equation to be satisfied 2 must equal 2. And there is no ques¬ 
tion where we stand if 2 must equal 5 in order that the original 
equation be satisfied. 


EXERCISES 


AH. If the equation is conditional, solve; otherwise determine 
whether it is an identity or impossible. 
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*3. 


(a) 

(c) 

(e) 


(a) 2y - 3 = 4(j - h) ~ y 

(b) 3(x + 5) = 4x — (6 -f- x) 

(c) (jc - 4) 2 + 2(* - 8) = a- 2 - 6x 

(d) 5 (p - 6) + 3 p = 2(p - 3) 

(e) x(x + 4) — 12 = x 2 + 4(x — 3) 

Solve the following systems or show why there is no solution. 

/ \ ( x — 3y = 6 /, x (3* — y = 8 

(a) 12* + 6, - 5 <b) | 5,-15 

(c) i 2 * + & = 10 (d) / * ~ y = 1 

y ’ \4(x -y) = 2x - ly y l \2x - 3j>- = 5 

re'i / 7x + 3 y = 2 ( 2x ” 4 ) 

w (3x + _>> = —4y - 8 

Since the integers 0, 1, 2, 3, 4, modulo 5 are a field, the 
same procedures used in the solution of equations with 
rational coefficients may be used in solving equations in 
this field. Solve the following modulo 5 problems. 

(a) 4x = 3 (b) at — 3 = 4x + 1 

(c) x y = 1 (d) x = y + 3 

x —y = 3 y = 2x — 4 


2x — 3y = 5 






What the assertion that two quantities are f unc¬ 
tionally related means? 

How functional relationships may be expressed? 

The difference between a variable and a constant? 

That a variable may be a constant? 

The difference between a continuous variable 
and a discrete variable? 

The difference between the dependent variable 
and the independent variable? 

When a bar graph should be used? 

The difference between a formula , a graph, and 
a table relative to the kind of information each 
gives concerning a functional relationship? 



chapter VI 


runctional 

Relationships 


—^ se and effect relationships abound 
all about us. This year’s rainfall affects the size of next year’s 

wheat crop which will, in turn, affect the price of wheat The 

pnce of wheat will affect the cost of living index which, in its 

turn, affects the wages paid automobile workers. Automobile 

workers wages affect the price of automobiles. The price of 

automobiles affects the number of automobiles on the road 

The number of automobiles on the road affects the number of 

automobile accidents. The number of automobile accidents 

a ects the cost of automobile insurance. The cost of my 

automobile insurance affects the amount of money I have to 

spend on football games. So, the amount of rainfall this fall 

« “” C fa r il Oft" “ ‘ he nU T ber ° f foMba11 I wi'I 

see next fall. Of course, it would be rather difficult to state 

exactly what is the relationship between rainfall and football 

games attended. Many relationships are not of a quantitative 

ature, and man y of those that are quantitative are such that 

n would be very difficult, if no, impossible, to discover exactly 

181 y 


182 


FUNCTIONAL RELATIONSHIPS 


what the relationship is. We are concerned here with quanti¬ 
tative relationships which can be precisely determined. The 
simplest sort of relationship is one that exists between two vari¬ 
able quantities. However, most situations involve more than 
two variables. The cost of sending first class mail anywhere in 
the continental United States is a function of its weight, but 
the cost of parcel post is a function of its weight and the distance 
it is to travel. 

According to the Behaviorist school of psychology, everything 
that has ever happened affects what is now happening, which 
will, in turn, affect everything that ever will happen. How¬ 
ever, cause and effect have no bearing on mathematical func¬ 
tions. Whether or not cause and effect are present is entirely 
irrelevant. Although there may be a cause and effect relation¬ 
ship between the variables, our primary concern is with the 
correspondence of values. We are more concerned with how 
they correspond than why they correspond. Other factors, 
possibly unknown, may well be causing the change. For ex¬ 
ample, suppose you have a temperature chart of a hospital 
patient. This will picture the relationship between the vari¬ 
ables, time and temperature. The mathematician can study 
this relationship and draw many conclusions. But the passage 
of time alone did not cause the changes in temperature. The 
causes of fluctuations are the concern of the attending physician. 
The temperature depends on the time in the sense that, corre¬ 
sponding to a known value of the latter, there exists a value for 

the former. 


/ , / 

6.1 Function , 1 ariable. 

Constant 

We have had occasion to study quite a few sets of numbers 
—the set of natural numbers, the set of integers, the set of ra¬ 
tional numbers, the set of numbers of a field, the set of numbers 
of a group; we now wish to consider the relationships of pairs 
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of sets of numbers. As indicated in Section 5.1, we use letters 
to indicate any one of a set of numbers. We noted further that 
(if the set has just one element in it,) the letter is called a constant. 
If the set has more than one element, the letter is called a 
variabl e. For example in the equation 

5x — 7T = 0 

7r is a constant since it represents the only element in the set 
whose elements are the ratios of circumference to diameter of 
circles. If we consider the set of numbers which will make a 
true statement out of the assertion that 5x — 7 r = 0, we see that 
x is also a constant since there is just one number in this set. 
On the other hand, if we do not require 5* — w to equal zero 
or any other specified number and if * is any rational number, 
then * is a variable. In this case, 5* — 7r, to which we can give 
the namejy, is also a variable. It will be different for different 
values of * but it will always be a real number. Real numbers 
will be defined in Chapter VII. 

Consider the two variables x and y , each of which may take 
any integral value between +co and — 00 . Suppose that for 
each x we select a corresponding y by means of the rule y = 
2 * 2 “ 8. Since * is an integer so is 2x 2 — 8, because the integers 
are closed under multiplication and subtraction. Then for any 
x, a y is always determined. If x = — 4 then ^y = 2 • ( — 4 ) ( — 4 ) 
— 8 = 24;ifA: = 10 then y = 2(10)(10) — 8 = 192; and so on. 
We define the set of ordered (x,y) pairs as a June/ion. The pair 
is ordered in that x appears first, then^y. Notice that by defini¬ 
tion the function is a set. The elements of this set are pairs, 
pairs of elements from two other sets. In the above function, 
the pairs ( — 4, 24) and (10, 192) are elements. But —4 and 10 
are elements of the set X of values for x, and 24 and 192 are 
elements of the set Y of values of^y. 

Although we are usually concerned with functions whose ele¬ 
ments are pairs of numbers, this does not have to be the case. 

If we have two sets, regardless of what their elements may be, 
such that there is a rule for assigning to each member of the first 
a unique member of the second, then the set of pairs of elements 
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thus determined is a function. Let X represent the set of states 
in the United States and Y represent the set of governors. Then 
to each state ( x) there corresponds a governor (y), and the set of 
(state, governor) or (x,y) pairs is a function. 

The {state, governor) function could just as well be thought of 
as a ( governor , state) function. We could let X represent the set 
of state governors and 1 the set of states. Then to each governor 
(a) there corresponds a state {y). 

On the other hand, consider again the function whose (x,y) 
pairs are obtained by the rule = 2a 2 — 8. It is true that for 
any a we get a unique y. But it is not true that each j; is ob¬ 
tained from a unique a. If a = 2,; = 2 • 2 • 2 - 8 = 0 and 
it x = 2 ,y = 2( — 2)( — 2) — 8 = 0. We cannot interchange 

the roles of the variables, in the function as we could TrTThc 
(state, governor) function. We make the further stipulation in 
our definition of a function that no two of its elements have the 
same first part, that is, the same a if it is an ( a , y) function. 

We now state formally the following definition of a function:'; 
If, corresponding to each value a variable x may assume , a definite rule 
associates a unique value of another variable y, then the set of all (a ,y) 
pairs is the function f: (x,y). 

This definition does not permit the same value of a to be 
paired with more than one value of y. We could not have 
a = 2, y = 3 as one pair and a = 2, y = 6 as another since 
paired with a = 2 there must be one and only on c y. But the 
definition does not prevent a given value ofy from being paired 
with more than one value of a . For that matter, the same y 
may be paired with each value of a . In such a case y is of 
course a constant and the function is known as a constant function. 
Suppose a person whose weight we wish to consider has passed 
or missed the “middle age spread.” Through a period of a 
year, let us say, his weight does not vary (at least the scales indi¬ 
cate no change). If we consider time as one variable, there is 
certainly a specific weight to be associated with each point of 
time. Then the two quantities, time and weight, qualify as 
having a functional relationship between them. Associated with 
each value we assign to time, there corresponds a value for 
weight. 
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6.2 Dependent and Independent 

Variables 

The definition of a function given in Section 6.1 seems to 
imply that * and y are the only two letters we can use in ex¬ 
pressing a function. This is misleading since any two letters 
may be used. For that matter we may interchange the roles 
of .v and y if we wish. The i mportant p o int is th at one of the 
variables, the first named in the definition, must have different 
values for each pair in the function. This variable is called the 
independent variable. The other variable is the dependent variable. 
The terminology here is not too fortunate. The behavior of 
the independent variable does not cause the dependent variable 
to act as it does. The second variable is dependent in the sense 
that its value, which corresponds to an assigned -'alue of the 
first variable, is fixed by the rule which describes the function. 
For example, consider/: ( x,y ), the function whose values are 
given byj> = 2x — 1. If we assign values to x, the correspond¬ 
ing values o{y will depend on what we assign to x. Is 13 one 
of the elements of the set Y ? This depends on whether 7 is one 
of the elements of the set X. The elements in the set of values 
which the dependent variable may take depend on the rule of 

formation of the function as well as on the values which the 
independent variable may take. 

If the correspondence of elements in sets X and Y is one-to-one 
a unique x paired with eachjr as well as a unique y paired with 
each x, either variable may be considered the independent vari¬ 
able. There is a functional relationship between the amount of 
money spent for gasoline and the amount of gasoline purchased. 
Now which is the dependent variable and which is the inde¬ 
pendent variable? If I am going to charge the gasoline, I will 
probably have the tank filled and the cost will depend on the 
amount purchased. But if it is a cash sale, the amount pur¬ 
chased will depend on how much money I have. In this case 

the designation of dependent and independent variable is a 
matter ol convenience. 
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6.3 The Function Notation 

In the preceding section a function was described as “f: 
( v O’)> the function whose values are given by y = 2x — I.” Al¬ 
though correct, this would become tedious if consistently em¬ 
ployed. A much more common usage is: 

V = J(x) = 2x — 1 or simply J(x) = 2x — 1 

Here J(x) stands for the function and is read “/ of at.” This 
symbolism serves a dual role. It may be used to indicate the 
value of the dependent variable, or what is the same thing, the 
value of the Junction at x. Used in this sense the symbol f(x)~ 
should be read ‘J at x.” The dual usage of the symbol is 
rarely confusing and we shall not hesitate to use it in both senses. 

Example: 

If J{x) = 3x — 5, find /(3). It does not matter whether we 
interpret J(x) as standing for the function or the value of the 
function at ,v; under either interpretation we find /(3) by re¬ 
placing * with 3 in 3x — 5: /(3) = 3 • 3 — 5 = 4. 

If we wish to talk of other functions in the same discussion, 
we may use letters other than f to designate them, such as 
g(x ), h(x), and so on. 


6.4 Domain and Range 
of a Function 

The set of values which the independent variable may 
take is known as the domain of definition of the function. Within 
certain limits it is possible to select as domain of definition any 
set one cares to use. 

Example: 

Consider f(x) = 3x 2 — x + 5, x an integer > 0. Here the 
function is defined for positive integral values of x, but is unde- 
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fined and therefore has no meaning if a: = T-, or v = __ 3 ^ Qr 
foi any a* other than a positive integer. However, we could 
have chosen any set of numbers we like as the domain of x so 
long as the set had at least two different elements in it. 

The domain of the function 



a- 3 + 7 
A- — 3 


may be anything we like except that it cannot include +3, 

for if we tried to include it g(x) would equal ^ which is unde¬ 
fined. 

Frequently a function is given without stating the domain of * 
definition, in which case it is usually implied that the domain 
is the real (yet to be defined) number system or a subset of it. 

The set of values which the dependent variable may take is 
called the range of the function /. 


Example: 

If/to = * 2 

integers equal. 


- 8, a: an integer, the range of / is the set of 
lfljor_greater than —8. 


The independent variable may be continuous or discrete. If it is 
continuous its domain is an interval of the real number system, 
possibly all the real numbers. This does not mean much since 
we have not yet said what real numbers are. Intuitively it 
means there are no breaks or gaps in the set of values of the 
function. If there is a smallest and a largest value, all possible 
values in between are included in the domain of definition A 
discrete variable is defined only for isolated values. For in¬ 
stance, if a function is defined for integers but not for rational 
numbers, the variable is discrete. First-class postage rates illus¬ 
trate the idea. The two variables are weight and cost. The 
weight of a letter is a continuous variable. It may weigh any 
fractional part of an ounce. The cost of mailing a letter is a 
discrete variable. The cost may be 3*5, 6*5-, 90, and so on but 
nen 50 or 3.18290, or any amount except some integral multiple 
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6.5 Multiple-} allied F unctions 

I he definition of a function given in Section 6.1 precludes 
(he possibility of more than one value of the dependent variable 
being associated with a given value of the independent variable. 
Such functions arc called “single-valued.” Two sets, X and Y, 
arc frequently related in other ways; there may be two or more 
values of Y which are associated with each value of X. For 
example,^ = x 2 is a single-valued function of a - , since correspond¬ 
ing to each * there is a single^, but in the relation a; = y 2 for 
any (x,y) pair which satisfies the relation another pair (x, —y) 

will also. * = y 2 implies that y = ± vC. If we are to call 

y = ± a function, we must remove the restriction in the 

definition of a function that must be unique. Such functions 
are called “multiple-valued.” 

As an example of a nonnumerical, two-valued function, let X 
represent the set of states of the United States and Y the set of 
United States Senators. 

The concept of number congruences explained in Section 3.16 
illustrates a function where infinitely many values of the de¬ 
pendent variable correspond to each value of the independent 
variable. If we let X be the set of integers from 1 to n and Y 
the set of all positive integers, then corresponding to each value 
of .v there are infinitely many values for y, namely, all those 
values of y which have a remainder * when divided by n. 

In a later chapter we shall study inverse trigonometric func¬ 
tions, which are multiple-valued functions. 


EXERCISES 




If the function y — f(x) is defined by the relation y — 
2x 2 - x + 3, find/(l),/(0),/(-l ),/(*),/(*)• 


If j is a function such that f(x) = 


x + 5 

X - 1 


what value of x 


< 
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»* 



must be excluded from the domain of definition? Find 

/( 0 ),/( — 5 ),/[/(— 1 )]. 

3. Given: X is the set of even positive integers ^ 10. ]' is 

the set of odd integers obtained by dividing each * by 2 or 

dividing by 2 and subtracting 1, as the case may require. 

U rite out the complete function. (A function is a set of 
ordered pairs.) 

4. The following table completely defines a function: 


8 


m 

1 

-1 

0 

2 

_? 

n 

1 

1 

0 

4 

4 


If it is a single-valued function which is the independent 
variable? What is the domain? The range?. 

If the domain of the function/ defined by f( x ) 12 is the 
rational number system, write down five of its elements. 

Assume that you have read a thermometer on the hour 
for each hour ol the day. Construct a table showing this 
assumed information. Will this table be a function? Why? 

Construct a table showing the assumed populations of the 

United States, France, Great Britain, and Russia. Is this 

table a function? If so, what is its domain? What is its 
range? 

“Garbage collection is a function of the Department of 

Health of the city government.” “The city tax rate is a 

function of the services rendered.” In which, if either of 

the above statements is the word “function” used in ’the 
mathematical sense? Explain. 


6.6 Ways of Expressing 

Functional Relationships 


e definition of a function requires that there be some 

ru e for, some means of, establishing the correspondence of values 

o the independent and dependent variables. This can be done 
in a variety of ways.- ~~ — 

Jirst, the relationship can be expressed by a verbal statement. 
For example, th^number of feet a freely falling body falls is 
16 times the square of the number of seconds it falls A second 
method of indicating the relationship is by tneans of d foTmut 
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or algebraic expression. The expression d f(t) merely asserts 
that a relationship exists between distance, (d) and time, (/). 
But d = 16 1 2 states what the relationship is. Functional rela¬ 
tionships may also be expressed by means of graphs. The graph 
in Figure 6.1 pictures the same relationship between distance 



Time, Seconds 

Figure 6.1. Distance fallen by a freely falling body in t seconds. 

fallen and time of fall. A functional relationship may be ex 
pressed by means of a table. 

TABLE 6.1. DISTANCE FALLEN BY A FREELY FALLING BODY IN / SECONDS 


Time seconds 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

# 

10 

Distance feet 

0 

16 

64 

144 

256 

400 

576 

784 

1024 

1296 

1600 


Each of these four methods has its special characteristics and 
advantages. Of the four the verbal statement is perhaps the 
clearest for purposes of defining the relationship. We shall ex¬ 
amine each of the three remaining methods in detail. Each one 
may be used to define the function or to convey information 
about one that has already been defined. 


6.7 Graphs 

The most commonly used types of graphs^ are (1) the bar 
graph, (2) the pie chart, (3) the-piclograpli, the broken-line 

graph, and (5) the continuous-curved-line or mathematical 
graph. The graph is the best means of exhibiting a functional 
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relationship when the purpose is to give a visual representation 
of the general nature of the rel ationship. 

In the illustrations of Section 6.6 the graph shows the general 
nature of the relationship much more forcefully than do the 
other methods. We can immediately see not only that distance 
increases as time increases but also that distance increases much 
more rapidly than does time. The best type of graph to use 
will depend upon what aspect of the relationship we wish to 
emphasize. If we wish to compare a .group of measure* with 
each other, the ifear graph is advisable. As a rule, the inde¬ 
pendent variable is discrete. For instance, in Figure 6.2 the 




forTh h , Sh ° W 1 oa h 9 m c 3n m ° nthl .y ^Perature at Ashland City 

y< if r U ^ ince there 1S a mean temperature associated 
with each month, a functional relationship exists between the 

two. We may consider the month as the independent variable 

and the temperature the dependent variable. We see both ver 

tical and horizontal bars used, but in either case the length of 

the bar indicates the value of the dependent variable. § 

The^bar graph is also used to compare, magnitudes which 
occur simultaneously but are classified by geographic lorat* 
or some othcnronquahtitative characteristic. For instance we 

might have a graph comparing the number of automobiles in 
operation classified by make or color or body style. Figure 6 3 
shows mean temperatures for the year 1946 at selected geo^ 
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graphic locations. In Figure 6.3, the independent variable is 
not a continuous magnitude nor is it a discrete magnitude. It 
isn’t a magnitude at all, but a place. Yet there is a value for 


Mobile, 
Alabama 

Wichita, 

Kansas 

f\Joshville, 

Tennessee 

Seattle, 
Washington 

Bismarck, 
North Dak. 


Mean temperatures 



100 


I'lgurc 6.3. Mean temperatures Jar 19<i6 at selected locations. 


the dependent variable (mean temperature) to correspond to 
each value (place) we assign to the independent variable (mean 
temperature). The graph in Figure 6.3 actually is a repre¬ 
sentation of two distinct functions. The mean temperature for 



Figure 6.4. Annual precipitation Jor Nashville by seasons. J'ntal 46.5 inches. 

July is pictured as a function of the location and the mean 
temperature for January is an entirely different dependent vari¬ 
able, associated with the same set of values of the independent 
variable, the places. The combining of the two graphs into 
one picture is frequently done. The combined chart reveals 
more information more readily than would two separate charts. 
For example, the combined graph in Figure 6.3 shows at a glance 
which location has the most variable weather. 

The pie chart is of value when we wish noc only to compare 
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a group of magnitudes with each other but also to compare each 

magnitude with the total. The pie chart in Figure 6.4 shows 

the annual rainfall in Nashville, Tennessee, by seasons. The 

complete circle represents the total annual rainfall, and each 

sector can be compared visually with each other as well as with 
the total. 

The pictograph is used in the same type of situations for which 

bar graphs are appropriate. Any advantage they may possess 

is not mathematical. If well done, they are dramatic and catch 

the eye. It is not advisable to use different-sized pictures to 

make comparisons. All the pictures should be the same size, 

the comparison being obtained from the number of pictures 
used. 


Figure 6.5. 


1900 

’WWW# I 

1915 


1930 

pp pp Pp f 

1945 

rr wr wr w we_ p 


Cattle population in the United State r. Each cow represents 15,000.000 head. 


Figure 6.5 gives a pictograph showing the number of cattle 
on United States farms by years. 


6.8 Broken-Line Graphs 

. , The b : oken - lin e graph is used to better advantage than 

the bar graph when our primary concern is with rates of change 
and trends rather than with a comparison of individual mag¬ 
nitudes. A broken-line graph would not be at all appropriate 
for the situation pictured in Figure 6.3. Here we are showing 
mean temperatures for particular localities. The data do not 
justify any assumption relative to the mean temperature at points 
between successive values of the independent variable For ex 
ample, we have no justification for assuming that the mean July 
temperature for St. Louis is between 79° and 80° simply because 
H is located between Nashville and Wichita. The geographic 
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location of the values of the independent variable have no bear¬ 
ing on the function. The independent variable is not continu¬ 
ous in the geographic or any other sense. 

On the other hand, the data on which Figure 6.2 is based 
could have been pictured with a broken-line graph. The rise 
and fall of the line would picture the rise and fall of the average 
temperature through the year. However, we still could not 
make any assumption regarding the mean monthly temperature 
midway between April and May. The independent variable, 
month, is a discrete variable. 

Many times, although both the dependent and the inde¬ 
pendent variables are continuous, only isolated, discrete, pairs 
of values are available. In such situations the broken-line graph 
is quite appropriate. Suppose we had data showing the family 
income of families in the United States, grouped in $1,000 in¬ 
come brackets. (Family income is not a continuous variable. 
But its discrete values are so close together, one cent apart, 
compared to a $1,000 interval that it serves quite well to illus¬ 



trate the idea.) All those families whose income ranged from 
$3,500 to $4,500 would be counted in the $4,000 bracket, those 
over $4,500 and not over $5,500 would be in the $5,000 bracket, 
and so on. If this type of information were pictured by a 
broken-line graph, we not only have a picture of the number of 
families in each group but can get some idea as to the distribution 
of families within an interval from the rise or fall of the line. 

A temperature chart is a very good illustration of this idea. 
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Suppose a patient’s temperature is read every fifteen minutes. 
The passage of time is continuous, and the patient has a tem¬ 


perature at every instant of that time. We actually know 

nothing about his temperature between readings. But, if we 

assume that the readings are sufficiently frequent to detect any 

marked fluctuations, then we can infer how the temperature is 
behaving between readings. 


In Figure 6.6, the patient appears to have had his highest 
fever between 11:00 and 11:45 a.m. We cannot be certain of 
this however, because there was a drop between 8:45 and 

9: °0 a.m. The temperature seems to have been rather constant 
at 104 between 8:30 and 8:45. In view of the sudden drop 
right after 8:45, it is quite possible that 105° was reached between 

8 | 30 and 8:45. The foregoing is quite plausible. It is hardly 
plausible that the patient's temperature was 107° at 1*37 PM 
but we cannot be certain in view of the chart. 


6.9 Continuous-Curved-Line 

Graphs 

In contrast with the above chart, the weather bureau has 
thermometers which record continuous temperature readings on 
a revolving drum. The drum revolves at a constant rate A 
thermostat, which moves up and down as the temperature rises 
and falls, is equipped with a pen which makes contact with the 

LTohs the t drUm ‘ ^ aUt ° maticall V ^d continuously 

graphs the temperature. 

The graphs shown in Figure 6.3, Figure 6.6, and Figure 6 7 
have fundamental differences insofar as the information we may 
obtain from them is concerned. Figure 6.3 gives the mean 
January temperature for Wichita, Kansas, as 32° and the mean 
January temperature for Nashville, Tennessee, as 40°. We can 
not infer that midway between those locations the mean January 

Z' r ,h Ure “ T In faC,> "" have ri *'" «° infer any"w Z 

b«wee„ TrT Ja ," Uary le,np ' ra,Ure at *ny intermediate poim 

g P l0Catl0n as a contln,, ous variable since there is a con 
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tinuously changing “place 1 ' between the two locations. How¬ 
ever, the isolated observations are too far apart for us to make 



any assumptions relative to the way in which the mean temper¬ 
ature varies as the place changes continuously between Nash¬ 
ville and Wichita. By contrast, in Figure 6.6 we know the 


Y = f(x) 



76x 2 . 


patient’s temperature at 8:15 a.m. was approximately 102.4 
and at 8:30 a.m., 103.8°. In this case we may infer with a rea¬ 
sonable degree of safety that at 8:22| a.m. the patient had a tern- 
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perature of approximately 103.1°. As was true in Figure 6.3, 
we again have only isolated pairs of values for our variables, 
time and temperature in this case. But the variables are con¬ 
tinuous and the isolated pairs of values are close enough to¬ 
gether for us to assume that the rate of change is nearly constant 
between consecutive readings. On the other hand, in Figure 
6.7, we actually have a picture of continuous change which takes 
place in the two variables. The only limitation in determining 
the temperature at 2:30 a.m. (or any other time) is the degree of 
accuracy with which we can read the graph. The temperature 
at 2.30 a.m. is approximately 52°. The mathematical graph is a 
continuous-curved-line graph. (A straight line is a particular 
kind of curve.) The mathematical graph is continuous by defi¬ 
nition. Figure 6.1 is an illustration of the mathematical graph. 

If, instead of cl = 16/ 2 , we think ofj; = 16.v 2 , we have definedy in 
terms of a. 

The independent variable x takes on all real values from — oo 
to +oo and there exists a value for y corresponding to each value 
of x. In this instance we have not defined either x or y; we 
have defined the relationship between them. When we define 
y as distance fallen in feet and x as the time of fall in seconds, the 
relationship becomes that which was pictured in Figure 6.1. 

I he picture in Figure 6.1 is actually the right-hand half of 
Figure 6.8. This is because, from the nature of its definition 
we must restrict the domain of the independent variable x (or t) 
to positive values. A graph similar to Figure 6.1 could be 
obtained by finding experimentally the time required for a body 
to fall certain specified distances and plotting these pairs of 
values. The resulting graph would not be a mathematical 
graph but would be like the temperature chart of Figure 6.6. 
The fact that such graphs very closely approximate that of 
figure 6.1 causes the physicist to believe that the law offalline 
bodies is expressed by the formula d = 16 1 2 . The conclusion 
of the physicist is an inductive conclusion. If W e take this in 
ductive conclusion as our hypothesis, then the assertion that a 
body falls 144 feet in 3 seconds is a deductive conclusion. 
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6.10 Tables 

Wc have seen that the data from which graphs may be 
constructed may come from three entirely different types of 
source. We may have obtained the information from actual 
measurement of the corresponding pairs of values of the vari¬ 
ables, as in Figure 6.6; or we may have computed the values 
from the definition of the variables as in Figure 6.8. Or, finally, 
the graph may define the function as in Figure 6.7. The same 
is true of tables. According to Boyle's Law, the volume of a 
given mass of gas is inversely proportional to the pressure if the 
temperature is kept constant. Stated otherwise, if the temper¬ 
ature is constant the product of volume and pressure is constant. 
Once this constant is known, the pressure corresponding to any 
given volume may be computed. Table 6.2 shows the pressure 
of a given quantity of air corresponding to various volumes. 

TABLE 6.2. PRF.SSURF. OF VARIOUS VOLUMES 

OF A GIVEN MASS OF AIR 


Volume 

Pressure in 
Meters of Mercury 

1000 cc. 

1 

500 cc. 

2 

250 cc. 

4 

125 cc. 

8 

100 cc. 

10 

50 cc. 

20 


The data in both Tables 6.1 and 6.2 were obtained by com¬ 
putation based on the stated law of relationship between the 
variables. Scientists know that, although freely falling bodies 
may obey exactly the law d = 16/ 2 when the bodies fall through 
a vacuum, they actually follow this law only approximately 
when falling through air. The same is true of Boyle s Law, 
gases actually only approximate this law. Furthermore, the 
divergence from the predicted behavior is not the same for all 
gases. Table 6.3 shows the (assumed) behavior of some common 

gases. 

Whether one is concerned with constructing a table or reading 
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TABLE 6.3. PRESSURES OF CERTAIN GASES CORRESPONDING TO VARIOUS VOLUMES. 


Volume 


100 . 
50. 
10 . 
5. 
1 . 


VALUES ARE ASSUMED 

Pressure 


Air 

Oxygen 

100 

100 

200 

200 

993 

996 

1970 

1980 

9755 

9781 


Helium 

Carbon 

Dioxide 

100 

100 

200 

199 

1002 

925 

2025 

1670 

10120 

7053 


one which has already been constructed, we should remember 
that a table merely shows, in a convenient form, pairs of corre¬ 
sponding values of the dependent and independent variables. 
The correspondence of values may be shown by two rows oi 
figures, as in Table 6.1; or two columns, as in Table 6.2 and 6.3 
Table 6.3 actually consists of four tables combined into one. 
If we consider volume as the independent variable, there are 
four dependent variables to be paired with it. There is a func¬ 
tional relationship between volume and pressure of air, another 
relationship between volume and pressure for oxygen, another 
for helium, and still another for carbon dioxide. The same 
values of the independent variable are used in all cases. A 
number of functional relationships are often combined into one 
table for purposes of comparison, as in Table 6.3, or as a matter 
of convenience. Frequently, the independent variable can as¬ 
sume only a finite number of values. In this case the function 
can be completely displayed, and thus defined, by means of a 
table. A table showing baseball standings is a case in point. 
The values of the independent variable are the teams in the 
league. Each team’s ratio of games won to games played is the 

corresponding value of the dependent variable. The table of 
standings defines the function. 

Any table or graph should be self-explanatory. What the two 
variables are should be clearly indicated. The way in which 
the values from a table are to be paired should be evident. 
As was true of graphs, a table may show paired values of a 
discrete variable or selected values for a continuous variable. 
In case the variable is continuous, we may estimate intermediate 
values from a table in much the same manner as is done on a 
graph. The process of interpolation, which will be explained 
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in Section 9.15, enables us to find values between two consecutive 
values in the table. 


6.11 Summary 

A functional relationship exists between two variables if, 
corresponding to any value of one variable (the independent 
variable), there exists one or more values of the other (the de¬ 
pendent variable). The function is the set of all pairs thus 
generated. We may define the relationship, state the manner in 
which the pairs of values of the variables may be obtained, by a 
verbal descriptive statement or by means of a mathematical 
formula. A graph gives the picture of the paired values of 
the variables. A table gives the numerical values of pairs of 
the variables. If the table, or graph, shows all the pairs in the 
function, it may be considered as defining the function. 

If we wish to compare specific sets of values of the variables a 
bar graph is appropriate. If we wish to compare parts with 
each other and with the whole the pie chart is desirable. When 
dealing with a discrete variable we may use either a bar graph 
or a broken-line graph. If the variables are continuous a con¬ 
tinuous-curved-line graph is desirable. The line graphs are de¬ 
sirable when showing the general nature of trends and fluctu¬ 
ations in the variation. 


EXERCISES 


Decide what type of graph is the most appropriate to picture 
each of the following sets of information; then construct it. 

1: A proposed family budget for a family of four with $5,000 
income (after taxes) is as follows: 

Food _; clothing _; housing-; 

charity_; savings and insurance ---5 trans¬ 
portation _; entertainment —--—5 miscellane¬ 
ous _(You supply the amounts for each item.) 

J. The information from Table 6.3. 
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The following table gives the average price of eggs paid 

the farmer at a local market in 1952. Price is given in 
cents per dozen. 


Jan. 

21.4 

Feb. 

19.6 

Mar. 

16.3 

Apr. 

16.0 

May 

15.8 

June 

15.3 


July 

17.6 

Aug. 

19.7 

Sept. 

24.9 

Oct. 

31.6 

Nov. 

35.2 

Dec. 

34.4 


4. Food market construction, 1955. Number of stores com¬ 
pleted and total square feet of floor space built are shown. 



Number of 

Square Feet 


Store r 

of Flooi 


Completed 

Space 

United Markets. 

185 

499,011 

H and W. 

33 

122,100 

French,Inc. 

10 

42,880 

Slo Way. 

78 

226,350 

Hi-Lo. 

71 

186,500 

Mammoth. 

1 

22,900 

Oriental. 

177 

145,900 

Roadside. 

23 

25,700 

Nuway. 

14 

32,607 


5. Common stock dividends paid by Utilities Unlimited. 


Year 

Dividend 
per SI00 
Share 

Year 

Dividend 
per SI00 
Share 

Year 

Dividend 
per SWO 
Share 

1927 

$ 9.32 

1933 

$2.15 

1939 

$11.00 

1928 

7.52 

1934 

1.00 

1940 

24.00 

1929 

17.00 

1935 

7.20 

1941 

25.00 

1930 

9.00 

1936 

4.05 

1942 

30.00 

1931 

4.50 

1937 

1.80 

1943 

33.00 

1932 

.21 

1938 

5.60 

1944 

12.05 


Criticize the following graphs: 


Beef Consumption Continues to Gain 
Per cent 


too 

75 

50 

25 

O 



2 3 4 12 

1952 1953 


1951 
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Nationol Income in the United States 

8 / 

Millions 



Growth of Population of Massachusetts and California 

9. From Figure 6.6 obtain the patient’s temperature at 15- 
minute intervals and arrange the information in tabular 

form. 

10 . From Figure 6.7 estimate the temperature at 11 a.m. At 
what time of day did the maximum temperature occur? 
What were the minimum and maximum temperatures? 





What a real number is? 

What an imaginary number is? 

It is possible to have an algebra that does not 
deal with numbers at all? 

Over 2,000 years elapsed between the discovery 
that incommensurate quantities exist and the de¬ 
velopment of a satisfactory theory of irrational 
numbers? 

There are more numbers between zero and one 
than there are natural numbers? 


What a transfinite number is? 




chapter VII 



In this chapter we shall see why the 
rational number system which was studied in Chapter V is not 

sufficient. We shall extend the number system to the real, and 

finally, to the complex numbers. We shall briefly examine the 

algebra of the field of real numbers and that of complex numbers. 

Finally, we shall construct an algebra of sets and give it a 
practical interpretation. 


7.1 Incommensurate Magnitudes 

Since the field of rational numbers is closed with respect 
to all four fundamental operations, one might suppose that there 
is no need for further extensions of number. The obvious an¬ 
swer to this is that we have no need for further extensions if we 
never intend to use numbers other than in the four fundamental 
operations. However, the solution of a very simple equation 

. e x ~ 2 requires a new kind of number. There is no ra¬ 
tional number at which when multiplied by itself will give 2 
This fact was discovered relatively early. You may recall the 
ythagorean Theorem, which states that the square of the hy- 
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potenuse of a right triangle is equal to the sum of the squares of 
the two other sides. Pythagoras was a Greek who lived about 
five centuries before Christ. He and his followers made many 
contributions to arithmetic and geometry. Pythagoras repre¬ 
sented a strange admixture of the modern scientific mind and 
mystic mumbo-jumbo. He, or some of his followers, discovered 
that the hypotenuse of a right triangle with unit sides is incom¬ 
mensurate with the side. This means that we cannot find a 
common unit which will exactly measure both the side and the 

hypotenuse. Since the side is 1 and the hypotenuse V2, their 
discovery showed that there are no two integers whose ratio 

equals the ratio of to 1. The Pythagoreans, believing that 
number was the source of all things, decided that they had found 
a flaw in God’s handiwork. They tried to keep their discovery 
a secret. The story is told that when one of the society divulged 
the secret some of his brothers took him out on a lake and 
drowned him. 

Euclid, another famous Greek, some two centuries later proved 
that there is no rational number whose square is 2. This proof 
is given in Section 4.10. The same method can be adapted to 
show that the square root of any integer which is not a perfect 

square is irrational. We shall prove V3 irrational. Assume 

V3 = a /b where a , b have no factor in common. (We have 

assumed what we wish to disprove, namely v/3 is rational.) 

Squaring and multiplying by b 2 , we get 3 b 2 = a 2 . 

Since a 2 has the factor 3, so must a. (Every prime factor of a 2 
must be present an even number of times.) Then a can be 
written 3c, where c is an integer. Substituting, 

3 b 2 = (3c) 2 = 9c 2 

Dividing by 3 we get 

b 2 = 3c 2 

from which it is seen that b 2 and therefore b must have the 
factor 3. But a and b were to have no factor in common. 

Therefore we must reject the original assumption that V3 is 
rational. 
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In Section 5.20 we agreed that there is a point on a line to 
correspond to every rational number but we left open the ques¬ 
tion as to whether there is a rational number corresponding to 
every point. This, despite the fact that we proved there was a 
rational number between any two rational numbers. In case 
you did not work Exercise 12, Section 5.19, the proof follows. 
Let a/b > c/d be any two rational numbers. Since the rational 
numbers are closed under addition and division ( a/b + c/d)/2 

is a rational number. Simplifying, we may express it as — ■ 

2 bd 

If we apply D 8 , Section 5.14, we see that a/b > a< * bc > c /d. 

2 bd 

Since there is a rational number between any two rational 
numbers we know the same thing relative to the points associated 
with them. One is tempted to surmise that these rational points 
encompass all the points of the line. 


Y 



If we construct a square with unit side, Figure 7.1, the di¬ 
agonal forms with two adjacent sides the triangle which caused 
the Pythagoreans all the trouble. The Pythagorean Theorem 
states: The square of the hypotenuse of a right triangle is equal to the 
sum of the squares of the legs. Since the sides of our triangle are 
unity, the square of the hypotenuse is l 2 + l 2 = 2 and we desig¬ 
nate the hypotenuse Vl, which we know is not a rational num¬ 
ber. If we draw an arc with the origin as center and the 
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diagonal as radius it will cut the *-axis in some point P. This 
makes us wonder whether there might not be points on a line 
besides the rational points. 

But how do we know the arc cuts the *-axis? If we imagine 
a copper wire so thin that its cross-section consists of a single 
molecule there will be “gaps” between each successive molecule. 
If we had another wire thin enough we could pass one through 
the other without disturbing either. How do we know that a 
mathematical line does not have such properties? The answer 
is obvious; we create the mathematical line in such a way that 
it will not. A mathematical line has whatever properties it 
does by virtue of the postulates we accept. According to Archi¬ 
medes’ Postulate, there cannot be a last rational point on the 
right-hand end of the segment OP, nor can there be a first 
rational point to the right of P. This is one of several reasons 
why a mathematical line cannot be likened to the theoretical 
wire above. The points of a line are not discrete elements like 
the individual beads of a string of beads. 

But there is something at the extremity of the segment OP. 
There is either a gap at P or P is a point, but not a rational 
point. We resolve the difficulty by giving the line other points 

and at the same time decreeing that the “thing” y/2 be a 
number. We give the line points other than rational points by 
means of the Dedekind Axiom oj Continuity: If all the points of a 
straight line are separated into two sets such that every point of 
the first set is to the left of every point of the second set, then 
there exists one and only one point which produces this division. 

We shall not pursue this further. This is Dedekind’s point 
of departure in developing the real numbers. We shall follow a 
procedure somewhat closer to that of his contemporary, Cantor. 

It is of more than passing historical interest that the struggle for 
a satisfactory theory of the real number system spans a sur¬ 
prisingly large segment of the history of mathematics. As we 
have observed, the discovery of incommensurate (irrational) 
magnitudes was made nearly 2,600 years ago. Yet, a satis¬ 
factory foundation for the real number system was finally pro¬ 
posed less than 100 years ago. It was done independently by 
two German mathematicians, Richard Dedekind in 1872 and 
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Gregor Cantor in 1883. Leopold Kronecker, who was Cantor’s 
teacher, contended that there was no such thing as an irrational 
number because it could not be expressed exactly with a finite 
number of natural numbers. He is credited with saying: “God 
made the natural numbers, all the rest is man’s handiwork.” 
If the reader is interested in the Dedekind development of the 
real numbers, a quite readable description is available in What 
Is Mathematics? by Courant and Robbins.* 


7.2 Rational Numbers 

Are Repeating Decimals 

Recall that we observed, when considering our system of 
numeration, that any number may be thought of as extending 
infinitely to the right of the decimal point if we fill in with zeros 
beyond the last nonzero digit. For example, we may think of 
14.56 as being 14.56000 .... Every rational number when 
converted to decimal form will either terminate or repeat. The 
division algorithm makes this evident. Consider the conversion 
of tt to decimal form: 

.23 

17)4.0000 

3.4 

60 

51_ 

9 

The first remainder we obtained is 6, the next remainder is 9. 
If the division does not terminate, there are at most 16 different 
remainders possible, namely the numbers 1 through 16. If we 
can obtain the remainder 4, we are right where we started and 
begin picking up the same sequence of digits in the quotient all 
over again. If we ever get the same remainder a second time, 
such as the first remainder 6, from that point on we begin to 
repeat what we have already done. Then after not more than 
17 steps we must have started a repetition of the same sequence 


+ Oxford University Press, 1941. 
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of digits. By completing the division, you may verify the fact 
that in this case all 16 remainders appear. On the other hand, 
if we reduce yV we do not get 12 different remainders; the cycle 
is completed in only six steps. The cycle of repeating digits 
does not have to begin with the decimal point. The reasoning 
is perfectly general. In the conversion of the rational number 
a/b to a decimal, we can get at most (b — 1) different remain¬ 
ders. Then after b steps in the division we must have started a 
repetition of the same digits. If we consider those rational num¬ 
bers which terminate, such as J, as having an endless sequence of 
zeros following the last nonzero digit, then we may consider 
them repeating decimals. Under this interpretation, every ra¬ 
tional number is a repeating decimal. 


7.3 A Repeating Deeitrial Is a 
Rational Number . 

The last section tells us that we can always express a 
rational number as a repeating decimal. We now wish to 
consider the converse: Is every repeating decimal just another 
representation of some rational number? 

Let us look at a few examples. Let N = 13.127 127 127 . . . 
(We place the bar over 127 to indicate that it is the repeating 
period.) Multiplying by 10 3 , we get 

10W = 1 3127.127 127 127 .. . 

If we subtract N from 1OW we get 

10W - N = 13127. T27127 127 .. . -13.127127 127 .. . 
999A r = 13114 

13114 . . . 

-> a rational number 

999 _ 

N = .05313131 . . . 

10W = 531.313131 . . . 

10W = 5.313131 . . . 

1 OW - 1 OW = 526 
9900iV = 526 


Let 

Then 

and 

Subtracting, 

or 
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I 



526 

9900' 


a rational number 




.5333 . . . 


Then 

10A r 

Subtracting N from 10./V, 

lOvV - N 
9 N 
N 

Let 

N 

Then 

# 

10W 

and 

10jV 

Subtracting, 

90 N 
N 

But 

1 

2 

Therefore, 

.5000 . . . 


3.333 . . . 

3 

3 

§ = j, a rational number 

.4999 . . . 

49.999 . . . 

4.999 . . . 

45 

45 _ 1 

TT0 ~ 2 

.5000 . . . 

.4999 . . . 


The method is completely general. Let the repeating decimal 

less than 1 be indicated by N = .a,a 2 . . . a n bib 2 . . . b m b x b 2 . . . 
bm ■ • • where a, indicates digits not in the period and M 2 • . . b m 
is the period of the cycle. 


10 n+ "W = a x a 2 . . . a„bib 2 


&tn • • • 


10 n N 

Subtracting, 

(10 n+m — 10 n )A^ 

N 


— Q\d2 • • • a n -b\b2 . . 

= Q-\&2 • • . o. n b\b2 . . 

_ d\&2 • • • a n b\b2 • • 

10 n+m 


■ b , n . . , 


* Dm *" 

“ d\Q-2 • 

. . a 

• b m ~ 

“ d\a.2 . 

. . a 


- 10 " 


a rational number. We complete the argument with the ob¬ 
servation that any repeating decimal can be expressed as an 
integral power of ten times a repeating decimal less than one. 
In other words, we can always express the number as 10 x iV, x an 
integer. If N is rational so is lO^/V. 


Example: 17.135 1 35 ... = 10 2 X .17 1 35 1 35 .. . since .17135 
135 . . .is rational so is 17.135 135 . . 
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7.4 The Real Number 
System 

The square root of two is not a rational number, as we have 
proved. The square root algorithm, which you have probably 

forgotten, enables one to obtain as close an approximation to 
as is desired. We can do the same thing by another method 
which is longer but more meaningful. Since 1 2 = 1 is less than 
2 and 2 2 = 4 is more than 2, if there is a number whose square 
is 2 it must lie between 1 and 2.* By trial we can find the best 
approximation to the nearest tenth, for instance 1.3 2 = 1.69, 
1.4 2 = 1.96, 1.5 2 = 2.25. Thus 1.4 is too small and 1.5 is too 
large, so 1.4 2 < 2 < 1.5 2 . 

Thus we have: 

l 2 = 1 < 2 < 4 = 2 2 
1.4 2 = 1.96 < 2 < 2.25 = 1.5 2 
1.41* = 1.9881 < 2 < 2.0164 = 1.42 2 
1.414 2 = 1.999396 < 2 < 2.002225 = 1.415 2 

This process may be continued for as many digits as we care to 
compute. But we know the decimal will never terminate or 

repeat because we have already proved n/ 2 is not a rational 
number. What then is this endless nonrepeating succession of 

digits which continually squeezes \' r 2 into ever narrower limits, 
yet never pins it down? 

We might think of 2 as being squeezed into ever narrower 
limits in much this same way. 

1 < 2 < 3 
1.9 < 2 < 2.1 

1.99 < 2 < 2.01 and so on 

* This is equivalent to the assertion that a < b implies a 1 < b 2 , (a, b > 0). VVe 
have used the relations less than and greater than for the purpose of ordering various 
sets. These relations obey certain axioms just as does the relation equal to, a.s s< t 
forth in Section 3.8. One of the less than axioms states: a < b and 0 < c imp i< s 
ac < be. This justifies the assertion a < b implies a 2 < b 2 , (a, b > 0). f'oi a < 
implies both a 2 < ah and ab < h 2 
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In contrast to Dedekind’s approach, Cantor conceived of this 
“squeezing” process as defining a real number. Sometimes the 
squeeze is on a rational number as 2 above and sometimes it is 
not, as V2 above. 

A satisfactory development of the theory of real numbers offers 
difficulties much more formidable than those encountered in 
developing the integers and the rationals, as well as those to be 
encountered in developing the complex numbers. We suc¬ 
ceeded in defining an ^ intege r as an ordered pair of natural 
numbers. In so doing, we utilized the inverse of addition. We 
defined the rationals as ordered pairs of integers, utilizing the 
inverse of multiplication. The need for reals, from the algebraic 
standpoint, stems from the extraction of square roots. In this 
operation we are concerned with one rather than two numbers, 
as we are in subtraction or division. Efforts at defining real 
numbers as ordered pairs of rational numbers have not met 
with success. The difficulties go much deeper. Development 
of the real number system requires the limit concept, discussed 
in the next chapter, and advanced mathematics. It is beyond 
our scope, but it can be shown that endless sequences of digits, 
repeating or not, fulfill all the requirements of an ordered field 
under proper definitions. We therefore rely on intuition at this 
point and state the definition: Every endless sequence of digits repre¬ 
sents a real number. We have already seen that if it repeats we 
have a rational number. Here we have a ready made iso¬ 
morphism between a subset of the reals and the rationals. By 

definition: Every nonrepeating endless sequence of digits represents an 
irrational number. 

Neither of these definitions requires a one-to-one correspond¬ 
ence. We have already seen that there are two ways to write | 

as a repeating decimal, .4999 ... or .5000 _ This suggests 

the possibility of defining a real number as an ordered pair of 
something. If you are interested, read the section on nested inter¬ 
vals in What Is Mathematics? This is the Cantor approach. 

Insofar as the foregoing discussion is concerned, we have no 
assurance that there is more than one irrational number, namely 

V2. We cannot look at the succession of digits and tell whether 
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or not the number is rational. The mere fact that the sequence 
does not repeat after the first 100 or 1,000,000 digits gives us no 
assurance that the repetition will not begin with the next digit 
after the last one we find. The method we used to approximate 

v / 2 is such that we have no assurance that the decimal will not 
terminate somewhere down the line, notwithstanding the fact 
that we have proved it cannot happen. And we found no 
digits at all in the process. It may be something of a surprise 
to realize that nature abounds with irrational quantities. In 
fact, there are more irrational numbers than there are rational. 
The square root of every positive integer which is not a perfect 
square is irrational. So, also, is the cube root of every integer 
which is not a perfect cube. Similarly for higher roots. This 
type of irrational number is called algebraic. A number is al¬ 
gebraic if it satisfies an equation of the form 

I a Q x n + a\X n ~ l + . . . + a n = 0, a 0 0 

where a { is rational and n a positive integer. Since y/2 satisfies 
the equation x 2 = 2, it is an algebraic irrational. Not all alge¬ 
braic numbers are irrational however. The equation x 2 = 9 
has roots +3 and —3, therefore +3 and -3 are algebraic. In 
fact all rational numbers are algebraic since by definition the 
rational number * must satisfy the equation ax = b , where a , 
b are integers. 

There are irrational numbers which are not algebraic. They 
are called transcendental numbers. Every real transcendental num¬ 
ber is irrational. The most familiar example of a transcendental 
number is probably the number tt, the ratio of the circumference 

of a circle to its diameter. 

We implied that an algebraic irrational is expressible as a root 
of some rational number. It is true that irrationals which can 
be so expressed are algebraic. But there are still other algebraic 
numbers. This means that numbers exist which satisfy Equa¬ 
tion I but which cannot be expressed in terms of roots of rational 
numbers. This was discovered in the quest for a solution to the 
general fifth-degree equation. This discovery was made by a 
Norwegian, Niels Abel, in 1825, in the course of proving that the 
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general filth-degree equation cannot be solved by radicals. The 
existence of transcendental numbers was discovered by the 
Frenchman, Joseph Liouville, in 1844. 

Summarizing, the real numbers constitute an ordered field. 
The rational numbers are isomorphic to the subset of real num¬ 
bers which are repeating decimals. Every real number is either 
rational or irrational. Every real number may also be classified 
as algebraic or transcendental. All rationals are algebraic. All 
transcendentals are irrational. 


7.5 The Algebra of Real 
Numbers 

All our conclusions in Chapter V relative to the solution 
of equations with rational coefficients now apply with equal 
force to equations with real coefficients. 

Aside from the fact that the equations may now have real 
coefficients, is our algebra any more powerful? In other words, 
are we now able to solve more extensive types of equations? 
We were restricted to those quadratic equations, that is, poly¬ 
nomial equations of degree two, which could be factored into 
linear factors whose product is zero. Specifically, we could not 
solve 

x 2 - 2 = 0 

Now we can, since x 2 — 2 = 0 implies x 2 = 2, and we can take 

the square root of both sides, getting * = + \^2. Since v/2 is 
a symbol to indicate a number whose square is 2, the same must 

be true of the same number with its sign changed, — \/2, due 
to the law of signs in multiplication. By convention, if there is 
no sign preceding the radical the positive square root is implied. 
Consider the general second-degree polynomial equation: 

ax 2 + bx + c =*= 0; a, b, c real 

We can divide by a , getting 

x 2 + (b/a) x + c/a = 0 
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then subtract c/a 

x 2 + ( b/a)x = — c/a 

Now if we add b 2 /4a 2 

x 2 + ( b/a)x + b 2 /4a 2 = b 2 /4a 2 — c/a = (£ 2 — 4<2c)/4tf 2 


You may have forgotten how to factor, or perhaps you never 
knew. It is just intelligent guessing anyway. In any event, by 
applying the distributive law we may verify that 


(„v + b/2a) 2 = (x + b/2a)(x + 6/2tf) = * 2 + ( b/a)x + b 2 /4a 2 
Making the indicated substitution in our equation, we get 


(* + b/2a) 2 



— 4ac 
4a 1 


Now taking the square root of both sides, we get 


x + b/2a = 


4- \/b 2 — 4 ac 


2 a 


and finally 


x = 


b_ ± Vb 2 - 

2a 2a 


4 ac 


b ± vF - 4ac 
2a 


You may recognize this as the familiar quadratic formula. 

In the algebra of reals, the second-degree polynomial equation 

always has a solution if v 7 b 2 — 4 ac is real. Suppose b 2 4ac 
= — 4. There is no real number whose square is —4. Every 
real number different from zero is either positive or negative. 
The rule of signs in multiplication tells us that the square of 
either a positive or negative number is positive. Indeed, the 
real number system is not closed under the extraction of roots. 
No negative number has a real square root. 

The radicand , b 2 — 4ac, is called the discriminant of the quad¬ 
ratic. It enables one to distinguish the character of the roots 
without finding what they are. If the coefficients of the equa¬ 
tion are rational, a positive discriminant means the roots are 
real and unequal. If the discriminant is zero, the roots are real, 
rational, and equal. If the discriminant is a positive square, the 
roots are real, rational, and unequal. If the discriminant 
negative, the equation does not have real roots. 
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7.6 Rectangular Coordinates 

In Section 5.20 we saw, by virtue of Archimedes’ Postulate, 
that there is a point on the line corresponding to each rational 

number. The Dedekind Axiom of Continuity leads to the con- 

/ 

elusion that there are also points corresponding to irrational 
numbers. We shall assume this here, since its proof depends 
upon advanced mathematics. We assume that there is a one-to- 
one correspondence between the points on a line and the real numbers. It 
follows that there is a one-to-one correspondence between 
ordered pairs of real numbers and the points on a plane. It is 
this concept that is the bedrock of the analytic geometry of 
Rene Descartes. Any function whose pairs are real numbers is 

Y 


s-X 


Fi S ure 7 2 ■ The coordinates oj every point oj the line satisfy y = 2x + 5, and every (x y) 

pair satisfying y = 2x + 5 defines a point on line. 



represented on the coordinate plane by a set of points. These 
points may form a continuous line, depending on the nature of 
the function. Conversely, any set of points, on a continuous 
line or not, define a function. It is thus possible to study geo¬ 
metric problems by studying their corresponding functions as it 

is also possible to study a function by studying the geometric 
properties of its graph. 
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In Figure 7.2, every point on the line determines a number 
pair which is an clement of the set of ordered pairs (function) 
defined by the relation y = 2x + 5. Furthermore, every num¬ 
ber pair in this function defines a point which is a point of the 
line. 


i ■ EXERCISES 

1. Express the following as the ratio of two integers 

1 

V2 

V2 

4 

thus showing that it is a rational number. 

2. All rational numbers may properly be thought of as frac¬ 
tions. May all fractions be thought of as rational num¬ 
bers? Explain. 

3. Prove that the sum of a rational number and an irrational 
number must be irrational. Hint: the sum, difference, 
product, or quotient to two rational numbers must be 
rational. 

4. Since — vC + vC = 0 we know that the sum of two 
irrational numbers may be rational. Can this be true 
even though their sum is different from zero? 

5. Reduce { to a decimal and carry the division far enough 
to discover the cycle. Multiply the digits in this period 
(the part of the decimal up to the point whem the repeti¬ 
tion begins) by 3 and compare your result with the decimal 
expansion of Multiply the period of \ by all integers 
from 2 through 7. Can you explain the phenomenon? 

6. Select a one-digit number and multiply it by nine. 
Multiply this product by 1 2 3 4 5 6 / 9. Explain the re¬ 
sult. Hint: Find the decimal expansion of g \• 

7. Use the fact that a rational number is a repeating decimal 
to show that there is always a rational number between 

any two rational numbers. 

8. Show that there is always an irrational number between 
anv two rational numbers. 




MORE ALGEBRA 


219 


9. 

10 . 

* 11 . 

12 . 

13. 

*14. 

15. 





Prove that \ // 3 is irrational. 

How can you construct a line Vj inches long? 

Prove that \/ 2 is irrational. 

Show that the irrational numbers do not form a field. 


The equation 7 r.v = 1 has the root 
algebraic number? 



Why is - not an 

7r 


Do the irrationals and multiplication form a group? 
Why? 

Use the discriminant to determine whether the following 
equations have solutions in the real field. If they do, 

determine whether the roots are rational or irrational and 
equal or unequal. 

(a) 5a 2 + 3* - 2 = 0 (b) - 5x - 6 = 0 

(c) 3a 2 + 4a + 1 =0 (d) 3 a 2 + 3a + 1 =0 

(e) a 2 — 4a + 4 = 0 


Determine whether the following have solutions in the 
real field. Solve those that do. 

(a) m- + 2>m - 4 = 0 (b) p 2 - 2p + 3 = 0 

(c) a- a 5 = 0 v d) a 2 + 4a — 1 = 0 

If the graph of a function is the straight-line segment 

between (0, 0) and (3, 2), what is its domain of definition? 
What is its range? 

If the following table completely defines a function, de- 
scribe its graph. 



* 7.7 Transfinite Numbers 


In Chapter III the notion was advanced that a natural 
number is a name by which we may identify all finite sets which 
can be placed into one-to-one correspondence. Sets are said 
to be equivalent if they can be put in one-to-one correspondence, 
and a number name is associated with the set of all such sets 
We extend the idea to infinite sets. Infinite sets are equivalent 
if they can be placed in one-to-one correspondence. Such sets 
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have the same transfinile number. At this point it would be well 
to reread Section 3.4. 

We shall show that the rational numbers are countably in¬ 
finite; that is, they can be placed into one-to-one correspondence 
with the natural numbers. All infinite sets which possess this 
property are said to equal the transfinite number called 
aleph-null. The array extended infinitely to the right and down 

1/1 -* 1/2 1/3 -» 1/4 1/5 —> 1/6 

s s s s s 

2/1 2/2 2/3 2/4 2/5 2/6 

l s s s s 

3/1 3/2 3/3 3/4 3/5 3/6 

s s s 

4/1 4/2 4/3 4/4 4/5 4/6 

I ^ ,/ 

5 1 5/2 5/3 5/4 5/5 5/6 

/ 

6/1 6/2 6/3 6/4 6/5 6/6 

II II II II II II II 

II II II II II II II 

ii ii ii ii ii n n 

will include every possible ratio of natural numbers. This being 
true, it will include every positive rational number. But this 
array may be counted, placed into one-to-one correspondence 
with the natural numbers, by following the arrows. Continu¬ 
ation of these diagonals “sweeps the array clean” as we go. A 
portion of the correspondence follows: 

1 2 3 4 5 6 

1 1 X X X 1 

1/1 1/2 2/1 3/1 2/2 1/3 

Notice that the array has been ordered so that it can be counted. 

It was not ordered as to magnitude however; that is not neces¬ 
sary. Since this array is countable and since it contains each 
positive rational number infinitely many times, for example, 
i = -J = § = ... , we certainly may conclude that the positive 
rational numbers arc countable. Incidentally, we have shown 
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that, in this case at least, X = fc$o, since each of the count¬ 
ably infinite positive rational numbers appears a countably in¬ 
finite number of times. 

But we set out to show all the rational numbers countable. 


To do this, imagine a mirror image of our array adjoined at its 
left with a minus sign attached to each ratio. We can count 
the double array with zero thrown in by associating 1 with 0, 
then alternately going to the right array, then the left, and 
moving through each array in precisely the same manner as 
indicated above. The correspondence begins as follows: 


12.3 4 5 6 7 8 9 10 11 12 13 

tlt'ttxtltttl l 

0 1/1 - 1/1 1/2 - 1/2 2/1 - 2/1 3/1 - 3/1 2/2 - 2/2 1/3 - 1/3 

We have now not only shown the rational numbers to be count¬ 
able, we have also shown in this case 


+ Sto = fcio 


But not all infinite sets are countable. We shall show the 
real numbers are not countable by showing those real numbers 
between zero and one are not countable. Consider the array 



obtained from the array of rationals by replacing each ratio x/y 
with the element A xy . Let each element A represent some digit 0 
through 9. With the understanding that a decimal point pre¬ 
cedes it, each row is an endless decimal, that is, it is a real 
number between zero and one. The number of rows is count¬ 
ably infinite, there are the same number of rows as rational 
numbers. If the real numbers are countably infinite, this array 
contains all real numbers. We shall show that this is not true 
by exhibiting a real number which is not in this array. Consider 
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the diagonal AnA^A^ • . • . We replace An with some digit bn 
other than A ]U 0, or 9. We similarly replace .4 22 , A 33 —all ele¬ 
ments in the diagonal. We then have an endless decimal. 
b\ i/? 22^33 . . . , which is different from each row in the Aij array 
in at least one digit. The set of real numbers has the transfinite 
number C. It is called the count of the continuum. 

Whether or not there are other transfinite numbers between 
^0 and C is a question mathematicians have not as yet answered. 
It is know however that there are no transfinite numbers smaller 
than and that there are at least transfinite numbers. 

As we have already hinted, the arithmetic of the transfinite 
is quite different from the finite. A few examples follow (n is a 
finite number). 

+ n = tfo, ^0 + tfo = ^ 0 , wfc* 0 = tfo, ^o n = tfo 

In fact we must use as an exponent in order to get to C. 

= C, tfo + c = c, &>c = c 


7.8 The Complex Numbers 

Our motivation for this extension of number has been 
indicated. Negative numbers do not have real square roots. 
As simple an equation as x 2 + 1 =0 has no real solution. In 
order that these limitations be removed we create the complex 
numbers. We shall define them formally, then discuss their 
meaning. We state the following definitions: 

Di A complex number is an ordered pair oj real numbers ( a , b). 

D 2 The sum of two complex numbers is given by ( a , b) + 0, d) = 

[(a + c), (b + d)]. 

D 3 The product oj two complex numbers is given by ( a , b)(c, d ) — 

[(ac — bd ), (ad + be)]. 

D 4 Two complex numbers (a, b) and (c, d) are equal if and only ij 

a = c and b = d. 
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Compare these definitions with the corresponding ones for the 
integers and rationals. Note particularly that a complex num¬ 
ber can be expressed in only one way. We make no attempt 
to order the complex numbers. The reason for this will be 
evident presently. 

Subtraction and division are, as usual, defined as the inverse 
of addition and multiplication, respectively. This means in the 
case of subtraction, (a, b) - (c, d) = (*, y) if and only if (*, y) 
+ (c, d) = (a, b). Adding the left side, we get [(x + c), (y + d)\ 
= ( a , b ). Applying D 4 to this, we get * + c = a or * = a — c 

andj^ + d = b or y = b — d. We have shown that subtraction 
is always possible and can state 

D 5 The difference 

0, b) - 0, d) = [(a - r), (b - d)] 

Since division is the inverse of multiplication (a , b) (c. d) = 
(x,y) if and only if (r, d) • (x,y) = (a, b). Multiplying on the 
left, we get ( cx — dy) y (cy + dx) = ( a , b). If we apply D 4 to 
this, we get 

cx — dy = a 
dx + cy = b 

We know from Section 5.23 that this system has the solution 

_ ac + bd _ be — ad 

C 2 + tP' y - c 2 + d 2 

provided c 2 + d 2 9 ^ 0. If c 2 + d 2 = 0 we know c = d = 0. 

Then (x,y) exists and division is possible with the restriction that 

we do not divide by (0, 0). One would suspect that (0, 0) is 

made to correspond with the real number 0. As usual, division 

by zero is not allowed. With this limitation stated, we may 
define division as 



(rt, b) 


- 0, d) = 0 


_ (a c -\r bd 

2 + d 2 ' 


bc_ 

7 



( 0 , 0 ) 


We wish to show that the set of complex numbers is a field 
To refresh your memory, the eleven field postulates are lists in 
Section 5.2. The closure postulates P, and P 6 , as well as the 
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inverse postulates P 4 and P 9 , are satisfied through the foregoing 
definitions. P 2 , associativity under addition, is satisfied. 

K a > b) + (G d)] + (e,/) = [(a + c), (b + d)] + (e,f) = 
[( a + c + e), (b + d +/)] 

but 

(#, b ) + [(c, d) + (e,/)] = (tf, 6) + [(c + e), (rf + /)] = 

[(^ + c + e), (b + d +y)] 

P 3 , identity under addition, is satisfied by the element (0, 0). 

(a, b) + (0, 0) = [(a + 0), (b + 0)] = (a, b ) 

P 5 , addition is commutative, holds. 

0, b) + 0, d) = [(a + c), (b + d)] = [(c + a), (</ + b)] 

= (g <0 + 0, *) 

P 7 , multiplication is associative. 

[0, b) • 0, d)](e,f) = [(ac — bd ), (W + fo)](*,/) = 

[(ac — bd)e] — [(ad + be)/], [(ac — bd)J + (ad + bc)e] = 

(ace — bde — adj — bej ), (ac/ — bd/ + ade + bee) 

but we also have 

(a, b)[(c, d)(e,/)] = ( a , b)[(ce — d/), (cf + de)\ = 

[a(ce — d/) — b(c/ + de)\, [a(c/ + de) + b(ce — d/)\ = 

(ace — ad/ — be/ — bde), (ac/ + ade + bee — bd/) 

P 8 is satisfied by the element (1,0) 

(a, b)( 1, 0 ) = (a - 0), (0 + b) = (a, b) 

P 10 holds. 

(a, b)(c, d) = (ac — bd), (ad + be) 

(c, d)(a, b) = (ca — db), (cb + da) = (ac — bd), (ad + be) 

P n , the distributive property, remains. 

(a, b)[(c, d) + (e,/)] = (a, b)[(c + e), (d +/)] = 

[(ac + ae) - (bd + b/)], [(ad + a/) + (be + be)] = 

(ac + ae — bd — b/), (ad + a/ + be + be) 
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but we also have 


(a, b)(c, d) + (a, b)(e,f) = 

[(ac — bd), (ad + be)] + [(ae — bf), (aj + be)] = 

(ac — bd + ae — bf), (ad + be + of + be) 

We have now shown that all the properties of a field are ful¬ 
filled in the set of complex numbers. Hence, we may now 

apply the algebra of rationals and thus reals, to polynomial 
equations with complex coefficients. 

Is thei e a subset of the complex numbers isomorphic to the 
real numbers? We excluded division by (0, 0) which was the 
identity element under addition. This suggests that the com¬ 
plex number (0, 0) is to correspond to the real number 0. We 
found that (1, 0) was the identity element under multiplication. 
This suggests a correspondence between the complex number 
(1, 0) and the real number 1. Let us examine the possibility 
that we establish the isomorphism between the subset of complex 
numbers (a, 0) and the real numbers a. There is an obvious 
one-to-one correspondence between the two sets of numbers. 

If we add (a, 0) + (b, 0) = [(a -f- b), 0] we get a result which 
corresponds to the real number a + b. But this is the same re¬ 
sult we get when we add the real numbers a and b. When we 
multiply ( a , 0) • (b, 0) = (ab - 0 • 0), (0 • b + a • 0) = (ab, 0). 
But this complex number corresponds to the real number ab 
which is the product of the real numbers which correspond to 
(a, 0) and (b, 0). This establishes the isomorphism; it is not 
necessary to examine subtraction and division. However, it is 

reassuring to demonstate that our numbers behave under these 
operations, too. Subtract (a, 0) - (b, 0) = [( a - b), (0-0)] 

- [(a - b), 0]; but this corresponds to the real number (a - b). 

(a n\ _ + 0 0 — 0\ 

• <*• 0) - (jnjro■ ) - (“//>, o m - 

(a/b, 0) which is associated with the real number a/b in our 
correspondence. 

But what of our original motive in creating the complex num- 
bers? Can we now extract the square root of a negative number? 
Stated otherwise, is *here a number whose square equals a nega- 


If we divide (a, 0) 
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tive number? Let us multiply (0, 1) • (0, 1) = (0*0 — 1 • 1), 
(0-1 + 0*1) = (—1,0) which is the equivalent of the real 
number —1. Any positive real number has a real square root. 
Any negative real number may be considered a positive number 
times ( — 1). Then any negative real number has a complex 
square root. 


Example: 

V^25 = V(-l)(25) = v"=T \ / 7^> = + (0, 1 )(5, 0) = 

(0 • 5 - 1 • 0), (0 • 0 + 1 ■ 5) = (0, 5) 


The rational numbers were created because we could not 
always divide integers. Strictly speaking, we still cannot divide 
the integer 5 by the integer 3. What we can do is divide the 
rational number f by the rational number f, these being ele¬ 
ments of the subset of rational numbers which are isomorphic 
to the integers. But not only can we divide this special kind of 

rationals, we can divide any two rationals. 

We have created the complex numbers in order that a subset 


of them, isomorphic to the real numbers, may have a square 
root. But does any complex number have a square root? The 
answer is in the affirmative but one needs trigonometry in order 
to establish the fact. However, we can illustrate the fact with 
examples. Since (0, 1) (0, 1) = (-1, 0) we can say 0, 1 = 
V—\, 0. But (0, 1 ) itself has a square root also, as we may 

demonstrate by multiplying (V§, x/|) by itself. 

(>/i, V / |)(x/J, N'T) = [T — -i)> (2 + ^)] = (°’ ^ 


7.9 Interpretation of Complex 
Numbers 

The development of the complex numbers in the preced¬ 
ing section may seem a bit strange. However, if we compare its 
development with the abstract development of either the integers 
or rationals, it seems just as straightforward. In each of the 



MORE ALGEBRA 


227 


three cases the new number was abstractly defined as an ordered 
pair of more primitive numbers. 

In the two earlier cases it is almost impossible to avoid asso¬ 
ciating the abstract creation with some physical interpretation. 
It is frankly much more difficult to give complex numbers a 
convincing interpretation. It does not follow that they are 
mere intellectual toys. The electrical engineer has as great a 
need for the complex number (0, 1) (he does not write it this 
way) as an electrician does for a pair of pliers. The names 
given to the two components of complex numbers attest the 
struggle which preceded their acceptance as bona fide numbers. 
The first member a of the ordered pair (a, b) is called the real 
part and the second member b is called the imaginary part. To 
be sure, we cannot count with imaginary numbers, but that does 
not keep them from being perfectly good numbers. The im¬ 
aginary numbers are no more “imaginary” than are the natural 
numbers. Kronecker to the contrary, all numbers are the prod¬ 
uct of man s imagination and have a real existence only as 

ideas. The imaginary numbers are just as “real” as the real 
numbers are. 

As with integers and rationals, the complex number (a, b) is 

usually written in a different form, namely a + bi. This form 

is conducive to ease of computation, particularly multiplication. 

The i serves a dual role: It labels the imaginary part, and it 

prevents confusion with the real sum of the two real numbers 
a b. 

The number whose square gave -1, namely (0, 1) would be 
written 0 + If but it is usually shortened to i. With the under¬ 
standing that it is merely a short way to write 0 + If, we may 
call i a number, that number whose square f 2 = — 1. 

If we translate our definition to the a + bi notation we have: 

(a + bi) + (c + di ) = (a + c) + {b + d)i 
We add real parts and add imaginary parts. 

(' a + bi) ~ (c + di) = ( a — c ) + (b — d)i 
We subtract real parts and subtract imaginary parts. 
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(,a + bi)(c + di) = (a + bi)c + (a + bi)di = 

ac + bci + adi + bdi 2 = (ac — bd) + (be + ad)i 

We now see multiplication in the same light as any other multi¬ 
plication of binomials. If we write division as an indicated 
quotient we get 

(a + bi) -5- (c + di) = 

c + di 

Multiply numerator and denominator by c — di. 

a + bi c — di _ (a + bi) (c — di) _ ac — bdr + bci — adi 
c + di' c - di* c 2 - d 2 i 2 c 2 + d 2 

_ (ac + bd) + (be — ad)i _ ac + bd . be — ad . 

c 1 + d 2 ~ c 2 + d 2 c 2 + d 2 1 

Complex numbers did not receive general acceptance until a 
means was devised for picturing them graphically. This can be 
done with the aid of rectangular coordinates. 


Y(imaginory) 



We have seen that there is a one-to-one correspondence be¬ 
tween the real numbers and the points on a line. We call the 
x-axis the real axis and the jy-axis the imaginary axis. As in 
Section 7.6, there is a one-to-one correspondence between (he 
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points of the plane and ordered real number pairs. It makes no 
difference whether these pairs are elements of a set which is a 
function or are complex numbers. The number pairs may be 
represented on the coordinate system as points. 

Figure 7.3 shows a geometric interpretation of the addition of 
complex numbers (3 + 2i) + (1 + 4 i). We obtain the sum 
(3 -f- 2i) + (1 + 4i) by determining the diagonal of the paral¬ 
lelogram formed by the lines from the origin to the two given 
points as adjacent sides. 

This method of representing complex numbers makes it evi¬ 
dent intuitively why we do not try to order them. Which of 
the following is the greater (3 + Ai), (4 + 3 i), (3 - 4 1 ) or 
(~4 + 3f)? We cannot say that one is greater than the other 
nor that they are equal. But they do have something in com¬ 
mon. We note that 5 and —5 each have the same absolute 
value, 151 5| = 5. Graphically, this means the two points 

are the same distance from the origin, but in opposite directions. 
Now, according to the Pythagorean Theorem, each of the points 

T 40, (4 T 30, (3 40 ( 4 T 30 (— 4 — 30 is \/4 2 T 3 2 

= 5 units from the origin also, but they are directed differently. 

Two complex numbers having the property of being represented 

by points the same distance from the origin are said to be equal 

in absolute value. The absolute value of a complex number 
a + bi is given by 

a hi | = 's/a 2 b 2 

The creation of the integers out of the natural numbers gave 
number the property of direction. We think of as being 
obtained by moving from the origin (zero) in a direction directly 
opposite that obtained by moving to (+«). However, the same 
effect may be obtained by rotating the point (+a, 0) about the 
origin through 180°. We may think of the rotation of a point 
about the origin through 180° as the geometric equivalent of 
multiplying the number which corresponds to the point by ( — 1). 
Since P = -1, we should expect multiplication by i to be 
equivalent to a rotation of 90°. Four successive multiplications 
by i should bring the number back to its original value. Figure 
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7.4 shows (3 + 5/) and successive values obtained by multiply¬ 
ing by i. In general 

(a + bi)i = ai + bi 2 = — b + ai 

( — b + az)i = —bi + ai 2 = —# — bi 

{ — a — bi)i = —ai — bi 2 = b — ai 

(b — ai)i = bi — az 2 = a + bi 

The elements (a + 6z) of the number system are called real 
numbers if b = 0. They are called imaginary numbers if b 0. 


Y(imoginory) 



Under this convention is zero real, imaginary, both, or neither? 
If a = 0 in an imaginary number, it is called a pure imaginary. 

The complex number system is said to be complete in that it 
is closed under the four fundamental operations of arithmetic 
and the extraction of square roots. However, it would be a 
mistake to assume that this is the end of the line so far as number 
: .s concerned. The further use of number pairs, that is an 
ordered pair of complex numbers, may not be fruitful. But 
there is nothing to prevent the use of number triples, or for that 
matter zz-tuples, instead of pairs. In fact there are still higher 
systems of which the complex system is a part, just as the real 
number system is a part of the complex. However, these super 
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systems foil to obey some of the laws wc have required of our 
numbers. 

All this is indeed a far cry from the counting of the pre¬ 
historic sheep herder. It is an everlasting monument to man’s 
curiosity, tenacity, ingenuity, and intellect. Its importance in 
man’s quest for the truth and in the^spectacular miracles o( 
science cannot be overestimated. "Mathematics is truly the 

"Queen of the Sciences,” and number is the thread that runs 
the length and breadth of mathematics. 




5. 

G. 


8 . 

9. 

10 . 



EXERCISES 


Prove there are as many positive integers greater than 100 
as there are positive integers. 

Give examples to illustrate the following: If ^ is a finite 
number 


(a) tfo - n = tfo (b) + 5*o = &> (c) C - = C 

Prove there are more irrational numbers than rational. 

Do the numbers 1, -1, i, -/ and multiplication form a 
group? Justify your answer. 

Do the numbers 1, -1, i, -i form a field? Why? 

State the inverse of the given element with respect to the 
given operation (a) 3 + 5i, multiplication; (b) 4 sub¬ 
traction; (c) — 5i, addition; (d) 5 - 4i, addition; (e)’-W 
division; (f) 1, multiplication; and (g) 0, multiplication! 

Plot 3 — 2i on rectangular coordinates. Multiply by i 
and plot the result. Repeat the process three times. 

Add (3 + 2 1 ) + (5 + i) both algebraically and geomet- 
rically. ° 

If a number located on one of the axes is multiplied bv 
some power of i, where will the result be located? 

Solve each of the following and plot the numbers and 
their sum. 


(a) (2 + 4i) + (— 1 + i) 

(b) (3 - 20 + (4 - 5f) 

(c) (-2 + 30 - (-3 - 20 

Express each of the following in the form a + hi where 
a, b are real. c 
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00 (d) (2 + 30/(3 - 40 

3 + 5 1 

(b) (1 + o • (1 - 0 (e) 5 i 

(c) —4 (f) i 

*12. Prove that i has the same inverse element under addition 
and multiplication. 

13. Solve the following: 

(a) x 2 — 3* + 5 = 0 (c) 2 ix — 5 = x + 5i 

(l>) ,v 2 + 16 = 0 (d) ix 2 — x + 4z = 0 


7. JO Classification of 

IX u rubers 

We began with the natural numbers and have, through a 
number of steps, constructed the complex number system. The 
following chart reverses the procedure. It begins with the com¬ 
plex numbers and shows the relationships of the simpler types 
of number to them and to each other. Notice the right diagonal 
indicates the isomorphism between the various types of number. 

Complex Numbers 
a + bi 


Imaginary Real 

b 9 * 0 h = 0 


Pure Imaginary | I 

a = 0, b 9 ^ 0 Irrational Rational 


Fractions Integers 


Negative Zero Positive 


Natural Numbers 
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*7.11 Sets 

We have freely used the concept of a set without bother¬ 
ing to say what one is. We have worked with the set of natural 
numbers, the set of real numbers, finite sets, infinite sets, sets of 
ordered pairs, and so on. The notion of a set is one of the most 
basic concepts in mathematics. Remember that we cannot de¬ 
fine everything, and we have treated “set” and “element” as 
undefined terms. Even so, we may talk about what a set is in 
the hope that we have a sharper, more precise concept. Wc 
may think of a set as a collection (assemblage, aggregate—take 
your pick) of things which for convenience we mentally bundle 
together in one bunch. The set is not the same as the things 
we bundle together; they are the elements. The bundle, but 
not the wrapping, is the set. Suppose we have a dozen apples 
in a sack. The sack is not the set, it holds the set. The dozen 
apples is the set. Each apple is an element of the set. Wc 
cannot say the set is an apple. The point is, the set and its 
elements are two basically different kinds of things. This does 
not prevent the elements of a sepfrom being sets. For example, 
a sentence is a set of words, but words are sets of letters. 

A set may be infinite or it may have any finite number of 
elements. In fact, it is convenient to think of an empty sack 
as holding a set. A set that has no elements is called the null 
set or empty set, which we shall designate as the set 0. 

Two sets are equal if they contain exactly the same elements. 
If they have the same number of elements, the elements can be 
placed in one-to-one correspondence; the sets are equivalent. 

We say that a set A is a subset of set B if every element of A is 

an element of B. It is a proper subset if B has at least one element 
not contained in A. 


* 7.12 Combining of Sets 

In arithmetic and the algebra of a field we worked with 
elements of a set. Addition and multiplication were relation- 
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ships between elements. We add or multiply two elements and 
produce another element. We are now concerned, not with the 
elements of a set, but with sets themselves. The addition of two 
sets defines a third set, similarly for multiplication. 

Definition: Set A + set B = set C, which is composed of all the 
elements that are in either set A or set B or both (Figure 7.5). 



(a) (b) (c) 

Figure 7.5. Addition oj sets. The shaded area is the set (A B). 


Example: 

Set A — integers 1 through 15. Set B = integers 10 through 
20. Set C = set A + set B = integers 1 through 20. 

Definition: The product , set A X set B = set C, which is composed 
of all those elements found in both set A and set B (Figure 7.6). 



Figure 7.6. Multiplication oj sets. The. shaded area is the set (/I X B). 


Example: 

Set A = integers 1 through 15. Set B = integers 10 through 
20. Set C = set A X set B = integers 10 through 15. 

Definition: The set whose elements are elements of U hut not of A 

is called the complement of A and is written A'. 
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Example: 

If set l T is the set of integers 1 through 100 and set A is the set 



1'igure 7.7. 1 he shade,! area is the complement of A. 


of integers 2 through 98, then A' is the set of integers 1 99, and 

100 . 


^EXERCISES 






5. 

6 . 

7. 



If set A is (Tom, Dick, and Harry) and set B is (Tom, 
Harry, and Jack), what set is A + B ? AB? 

Write down a set equivalent to the set (5, -f-, #, 12). 

Write down a set that is equal to the set (5, -f-, #, b, 12). 

Is the set (2, 4, 6, ... 2 n . . .) a subset of the rational 
numbers? Are they equivalent? 

Are the positive and negative integers a proper subset of 
the integers? Why? 

Are two infinite sets necessarily equivalent? Illustrate. 

It A is a finite set, can a proper subset B of A be equivalent 
to A? W hat if A is infinite? 

What does A X A' equal? A + A'? 

If U is the set of all positive integers under 1,000 and A is 

the set of positive integers expressible with three digits, 
describe the set A'. 


9. II A is the set of real numbers from 3 through 7 and B is 
the set of real numbers from 8 through 10, find the set 
A + B. Find the set A • B. 

10. If A is the set of real numbers 2 through 8 and B is the 

set of real numbers 5 through 12, what is A + B? WTat 
is A • B? 
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11. Draw a diagram similar to those in Figure 7.5 to represent 

(A + B)+ C. 

12. Draw a diagram similar to those in Figure 7.6 to represent 
A(BC) and another to represent ( AB)C . 

13. Prove that {A')' = A. 


*7.13 Boolean Algebra Postulates 

Boolean algebra takes its name from its founder, George 
Boole. It is also called the algebra of sets and the algebra of logic. 
Symbolic logic dates from the work of Boole, approximately 
1850. The alternative names, algebra of sets and algebra of 
logic, suggest two possible interpretations which the abstract 
algebra may be given. Quite recently, Boolean algebra has 
proven extremely useful in studying the design of electrical 
switching networks. First we wish to look at it as a purely 
abstract system; then we shall attempt to give the system a 
physical interpretation. 

We assume the existence of undefined elements A, B , C, and 
so forth and the undefined operations, addition and multiplica¬ 
tion. ( Caution: Do not attempt to give meaning to the unde¬ 
fined operations. They have meaning only as the postulates 
we accept give them meaning.) 

We accept the following postulates: 

Bi Closure under addition, or if A and B are elements A + B 
is an element 

B ‘2 Addition is commutative, or A -\- B = B -\- A 

B 3 Addition is associative or A + (B + C) = (A + B) + C 

B 4 Identity element under addition, or there is an element 0 
such that for any element A, A + O = A 

B 5 Addition is distributive with respect to multiplication 

A + BC = (A + B)(A + C) 

B 6 Corresponding to each element A there is an element A , 
called the complement of A , such that A • A =0 
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Closure under multiplication, or if A and B are elements 
A ■ B is an element 

B 8 Multiplication is commutative A • B = B • A 

B 9 Multiplication is associative A(BC) = ( AB)C 

B 10 Identity element under multiplication, or there is an ele¬ 
ment U called the universal clement such that for any 
element A, AU = A 

B n Multiplication is distributive with respect to addition: 
A(B + C) = AB + AC 

Bjo The complement A' of A described in B u has the added 
property that A + A' = U 


This set of postulates is similar to the postulates of a field, 
but there are important points of dissimilarity. The Boolean 
postulate B 5 does not have its counterpart in the field postulates. 
Be and B 12 present entirely new concepts. We may not say that 
A’ is the additive inverse of A because they combine under 
multiplication rather than addition to produce the identity ele¬ 
ment under addition. Nor can we say A' is the multiplicative 
inverse of A because they combine by addition to produce the 
identity element under multiplication. You should carefully 
compare B 6 and B 12 with P 4 and P 9 . 

We are now ready to prove theorems in our abstract algebra. 
Some theorems which are valid in the algebra of a field wfll still 
be valid here; others will not. If a given theorem is valid in 
both algebras, this is because all the postulates needed to derive 
the theorem are present in both algebras. 

Bn requires that A(B + C) = AB + AC, the left-hand dis¬ 
tributive law. We wish to prove the right-hand distributive law, 


Proof: 


But 


(B + C)A = BA + CA 
A(B + C) = AB + AC 
AB + AC = BA + CA 
A(B + C) = (B + C)A 
(B + C)A = BA + CA 


by B u 
by B 8 
by B 8 
by Substitution 
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Examination of the postulates used will show that each is also a 
field postulate. Then the right-hand distributive law is valid 
in both a field algebra and a Boolean algebra. 

We know that a + a — a is not correct in a field unless a is 
the identity element under addition, that is, zero. We shall 
prove that A + A = A is valid for any element in a Boolean 
algebra. 


By B 4 we know that 
By B 6 we know 
Then by substitution 


A + 0 = A 

A • A' = 0 

A + A • A' = A 


Applying B 5 on the left, we get 


By B 12 we get 


(A + A) (A + A') — A 
(A + A)U = A 


But from B 10 we know 


(A + A)U = A + A 

Then by substitution we have the result announced at the be¬ 
ginning, 

A + A = A 


We use B 5 , B 6 and B 12 , which do not have a counterpart in the 
field postulates. This valid theorem in Boolean algebra is not 
valid in a field algebra. Why can we not continue from A + A 

= A to 2 A = A and then 2=1? 

The same property holds with respect to multiplication: 

A A = A 


Proof: A U = A by B,„ 

A + a' = U by B, 2 

A (A + A') = A by Substitution 

A A + A A' = A by B„ 

AA + O = A by B f , 

A A = A by Bj 
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The property exhibited by these two theorems, A + A — A and 
AA = A is known as the idempotent property. 

Notice that the two theorems are identical except for the fact 
that addition and multiplication have been interchanged. If 
you will examine the twelve Boolean postulates you will dis¬ 
cover that the last six are a repetition of the first six with addi¬ 
tion and multiplication interchanged and O and U interchanged. 
Corresponding to each theorem which we can establish, another 
valid theorem may be obtained by interchanging addition and 
multiplication, and 0 and U. This principle is known as the 
principle of duality. 

We shall prove the theorem: 

(A + B)' = A' ■ B' 

By B, 2 we know that (A + B) + (A + B)' = U. Therefore 
it will be sufficient to show that (A + B) + A' ■ B' = U. 

(A + B) + A' ■ B' = [( A + B) + A'][(A + B) + B'} by B 5 

= [B + (A + A')][A + {B + B')] 

by B 2 and B 3 


[B + U]\A + U) 

by Bj 2 

[B + U]U[A + U]U 

by B l0 

[B + £/][£ + B'][A + U][A + A'} 


by Bi 2 

[B + UB')[A + UA'\ 

by B 5 

[B + B'U)[A + A'U] 

by B 8 

[B + B'][A + A'] 

by B 10 

UU 

by B 12 

u 

by B 10 


One can dualize each step of this argument and have a proof 
that (A ■ B)' = A' + B' 


*7.14 Algebra of Sets 

One application of Boolean algebra is suggested in 
Sections 7.11 and 7.12. We may let the undefined elements be 
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sets. The undefined operations of addition and multiplication 
may be interpreted as addition and multiplication of sets as 
defined in Section 7.12. A', the complement of A, found in 

B<j and Bjo, maybe interpreted in the manner of a complementary 

set as in Section 7.12. The element 0 we may associate with 

• / 

the null set. We shall call the element U the universal set , 
that is, a set whose elements consist of the universe under con¬ 
sideration. Stated otherwise, the universal set U has as sub¬ 
sets all elements of our algebra. 



Shaded area is Ar ea marked XS\ is B’ 

(A+B)' Cross hatch is A*B 

Figure 7.S. LI -\- //>' = A' • /?'. 


Diagrams similar to those in Figures 7.5, 7.6 and 7.7 are help¬ 
ful in verifying that the above interpretation is consistent with 
tlie Boolean postulates. For example, Figure 7.8 verifies the 
theorem we proved in Section 7.13 that (A + K) — A • B . 


o m £2 h k 'EXERCISES 


1. 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 


Show by means of a diagram that A + A' = U. 

State in the language of the algebra of sets what B 4 means. 

Draw diagrams to illustrate B 5 . 

Prove that O' — U. 

Prove that (A')' = A. Illustrate this with diagrams. 

Prove: A + A * B = A. 

Prove (.1 • B) f — A' + B'. 

If U is the set of positive real numbers < 100; A is the set 
of positive even integers < 100; B is the set of positive oc 
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integers < 100; C is the set of positive rational numbers 
< 100; describe the following: 

(a) A + B' (d) (A + C')' 

(b) (A + B)' ■ C (e) A(A + B) 

(c) A ■ B (f ) A + A ■ B 


*7.15 Boolean Algebra ((), I ) 


The set of Boolean postulates requires that we have at 
least two elements in our algebra, O and U. We may verify 
that all the postulates can be satisfied by a system containing 
only these two elements. The resulting algebra is useful in 
dichotomous, take it or leave it, situations. For example, ac¬ 
cording to the laws of logic, a proposition must be either true 
or false and cannot be both. When we express an integer in 
binary notation we either do use or do not use each power of 2. 
This notation suggests the use of the symbols 0, 1. We associate 
0 with the undefined element O, the identity clement under 
addition. We associate 1 with the universal element U, the 
identity element under multiplication. 

Let us interpret 1 to mean true and 0 to mean false, multiplica¬ 
tion to mean and , addition or, A' as not A, and = to mean logically 
equivalent. Under this interpretation, the Boolean algebra of 
(1, 0) becomes the algebra of logic. This is the algebra George 
Boole invented in the middle of the last century. The theorem 

A X B = (A’ + B'Y would be interpreted thus: The assertion 

that proposition A and proposition B both be true is logically 

equivalent to the assertion that it is not true that A is not true 
or B is not true. 


Nearly a hundred years after Boole’s contribution, the same 
binary (1, 0) algebra was adapted to the study of switching cir¬ 
cuits in telephone switchboards and electronic computers This 
was first suggested by the young scientist C. E. Shannon in 1938 
We now interpret 1 to mean the presence of a signal on a line 
and 0 to mean its absence. An switch is one that transmits 
an electrical signal from any one of its multiple inputs to its 
output. A door bell that may be rung from cither the front 
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door or the back door is an example of an or circuit. The out¬ 
put has the value 1 (the bell rings) when either or both of the 
inputs has the value 1 (one or both buttons are pushed). We 
continue to associate the or situation with Boolean addition. 
An and switch is one that will transmit the signal only when it 
is present on all its input lines. Some presses are equipped so 
that they remain locked unless the release levers on opposite 
sides are simultaneously pushed. This is a safety device to 
force the operator to have both hands clear when the press is 
released. This illustrates the and switch, and is equivalent to 
Boolean multiplication. 

Still another type of switch is the inverter. In the inverter 
the presence of a signal on the input line means its absence on 
the output, or its absence on the input means its presence 
on the output. The inverter converts A input to A' output. 

Since our algebra is two-valued, we may readily write down 
all possible combinations. We can verify the results in Table 7.1 
in terms of switches. We can also prove the results correct by 
using the Boolean postulates. 


TABLE 7.1. TABLE OF -f-, X , AND ' COMBINATIONS 

IN THE ALGEBRA OF ( O y U) 


A 

1 

1 

0 

0 


B 

1 

0 

1 

0 


A X B A + B A ' 

1 1 0 

0 1 0 

0 1 1 

0 0 1 


B' 

0 

1 

0 

1 


The or, and , and inverter switching functions are accomplished 
in a variety of ways. Perhaps the easiest to visualize is the 





(a) Reloy not activated, 
condition 0. Circuit 
open, condition O. 


(b) Relay activated, 
condition 1. Circuit 
closed, condition 1. 

Figure 7.9. Relay switches. 


(C) Inverter switch. Relay 
activated, condition 1. 
Circuit open, condition 0. 


relay. If you know the principle on which an electric bell 
works, you know the essentials of a relay. The essential parts 
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of a relay are a source of current, a coil, and an armature. 
Figure 7.9(a) shows the relay with no current in the coil. The 
spring mechanism of the armature forces the points of contact 


apart. The circuit is open, 
the relay in our algebra as 0. 



b=o £ e=o 


(a) (b) 

Figure 7. 10. 


We designate this condition of 
Figure 7.9(b) shows the relay 



(c) (diL 

An or switch. 


closed. The flow of current in the coil creates an electromagnet 
which attracts the armature and closes the circuit. This condi¬ 
tion of the relay we designate as 1. Thus, the input in condi¬ 
tion 1 closes the main line and permits current to flow at the 
output and we indicate its condition as 1. If the relay is in 
condition 0 the main line circuit is broken and the output is 
in condition 0. An inverter switch is obtained when we align 
the armature relative to the main line as indicated in Figure 
7.9(c). When the relay coil is activated, the armature is pulled 
away from the contact points and the main line circuit is broken. 
In this arrangement if the relay is in condition 1 the output is 
in condition 0. If the relay coil is not activated (condition 0) 
the main line is closed and the output is in condition 1. 

~1a*1 X b=o 

Figure 7.11. An and switch. 


An or switch is obtained if we have two relays in parallel. Fig¬ 
ure 7,10 shows all possible states if relays A and B are connected 
in parallel. In Figure 7.10(a) A and B are both in condition 0 
and the main circuit is broken, leaving the output in condition 0. 
Figures 7.10(b) and 7.10(c) show one of the two relays open and 
the other closed, and in 7.10(d) both A and B closed. If either 
or both inputs A and B are in condition 1, then the output is 
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in condition 1. Compare these results with the addition facts 
ini a I>Ie 7.1. 


An aml swilch consists of relays arranged in series, that is, one 
alter (lie other. The series arrangement is shown in Figure 7.11. 
If either relay is open, the circuit is broken. The output is in 1 
condition only if both relays are in I condition. 



(a) AKB +C) 



(b) AB + AC 

Figure 7.12. Adi -f (?) = AB + AC. 


Figure 7.12(a) shows the arrangement A(B + C). If we 
call the condition of the output l) we obtain the equation 
A(B -f- C) = D. Remember that the only possible values of 
the variables A, B , (7, D arc 0 or 1. Reference to Table 7.1 
will verify that I) = 1 if and only if A = 1 and B + (7 = 1, 

4 * 

but B + <7 = 1 if B or Tor both = 1. We reach the same con¬ 
clusions by tracing the possible* paths of a completed circuit in 
Figure 7.12(a). 



(a) A SBC 



(b) (A+B)lA + C) 

Figure 7.73. A -f- BC = (A 4 71) (A 4~ (?)• 
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According to B„, A(B + C) — AB + AC. Figure 7.12(b) 
indicates the arrangement of AB + AC = D. Either by Table 
7.1 or by tracing out the circuits we can verify that D = 1 
under precisely the same conditions as before. Figure 7 13 

demonstrates postulate B 5 : 

A + BC = (A + B) (A + C) 

The value of Boolean algebra in the design of switching net¬ 
works lies in the fact that equivalent algebraic expressions rep¬ 
resent equivalent networks. In this way simpler networks may 
be discovered by merely manipulating the algebraic symbols. 


*EXERCISES 



2 . 

3. 


4. 

5. 


Compute the following: 


(a) 

(b) 

(c) 

(d) 

(e) 


a X (1 + 1) 

[1 X (0 + 1)] + [1X0] 

1 + (1 X 1) 

[1 + (0 x 1)] X [1 + 0] 

[(1 + 1 + 1) X (0 + 1)] + [(0 + 0) x (0 + D] 

Write the dual of 

(a) A'B + AB' ( c ) q q. nc 

(b) (A + B')C'D' (cl) A + (A X B) 

Interpret A'B + AB' = { A + B){A' + B') into the termi- 
nology ol logic. 

What does (A' + B')' mean in terms of logic? 

Write an expression to represent the circuh shown below. 



6. (a) Draw a circuit to illustrate the equation A + (B + C) 
(b) Draw^a circuit to illustrate the equation (A + B) 

T ^ — 1/. 

7. Draw circuits to illustrate the fact that A + (A XB)~ 

A X (A + B) = A. 1 X ~ 





Verify the fact that the diagrams below are equivalent. 
Write the equivalent relationships illustrated. 



you know 



Where our systems of weights and measures 
came from? 

What determines how long a foot is? 

There is no such thing as an exact measurement? 

A gallon is not the same amount in Great Britain 
as in the United States? 

Sixteen ounces do not necessarily make a pound? 
How the furlong got its name? 

Where the metric system originated? 

Why its use greatly simplifies measurement? 

% 

Why mass production would he impossible with - 
out standards of measurement? 

How many kinds of pounds we use? 

How many different kinds of units are used to 
measure angles? 

How kilograms and pounds compare? Meters 
and yards? Liters and quarts? Kilometers and 
miles? 




chapter VIII 



Systems 



Measurements 


Man doubtless began measuring things 
almost as early as he began counting. Measurement plays an 

inestimably important role in man’s efforts at controlling his 
environment. Without measurement there would be no auto¬ 
mobiles, no highways to drive them on, and no road maps to 
keep from getting lost on the highways. There would be no 
television sets and no clocks to tell us when to turn them on- 
no three-minute eggs and no electric stoves to cook them on! 
There would be no yardsticks to measure for rugs which could 
not be made, except possibly by hand, and no money to buy 

them with, anyway. To modern day man, a world without 
measurement is truly inconceivable. 

In this chapter we shall take a glimpse at how our system of 

weights and measures evolved, and compare it with the metric 

system. We shall attempt to get a clearer picture of the nature 

of measurement and to see how certain mensuration formulas 
are derived. 
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8.1 A Measurement Is a Comparison 
with a Standard 

The development of satisfactory standards for comparison 
offered difficulties quite as formidable as those encountered in 
developing the number system. Those difficulties were, how¬ 
ever, of a different kind. We need no bureau of standards to 
preserve the value of 100, but the same cannot be said of a 
pound. Numbers themselves are ideas, but when they are 
used in measurement they must be applied to concrete things. 
Every measurement is a comparison with a standard. The 
standard to which the comparison is made is an arbitrary, man¬ 
made something. The story of the history of measurement is, 
to a large extent, the story of a search for a better standard. 

If I measure a plank and find it to be 2\ yards long, my 
standard is the yardstick. I have found that the length of 
plank contains the length of the yardstick 2\ times. There is 
an element of counting in measurement in that the number of 
times the standard is applied must be counted. But measuring 
and counting are not the same thing. Perhaps the most im¬ 
portant difference lies in the fact that counting is exact and 
measurement is approximate. No measurement is ever exact. We 
will not deny that it is possible to have exactly one pound of 
sugar in a bag. The thing that is impossible is the verification 
that a given bag does weigh exactly one pound. Suppose we 
place a bag on a scale, and the scale reads one pound. In the 
first place, how do we decide that it reads exactly one pound? 
We all do not see things alike. If a dozen persons, chosen at 
random, were to inspect our scale very carefully, about half of 
them would say we had less than a pound and the other half 
would say we had over a pound. Let us pretend that the scale 
is so sensitive that the addition of a single grain of sugar makes 
it obvious to all observers that we have too much, and similarly, 
the removal of a grain makes it obvious that we have too little. 
We could then be sure that we have a pound of sugar to the 
nearest grain. But we still might be able to add or take off a 
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fourth or thousandth of a grain without being able to detect 
the difference. Extremely sensitive scales have been built, but 
perfect sensitivity can never be attained simply because there is 
no next number to zero. No matter how small a weight the 
scale responds to, there is always a smaller one. 

For the sake of argument, let us suppose that we do have a 
scale with perfect sensitivity. How may we be sure that this 
weight which the scale indicates to be exactly a pound actually 
is a pound? This laises another important question: Just 
what is a pound anyway and why? 


8.2 Standards Are 

Established by Law 

In the United States a pound is whatever it is, because 
Congress passed a law. Congress has decreed the pound to be 
.4535924 of the weight of a metal bar housed in the Bureau of 
Standards. Furthermore, certain specified atmospheric condi¬ 
tions must prevail in order for this weight to be a pound. (Is 
there any fundamental difference between this law and the one 
passed by a certain state legislature which decreed the value 
of 7 r to be 3?) If an individual wishes to use some other stand¬ 
ard, as some ladies seem to in determining their own weight, 
that is his affair. But it is not advisable to buy or sell mer¬ 
chandise under one's private standard. 

Our hypothetically perfectly sensitive scale would be meas¬ 
uring exactly a pound of sugar only if it exactly measures the 
standard pound as being a pound. Every pound weight, every 
yardstick, every gallon measure, all measuring units that we use 
are copies, probably third or fourth hand, of the standard unit, 
which is created by law. These copies are correct up to a cer¬ 
tain point; a given yardstick may not differ from a standard 
yard by more than one thousandth of an inch, but we can never 
be certain that the copies are exact duplicates of the original 
standard. All measurements are approximate because (1) there 
is a limit to the sensitivity of the measuring instrument. A yard¬ 
stick may have one-inch subdivisions, it may have sixteenths of 
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an inch subdivisions, or even smaller ones; but there is some 
smallest fraction of a yard which it can measure. (2) The 
measuring instrument is itself an approximation of the standard. 
(3) The operator of the measuring instrument must exercise 
judgment in estimating and approximating when comparing his 
copy of the standard with the object measured. 


8.3 Why We Need Standards of 
Measurement 

The need for units of measurement is as old as the owner¬ 
ship and exchange of property. When trade and commerce 
were restricted to* the local community, there was need for 
standards of measurement only within the community. If two 
communities happened to have different standards no particular 
inconvenience resulted. But when commerce expanded as a 
result of better communication and transportation, the need for 
uniformity became obvious. The development of standards of 
measure followed this pattern. First, there were local stand¬ 
ards, devised by the people themselves. Later, the state or 
nation stepped in and decreed which local standard must be 
the standard for the whole realm. The enforcement of these 
standards was sometimes very difficult. At best, the same old 
confusion resulted when commerce was carried on between 
realms. What was needed was a universal standard, accepted 
the world over. Division of labor was an equally compelling 
motive for fixed standards. If a cabinet maker wishes to use 
the width of his hand as a unit of length, it is no great handicap 
so long as he does all his own measuring. But if he decides to 
subcontract the making of drawers for his cabinets, they are not 
apt to fit unless the subcontractor happens to have the same size 
hand. 
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8.4 The English System of 

Measures 

The hodge-podge system that evolved out of local custom 
is best typified by the English system which is also in vogue with 
certain variations in the United States. The United States 
gallon and the British gallon are not the same size. The United 
States gallon is approximately eight-tenths of a British gallon. 
There is a slight difference between the British and the United 
States bushel, the United States bushel being about .97 of a 
British bushel. Now the gallon and bushel are both units of 
volume, but the former is liquid measure and the latter dry 
measure. To add to the confusion, both liquid and dry meas¬ 
ures contain units called quarts and pints, and the liquid and 
dry quart are not the same. 

At one time there were five different kinds of pounds in com¬ 
mon use in Britain. To make matters worse, the same kind of 
pound had different values in different localities. Today, there 
are three kinds of pounds in use both in America and Britain, 
the avoirdupois, the troy, and the apothecary. The troy sys¬ 
tem contains the pound, ounce, pennyweight, and grain. The 
apothecary units are the pound, ounce, dram, scruple, and grain. 
The units common to both the troy and the apothecary systems 
are the same size. In the troy system there are 12 ounces per 
pound, 20 pennyweights per ounce, and 24 grains per penny¬ 
weight. In the apothecary system there are 12 ounces per 
pound, 8 drams per ounce, 3 scruples per dram, and 20 grains 
per scruple. The avoirdupois system has even less logical con¬ 
nection with the others. Here there are 16 ounces per pound, 
16 drams per ounce, and about 27^ grains per dram. The 
grain is the same size in all three systems. To further compli¬ 
cate matters, the ounce and the dram are also units of liquid 
measure. 

Linear measure is much less confusing, but here also we have 
no uniform multiple in moving from unit to unit. There are 
320 rods per mile, 5.5 yards per rod, 3 feet per yard, and 12 
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inches per foot. There are two kinds of mile in common use, 

the statute mile of 5,280 feet and the nautical mile, which is the 

length on one minute of arc on the earth’s surface and is approx¬ 
imately 6,080 feet. 

Not only are the systems of length, capacity, and weight very 
clumsy to use but there is no natural connection between the 
systems. This is easy to understand when we realize how they 
originated. 

The grain, the basic unit of weight which is common to all 
three of our systems, was presumably the weight of a grain of 
barley. Henry III of England decreed that the pound should 
weigh 7,680 grains of wheat. Grains of wheat or barley have 
also been used to define units of length. At one time in Eng¬ 
land the length of three barley corns defined an inch. A 
more common practice throughout the ancient world was to 
use the human body to establish units of length. The Bible 
refers to a unit, the cubit, which was the length of the forearm. 
Lovers of horse flesh still refer to the height of a horse as being 
so many hands. The palm, span, and fathom are other exam¬ 
ples of the use of the human body in establishing units of meas¬ 
ure. It is said that Henry I of England decreed the yard to be 
the length of his arm. Convenience in terms of the use to which 
the units were put account for some of them. For instance, the 
furlong is literally furrow-long or the length of a furrow plowed 
before resting the horses. 

Like Topsy in l^ncle 7'om’s Cabin, the system just “growed.” 
It would seem that man’s ingenuity should be great enough to 
devise a more convenient, more systematic, more scientific set 
of weights and measures than those in common use today. 


8.5 The Metric System 

As a matter of fact, a better system of weights and meas¬ 
ures—the metric system—has been devised. The world is in¬ 
debted to the French for this great contribution. The system 
was formulated by a committee of French scientists near the 
beginning of the nineteenth century. The basic unit is the 
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meter, which was supposed to be one ten-millionth of the dis¬ 
tance from the equator to the North Pole. The fact that a 
mistake in the survey makes the meter differ slightly from this 
measurement does not detract from the value of the system. 

The international standard meter and kilogram, which are 
the basic units of length and weight, are housed in the Inter¬ 
national Bureau of Standards, located just outside Paris. Ex¬ 
tremely accurate copies of these standards have been distributed 
to the various countries of the world. Many persons would be 
surprised to know that the standards for the United States are 
not the yard or foot and the pound. They are our copies of 
the international standard meter and kilogram. The common 
units which we use are defined by law in terms of these units. 
The legal avoirdupois pound in the United States is .4535934 
kilogram. The legal yard is .914402 meter. 

Our monetary system, unlike the British, is based on the same 
principle as the metric system. In the United States, the metric 
system is used almost exclusively by scientists. Some govern¬ 
mental agencies have adopted it. The general public is grad¬ 
ually becoming accustomed to calories, cubic centimeters, grams, 
kilometers, centigrade thermometer readings, and so on. But 
the full benefits of the metric system will be denied us until we 
are willing to discard in toto the archaic, unsystematic feet, 
pounds, gallons, scruples, barrels, and ounces. Almost the en¬ 
tire civilized world, with the exception of English speaking 
countries, has now adopted the metric system in its entirety. 

Any universal system would have obvious advantages over 
many different systems. But the metric system has other ad¬ 
vantages besides universality. Its advantages stem from the 
fact that it is decimal in nature, plus the fact that measures of 
length, area, and volume are all tied together and are quite 
simply and conveniently related to units of weight. 

The basic unit of length is the meter, which incidentally is 
very nearly the same as a yard. One meter equals about 
1.09 yards. The subdivisions of the meter are the decimeter 

^ c * ~ Tt>), centimeter (centi = and millimeter (milli = 

iotn>). Thus, 10 millimeters = 1 centimeter, 10 centimeters = 

1 decimeter, 10 decimeters = 1 meter. Multiples of the meter 
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are the dekameter (deka = 10), hectometer (hecto = 100), and 
kilometer (kilo = 1,000). Thus, 10 meters = 1 dekameter, 10 
dekameters = 1 hectometer, and 10 hectometers = 1 kilometer. 
Incidentally the kilometer is a little over six-tenths of a mile. 

TARLE 8.1. SOME COMMON METRIC UNITS AND EQUIVALENTS 


Length Volume Mass Equivalents ( approximate) 


1,000 millimeters 

1,000 milliliters 

1,000 milligrams 

1 meter = 1.1 yards 

= 100 centimeters 

= 100 centiliters 

= 100 centigrams 

1 kilometer = .62 mile 

= 10 decimeters 

= 10 deciliters 

= 10 decigrams 

1 liter = 1.06 liquid quarts 

= 1 meter 

= 1 liter 

= 1 gram 

1 liter = .91 dry quart 

= ,1 dekameter 

= .1 dekaliter 

= . 1 dekagram 

1 kilogram = 2.2 pounds 

= .01 hectometer 

= .01 hectoliter 

= .01 hectogram 


= .001 kilometer 

= .001 kiloliter 

= .001 kilogram 



The same prefixes are used with units of capacity and mass 
(weight). The basic unit of capacity is the liter, which is slightly 
more than one liquid quart and slightly less than one dry quart. 
The subdivisions of the liter are the deciliter ( T V liter), the centi¬ 
liter (yo deciliter), and the milliliter (yV centiliter). The multi¬ 
ples of the liter are the dekaliter (10 liters), and hectoliter 
(10 dekaliters), and the kiloliter (10 hectoliters). The basic 
unit of mass or weight is the gram. The other units are the 
decigram ( T V gram), the centigram (yV decigram), the milligram 
( T V centigram), the dekagram (10 grams), the hectogram (10 
dekagrams), and the kilogram (10 hectograms). 

The three systems are linked together as follows: One liter 
is the volume occupied by one kilogram of pure water under 
certain standard temperature and atmospheric pressure condi¬ 
tions; and it is also a volume of 1,000 cubic centimeters. Thus, 
one cubic centimeter of pure water weighs one gram. 

The centigrade temperature scale is used with the metric 
system; the English system employs the Fahrenheit scale. The 
relative convenience of the two scales is typical of the two sys¬ 
tems. On the Fahrenheit scale water freezes at 32° and boils 
at 212°. On the other hand, the more convenient centigrade 
scale places the freezing point at 0° and the boiling point at 
100°. It would seem strange to us to refer to a 35° temperature 
as a heat wave, but that is merely because we have for so long 
referred to hot weather as “100 in the shade.” If weather re- 


SYSTEMS OF MEASUREMENTS 


257 


ports and clinical thermometers employed the centigrade scale, 
it would not seem strange for long. 

The unit of heat in the metric system, the calorie, is the heat 

required to raise one gram of water one degree centigrade. 

The corresponding English unit is the British thermal unit 

(B.T.U.); it is the heat required to raise one pound of water 
one degree Fahrenheit. 


8.6 The Metric System Simplifies 
Computation 

Since the metric system is constructed on the same base 

as our system of numeration, its universal use would all but 

eliminate the need for common fractions. Simon Steven, the 

inventor of the decimal fractions, strongly advocated such a 

system long before it was established. Its decimal nature, 

together with the convenient relationships between lengths, 

volumes, and weights, tremendously reduces the amount of 

computation required in problems involving measurement. 

The following two examples well illustrate the advantage of 
the metric system. 

Example 7; 

Find the amount of heat required to raise one quart of water 

from the freezing point to the boiling point. First, we must 

find the weight of a quart of water. One gallon contains 
231 cubic inches. 

One cubic foot of water weighs 62.4 pounds. Therefore, one 

quart of water weighs ^ X tAtt X 62.4 = 2.1 pounds to the 
nearest tenth of a pound. 

If a quart of water is raised from the freezing point (32°) to 

P°^ o i 212 °)’ the tem P eratu re has been increased: 

Then the B.T.U. required is 180 X 2.1 = 378. 
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Example 2: 

Now let us find the amount of heat required to raise one liter 
of water from the freezing point to the boiling point. 

One liter contains 1,000 cubic centimeters. One cubic centi¬ 
meter of water weighs one gram. Therefore, one liter of water 
weighs 1,000 grams. There are 100 degrees between the freez¬ 
ing point (0°) and the boiling point (100°). Then the number 
of calories required is: 

1,000 X 100 = 100,000 

If the reader will carry through the computation in these two 
examples the effort saved in using the metric system will be 
apparent. 

Compare these two examples: 

Example 7: 

We wish to paint a floor that measures 12 feet 4 inches by 16 
feet 6 inches. One quart of paint will cover approximately 12 
square yards. Find the amount of paint required. 

12 feet 4 inches = % 7 - feet 16 feet 6 inches = feet 
^ • % 3 - = square feet 

Nine square feet equal one square yard, therefore: 

-HP ' i = W square yards 

The paint required is then 

-s- 12 = 1.88 quarts, approximately 

Illustrating the use of the metric system, a similar example, 
which incidentally, is expressed more awkwardly than necessary, 

follows: 

Example 2: 

We wish to paint a floor which measures 12 meters 4 deci¬ 
meters by 16 meters 6 decimeters. One liter of paint will cover 
approximately .12 square dekameters. Find the amount of 

paint required. 
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12 meters 4 decimeters = 12.4 meters 

16 meters 6 decimeters = 16.6 meters 

12.4 X 16.6 = 205.84 square meters 

205.84 square meters = 2.0584 square dekameters 

2.0584 -r- .12 = 17.15 liters, approximately. 


■ ■ EXERCISES 

1. (a) A building lot is 156 feet 7§ inches by 82 feet 5J inches. 

What is its area? 

(b) A building lot is 47 meters 74 centimeters by 25 meters 
14 centimeters. What is its area? 

2. (a) What will a 2 pound 7 ounce steak cost at 89i£ per 

pound? 

(b) What will a 1 kilogram 106 gram steak cost at SI.97 
per kilogram? 

3. (a) Change 173 inches to feet; to yards. 

(b) Change 173 centimeters to decimeters; to meters. 

4 . (a) If a long ton (2,240 lbs.) of coal cost SI6.00, what is 

the cost per pound? per ounce? 

(b) If a metric ton (1,000 kilograms) of coal cost S16.00, 
what is the cost per kilogram? per gram? 

5. If gasoline costs 22M per gallon in the United States, 

28.3^ per gallon in Canada (where the British gallon is 

used), and 7.6c per liter in Mexico, in which country is it 

the cheapest? Assume that 1 United States gallon is equal 
to 3.8 liters. 

6. The United States Navy guns are measured in inches 

while Army artillery guns are measured in millimeters. 

The Navy 6-inch gun most nearly approximates which of 

the following artillery pieces: 155 millimeters, 105 milli- 
meters, 75 millimeters? 

7. Which is the better time, 100 yards in 9.4 seconds or 100 
meters in 10 seconds? 

8. What is the equivalent of 100 yards in 10 seconds expressed 

in miles per hour? 

9. What is the equivalent of 100 meters in 10 seconds ex- 
pressed in kilometers per hour? 

10 . A tank in the form of a cube measures 4 feet 84 inches on 
each edge. Find the weight of water it will hold in 
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pounds, its volume in cubic inches, and its capacity in 
gallons. 

11. The edge of the tank referred to in Exercise 10 is also 1 
meter 43.5 centimeters. Find the weight of water it will 
hold in kilograms, its volume in cubic decimeters, and its 
capacity in liters. 

12. You wish to fence a field whose sides are 252.5 feet, 197.4 
feet, 218.3 feet, and 159.1 feet. If the fencing to be used 
cost SI6.35 per roll and a roll contains 20 rods, how much 
will the fencing for the field cost? 

13. A field has sides 252.5 meters, 197.4 meters, 218.3 meters, 
and 159.1 meters. If the fencing to be used costs SI6.35 
per roll and contains 20 dekameters, how much will the 
fencing for the field cost? 

14. Sixty miles per hour equals how many feet per second? 

15. One hundred kilometers per hour equals how many meters 
per second? 

16. A 5 foot 9 inch boy weighs 156 pounds. Express his 
weight and height in the metric system. 


8.7 Angle Measure 

In advanced abstract geometry an angle is sometimes de¬ 
fined simply as a system of two rays (half-lines) emanating from 
a point. Any meaning which this system may take on must 
be inherent in the assumptions we make. We shall adopt a 
more concrete point of view. An angle may be defined either 
statically or dynamically. The latter seems to be more de¬ 
scriptive and subject to greater generality. 

Accordingly: if ray OA is rotated in a plane to position OB the 
angle AOB is thus generated. The point O is the vertex of the angle. 
OA is the initial side and OB the terminal side of the angle. We 
specify that a counterclockwise rotation defines a positive and a 

clockwise rotation a negative angle. 

Since an angle is by definition an amount of rotation, it seems 
reasonable that we base our units of angle measure either on a 
complete circle of rotation or on a half circle which will rotate 
the line back onto itself or possibly on a quarter circle. 

The creators of the metric system originally planned to apply 
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the idea to the calendar, to the subdivisions of the day, and to 

angular measure. Those phases of the idea failed to gain ac¬ 
ceptance however. 

When we consider the establishment of standard units of time 
and angle measure, we are confronted with a fundamentally 
different problem from that posed by the selection of units of 
length and mass. If all the measuring devices in the world, 
including those preserved in various bureaus of standards, were 
suddenly destroyed it would be impossible to reconstruct our 
present standards exactly as they are now. The unit of length 
is an arbitrarily chosen thing. We could use any length as our 
basic unit. Congress can pass a law, decreeing how long a 
yard must be; but it cannot decree how long a day or year lasts. 
The average length of a day and the duration of a year are 
beyond man’s control. We could, of course, agree to sub¬ 
divisions of the day different from hours, minutes, and seconds. 
The year could be subdivided into ten equal parts rather than 
twelve. As a matter of fact, there is at present considerable 
agitation for a radically different kind of calendar. But the 
basic units of a day and year, from which the other units are 
derived, are determined by a higher authority; we are not 
dependent on an arbitrary, man-made standard. 



B 


Figure 8.1. An angle is generated by a rotating ray. 

The same is true of angular measure. Congress has no more 
control over the amount of rotation required to generate a circle 
than it has over the value of t r. If every right angle in the 
universe were suddenly destroyed, we could very easily con¬ 
struct a new one. Its size is not dependent upon a man-made 
standard unit. 

The familiar units for angle measure—degrees, minutes, and 
seconds—are not the only subdivisions of the circle. Other 
units used in measuring angles are the radian and the mil. All 
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three systems of angle measure are, however, derived from either 
the circle or the right angle. 

The circle was probably subdivided into 360° because the 
Babylonians thought the year contained 360 days. If the radius 
of the circle is used as a chord, it will cut off an arc which is ^ 
of the circle or 60°. This may account for the division of the 
degree into 60 minutes and the minute into 60 seconds. The 
name minute originally meant literally minute part (of a degree), 
and second meant second minute part. Babylonian records are 
not sufficiently complete for historians to be certain of the origin 
of these units, but it is definitely known that they had been fully 
developed by the Greeks at the beginning of the Christian era. 


8.8 Radian Measure 

The radian is a less frequently used unit than the degree. 
However, custom decrees that whenever the unit of measure of 
an angle is not specified, the radian is the implied unit. Angle 
A = 1 means A is one radian, not one degree or one mil. The 
greatest usefulness of the radian does not stem from convenience 
of measurement or of computation. It is almost indispensable 
in calculus and other advanced mathematics. An angle of one 




one 

radius 


degree is an angle which, if its vertex is placed at the center of a 
circle, subtends (cuts off) of the circumference of the circle. 

An angle of one radian is an angle which, if its vertex is place 
at the center of a circle, subtends an arc of the circumference 
whose length is equal to that of the radius of the circle. Since 
the ratio of the radius to the circumference of a circle is constan , 
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the size of the circle has no effect on the size of a radian of angle. 

The radian should not be confused with a 60° angle. If the 

length of the chord is equal to the radius, the angle is not a radian, 

but 60 . The length along the circle must equal the radius if 
the angle is to be a radian. 


Since the circumference of a circle equals 2 t r times its radius, 

one complete revolution equals 2tt radians. But a complete 

revolution also equals 360°. The relationship between the two 
units is then 


or 


360° = 2tt radians 


780° = 7 r radians 


If we use the approximation, tt = 3.1416, one radian equals 

approximately 57.3°, and one degree equals approximately 0175 
radian. 

Since an angle of one degree subtends an arc ^ of the 

circumference of the circle and the circumference is 2tt times 

the radius, an arc corresponding to one degree of angle will have 
a length 


1 


360 


2tt • r = 


TTY 

180 


where r is the radius of the circle, 
then 


The length a of any arc is 


a = 


Qirr 

180 


where 6 is the angle, measured in degrees, corresponding to the 
arc. 

If the angle is measured in radians, the number of radians in 
the angle and the number of radii the arc contains are nu¬ 
merically the same. The length a of an arc corresponding to an 
angle 9 is a — dr , when 9 is measured in radians 

These two formulas for determining the length of an arc make 

It obvious that radian measure is more convenient for this 
purpose. 
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Example 7: 

Find the length of an arc of a circle, radius 12 feet, if the 
central angle is 35°. We must substitute in the formula 


giving 



6ttt 

180’ 


35 X 3.1416 X 12 

180 


= 7.3304 or 7.3 ft. 


Example 2: 

Find the length of an arc of a circle, radius 12 feet, if the 
central angle is .65 radian. Our formula in this case is a = Or , 
giving 

a = .65 X 12 = 7.8 ft. 


8.9 Mil Measure 

The third type of unit of angle, the mil, is defined as -rsinr 
of a right angle. The mil is used extensively in gunnery. 
Since the mil equals two - of a right angle, it equals ig -j h r of a 
degree. If we recall that a degree is approximately .0175 radian 
we see that one mil equals tItto X .0175 radians. This value 
very closely approximates .001. Then we may say that a radian 
is approximately 1,000 mils. This accounts for its name, the 
Latin for 1,000 being mille. The usefulness of the unit depends 
upon its size relative to the radian. On a circle whose radius 
is 1,000 yards, an angle of one mil will subtend an arc whose 
length is one yard. In general, if 0 is the central angle in mils, 
a the length of the subtended arc, and r the radius of the circle 

= 6r 

a 1,000 

This relationship is approximately correct, since a radian is 
approximately 1,000 mils. 

An arc of a circle is longer than its chord and shorter than the 
segment of the parallel tangent which is cut off by the radii 
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through the ends of the chord. As the central angle gets smaller 
all three chord, arc, and tangent—approach zero. The arc 
and the tangent are very nearly equal in length for small angles. 
The tangent is slightly longer, so if we use the arc length as the 
length of the tangent, the error in our approximation is a 
deficiency. A mil is actually a little less than .001 radian so 



when we assume 1,000 mils equal one radian the error in this 
approximation is an excess. If we utilize both approximations 
the two errors tend to cancel each other out and the combination 
of the two give a still better approximation. When we assume 
that the tangent and its arc are the same length, the error in¬ 
volved is a variable. As the angle gets large, the difference 
between the two increases rapidly. The error involved when 

both approximations are used will not exceed 2 per cent for 
angles under 19°. 

The usefulness of mil approximation in artillery fire is illus 
trated below. 


Example: 


The gunner, firing at 
the right of the target, 
in his aim? 


a range of 2,000 yards, hits 25 yards to 
How much correction should he make 


If we assume the 25-yard offset to be the length a of the arc 
(it is really the length of the tangent), substitution in the formula 


6r 

1,000 



2,000 e 

1 , 000 ’ 


or 9 = 12§ 


yields the result 
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Therefore the gunner should turn his gun 12£ mils to the left 
to bring it on the target. 


■■ EXERCISES 

1. Through how many degrees does the minute hand of a 
clock rotate in 25 minutes? 

2. Through how many degrees does the hour hand rotate 
in an hour and 15 minutes? 

3. If we define an angle as being generated by the rotation 
of a line about a point (the vertex of the angle) on the line, 
what is the size of the largest possible angle? 

4. What effect does the length of the line in Exercise 3 have 
on the size of the angle? 

5. Express each of the following angles in radians: (a) 30°; 
(b) 300 mils; (c) 150°; (d) 3 revolutions; (e) 90°; (f) 180°; 
(g) 2,000 mils; (h) 10 mils. 

6. Express each of the following angles in degrees: (a) n/3 
radians; (b) 3,200 mils; (c) 1,000 mils; (d) 2w radians; 

(e) 1.5 radians; (f) 10 mils; (g) 2 revolutions; (h) \ revolu¬ 
tion. 

7. Express each of the following angles in mils: (a) 15°; 
(b) 1.5 radians; (c) t r radians; (d) 20°; (e) 1 revolution; 

(f) 90°; (g) .01 radians; (h) .001. 

8. A flywheel is 3 feet in diameter. Find the speed of the 
belt over it in feet per minute if the wheel is turning at 
the rate of 200 revolutions per minute. 

9. A sidewalk is built on the arc of a circle. If the arc 
subtends an angle of 35° and is 20 feet long, what is the 
radius of the circle? 

10 . An automobile is traveling at 60 miles per hour. If the 
wheels are 2.5 feet in diameter, find the rate at which the 
wheels are turning in revolutions per minute; in radians 
per second; in degrees per second. 

11 . I n a circle, 16 inches in diameter, how long is an arc 
which subtends an angle of 1.3 radians? 

12 . Find the number of mils in a radian, correct to the nearest 
mil. 

13. A gunner is firing at a target at a range of 5,000 yards. 

He is ordered to shift his fire 300 yards to the right. How 
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many mils correction in his direction of fire should he 
make? 

14 . An observer sights an enemy plane known to have a 110- 
foot wing spread. The plane subtends an angle of 20 mils 
from the point of observation. How far away is the 
observer? 


8.10 Indirect Measurement 

A surprisingly large proportion of all our measurements 
are indirect. We measure one thing directly in order to obtain 
another measurement indirectly. In Exercise 14 above, the 
angle of 20 mils was measured directly. From this measurement 
we obtain the indirect measurement of the distance from ob¬ 
server to plane. It would be impossible to measure directly the 
distance from the earth to the sun, or the speed of light, but 
both have been determined by measuring something else directly. 
The mileage gauge on an automobile records the number of 
miles the car has run, but the thing measured directly is the 
number of revolutions of the wheels. A major portion of nu¬ 
merical trigonometry (triangle measure) involves indirect meas¬ 
urement. In trigonometry, we determine certain parts of a 
triangle by measuring other parts. An analogue computer de¬ 
pends upon the concept of indirect measurement. For example, 
a clock measures time indirectly. The thing that is measured 
directly is the angle through which the hands turn. 

Most linear measurements can be made directly. Straight 
lines, unless they are inaccessible, may easily be measured di¬ 
rectly. However, it is usually easier to measure the circum¬ 
ference of a circle by determining the diameter and multiplying 

by 7r. One might think square measure could easily be done 
directly, but this is rarely the case. 


8.11 Area of a Rectangle 

By definition, a square inch is a square that measures one 
inch on a side. Similarly for other square units. If we at- 
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Therefore the gunner should turn his gun 12 £ mils to the left 
to bring it on the target. 


■■ EXERCISES 

!• Through how many degrees does the minute hand of a 
clock rotate in 25 minutes? 

2 . Through how many degrees does the hour hand rotate 
in an hour and 15 minutes? 

3. If we define an angle as being generated by the rotation 
of a line about a point (the vertex of the angle) on the line, 
what is the size of the largest possible angle? 

4. What effect does the length of the line in Exercise 3 have 
on the size of the angle? 

5. Express each of the following angles in radians: (a) 30°; 
(b) 300 mils; (c) 150°; (d) 3 revolutions; (e) 90°; (f) 180°; 
(g) 2,000 mils; (h) 10 mils. 

6. Express each of the following angles in degrees: (a) 7r/3 
radians; (b) 3,200 mils; (c) 1,000 mils; (d) 2tt radians; 

(e) 1.5 radians; (f) 10 mils; (g) 2 revolutions; (h) \ revolu¬ 
tion. 

7. Express each of the following angles in mils: (a) 15°; 
(b) 1.5 radians; (c) tt radians; (d) 20°; (e) 1 revolution; 

(f) 90°; (g) .01 radians; (h) .001. 

8. A flywheel is 3 feet in diameter. Find the speed of the 
belt over it in feet per minute if the wheel is turning at 
the rate of 200 revolutions per minute. 

9. A sidewalk is built on the arc of a circle. If the arc 
subtends an angle of 35° and is 20 feet long, what is the 
radius of the circle? 

10 . An automobile is traveling at 60 miles per hour. If the 
wheels are 2.5 feet in diameter, find the rate at which the 
wheels are turning in revolutions per minute; in radians 
per second; in degrees per second. 

11 . In a circle, 16 inches in diameter, how long is an arc 
which subtends an angle of 1.3 radians? 

12 . Find the number of mils in a radian, correct to the nearest 
mil. 

13. A gunner is firing at a target at a range of 5,000 yards. 

He is ordered to shift his fire 300 yards to the right. How 
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many mils correction in his direction of fire should he 
make? 

14 . An observer sights an enemy plane known to have a 110- 
foot wing spread. The plane subtends an angle of 20 mils 
from the point of observation. How far away is the 
observer? 


8.10 Indirect Measurement 

A surprisingly large proportion of all our measurements 
are indirect. We measure one thing directly in order to obtain 
another measurement indirectly. In Exercise 14 above, the 
angle of 20 mils was measured directly. From this measurement 
we obtain the indirect measurement of the distance from ob¬ 
server to plane. It would be impossible to measure directly the 
distance from the earth to the sun, or the speed of light, but 
both have been determined by measuring something else directly. 
The mileage gauge on an automobile records the number of 
miles the car has run, but the thing measured directly is the 
number of revolutions of the wheels. A major portion of nu¬ 
merical trigonometry (triangle measure) involves indirect meas¬ 
urement. In trigonometry, we determine certain parts of a 
triangle by measuring other parts. An analogue computer de¬ 
pends upon the concept of indirect measurement. For example, 
a clock measures time indirectly. The thing that is measured 
directly is the angle through which the hands turn. 

Most linear measurements can be made directly. Straight 
lines, unless they are inaccessible, may easily be measured di¬ 
rectly. However, it is usually easier to measure the circum¬ 
ference of a circle by determining the diameter and multiplying 

by 7r. One might think square measure could easily be done 
directly, but this is rarely the case. 


8.11 Area of a Rectangle 


By definition, a square inch is a square that measures one 
inch on a side. Similarly for other square units. If we at- 
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tempted to measure directly the number of square inches of area 

on this page, we would not use a ruler to get the dimensions of 

the page. We would measure the page with a one-inch square. 

Multiplying the length by the width is actually an indirect 
method of measuring area. 


I 



Figure 8.4. A rectangle l by w contains w rows oj squares l squares per row. 

A rectangle is a quadrilateral (four-sided figure) all of whose 
angles are right angles. 

Area of a rectangle = length X width 

A =/• w 

The formula is obviously correct if both length and width are 
an integral number of linear units. Suppose the dimensions of 
the rectangle were inches by \\ inches. We could then 
consider \ inch as our unit and the rectangle could be broken 
up into 3 rows of 13 squares, each square being \ inch by \ inch. 
We could similarly handle a rectangle of any dimensions pro¬ 
vided they are rational multiples of the unit of measure. Sup¬ 
pose the ratio of length to width were 2 to a/ 3. There would 
then be no unit which would exactly divide both length and 
width. The Greeks of Euclid’s time recognized the difficulty in¬ 
volved when the sides were incommensurable; however, they 
succeeded in proving the correctness of the formula for all cases. 

From the standpoint of measurement the incommensurable 
case will not cause concern. Since all measurements are ap¬ 
proximate, even if the sides were not commensurate, their 
measured approximations would be. The rectangle whose sides 

are exactly 2 and a/ 3 would be measured as approximately 2 
and 1.7. It is impossible to discover by measurement that the 
length of a given line is irrational. For, regardless of how 
refined our measuring instrument may be, there is always a 
rational number between two successive readings. 
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8.12 Area of a Parallelogram 

If we accept the formula for the area of the rectangle, 
other area formulas may be derived from it. A parallelogram 
has opposite sides which are both parallel and equal. 

Area of a parallelogram = base X altitude 

A = b • a 

where the base b represents a side, and the altitude a is the 
perpendicular distance from the base to its opposite side. 



figure 8.5. Area of a parallelogram. 


In Figure 8.5, the two right triangles whose sides are a and c 
are congruent, that is, have the same shape and the same size. 
Then the parallelogram has the same area as the rectangle 
formed by slicing off the triangle on the left and tacking it on 
the right. But the area of the rectangle is a ■ b. Note that 



Figure 8.6. Area of a triangle. 


the area of the parallelogram could not possibly be determined 

by direct measurement, since we could never completely fill 

the parallelogram with squares regardless of how small they 
were. 7 
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8.13 Area of a Triangle 

On the basis of the formula for the parallelogram we 
may justify the formula for the area of a triangle. 

Area of a triangle = \ base X altitude 

A — \b • a 

If from the extremities of one side of the triangle we draw 
parallels to the other two sides, the result is a parallelogram, 
composed of two congruent triangles. Then the area of the 
triangle is \ that of the parallelogram. Again, we observe that 
a triangle could not possibly be filled with squares, however 
small. 


8.14 Zeno's Paradoxes 

It may come as somewhat of a surprise to learn that 
many of the formulas for area and volume which we studied 
in the elementary school cannot be satisfactorily established with¬ 
out the aid of some of the ideas of the calculus. The limit con¬ 
cept is basic to the fundamental problems of the calculus. One 
of the most important concepts of modern mathematics, its satis¬ 
factory formulation is only a little over two hundred years old. 

A Greek philosopher named Zeno of Elia confounded his 
contemporaries with a set of now famous paradoxes which may 
be helpful in gaining a grasp of the limit concept. To say the 
least, they caused his fellow mathematicians no end of trouble 
because they had not developed the idea of the limit process. 

One of the paradoxes is known as “Achilles and the Tortoise.” 
Achilles can run ten times as fast as the tortoise. The tortoise 
has a 100-yard start. Achilles can never catch the tortoise be¬ 
cause by the time he reaches the point where the tortoise started 
the tortoise will be 10 yards farther on. By the time Achilles 
covers that 10 yards the tortoise will have advanced 1 yard. 
By the time Achilles covers that yard the tortoise will have gone 
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iV yard farther. This continues ad infinitum. Therefore, Achilles 
never catches the tortoise. 

Another one of Zeno’s paradoxes asserts that motion is im¬ 
possible. One of his adversaries attempted to disprove this by 
getting up and walking around the room. We do no better job 
of resolving the paradox than he did when we show that Achilles 

does in fact catch the tortoise after he, Achilles, has run 11U 
yards. 9 

The “motion is impossible” paradox goes as follows. If you 
wish to walk across the room, you must reach the mid-point 
before you reach the end. But you must reach the \ point 
before you can g et t° the mid-point. The | point must be 
reached before the } point. This argument may be continued 
forever since there is always another rational number between 
zero and the last one obtained. Therefore, since to reach any 
point we must first have passed other points, we can never start 
oth of these paradoxes are based on the idea that a line 
may be infinitely subdivided. If this is denied still another 
paradox awaits you. This one is known as the “arrow.” Con¬ 
sider an arrow in its flight. At every instant of its flight the 
arrow occupies a position. But while it is occupying a position 

is motionless. Therefore, the arrow throughout its flight is 
motionless. ° 

Zeno would have liked this question: Where was the farmer 

Thai tT P u thC r °° f ° f thC barn? Not on the roof; 
jumped S JUmPed ‘ NOt in thC air; that was after he 

These paradoxes raise fundamental questions regarding the 

n a ture of space, time, and motion. Can a physical fine be sub! 
divided infinitely? Phy sica , scientists are ^ tQ ™ 

matter cannot be infinitely subdivided. A mathematical line can 
, owever. There is no question here. When we create the 
mathemaucal line, we endow it with such properties. In Chap- 

nee between the points of a line and the real numbers This 
was a mathematical line. Whether or not a physical line has 

ofpofnTorrnh ^ ma K ter ‘ WC Hke t0 tHink that the set 

points of a physical line, the set of instants of time, and the 
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set of real numbers have the same “numerousness,” that they 
can be placed into one-to-one correspondence. Then an in¬ 
stant of time has the same duration as a point has length. The 
points of a line and the instants of time are continuous in the 
Dedekind Axiom sense of the word. From this point of view, 
motion has been defined as being in a state of rest in a continuous 
succession of positions for a continuous succession of instants. 
The arrow paradox vanishes, the arrow is in a state of rest 
throughout its flight. 

Let us take another look at the Achilles paradox. Suppose I 
walk halfway across the room, then half the remaining distance, 
then half that remainder, and continue walking half of each 
succeeding remainder. I will shortly reach the other side of 
the room, both actually and theoretically, if we assume that I 
move at a constant rate. On the other hand, suppose I walk 
halfway today, half the remainder tomorrow, half that remainder 
the next day, and continue each succeeding day walking half the 
remainder from the previous day. In this case, after a sufficient 
number of days I would get so near the opposite wall that I 
could not move without touching it. But theoretically, if I 
could continue walking half the remainder each day I would 
never reach the other side. What is different in these two 
situations? Suppose we call the width of the room unity. Then 
in each situation we are attempting to cover 


1 + i + i + i 

2 4 8 16 


+ 


+ 


2 '* 


1 unit of length 


Let us say that we walk at such a rate as to require 1 minute to 
cover a room width. Then in the first situation we will reach 
the opposite wall in 


i+i+i+x 

2 4^816 



+ . . . = 1 minute 


But in the other situation we will not have reached the opposite 
wall until 1 + 1+1+.. . + 1» + . . . days have elapsed. 
Now if we admit the infinite divisibility of a line and of an 
interval of time, all three of the above series will have infinitely 
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many terms in them. We say that the first two approach the 
limit one. But the last one: 

l + l + l+... + 1> + ... 

increases without any limit, or approaches infinity The 
Achilles paradox is due to the fact that a line was considered 
infinitely divisible but an interval of time was not so considered. 


8.15 The Limit Process 


In the last section we said that 


\ + \ + • 


• + +... = i 


In other words we have an infinite number of terms whose sum 

„ We are guided by intuition in making such a statement. 
However, a little reflection might cause us to wonder We 

cannot be using the word “sum” in the usual sense. We cannot 
add all of infinitely many terms. Then how can we be so sure 
about what we would get if we did? Appealing once more to 
m union, it seems that the general term 1/2" could be made as 
close to zero as we choose if n is sufficiently large. You will 

notice that at any point in the series if we repeat the last term 
and stop the finite sum will be 1. For example 


and 


2 + 4+i + i= 1 




Assume that by taking enough terms we can make the last term 
as near aero as we please. Assume further tha, the sum of Z 

*e as",™ m Th™ ^ ' by “ “I- » 

me last term. Then we can certainly conclude that we can 

ake enough terms of the series so that the sum will be as close 

as we please. It is not sufficient merely for the last term 
to approach zero. For example, in the series 

H n 
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we can take enough terms so as to make \/n as near zero as we 
please yet this sum does not approach any limit. It can be 
shown that we can add enough terms of this series and get a 
result larger than any specified number. 

We shall attempt to state the foregoing ideas formally. We 
denote an infinite sequence of numbers as 


&3y • • • • • • 

The numbers are placed in one-to-one correspondence with the 
positive integers by means of the subscripts. In order that this 
set of numbers be considered a sequence there must be a general 
term , a„, which designates the manner in which all terms after 
a finite number of them are formed. 

Consider the sequences: 



( 2 ) 

(3) 


- 0 . 5 6 7 
3, 9, 4, 



0, — 5, 9, 16,. . . n 2 . . . 


The general term in sequence (1) describes the formation of all 
its terms. In (2) the general term describes all but the first 
three terms, and in (3) all but the first two are described by n 2 . 
All terms of a sequence after a finite number, which must be 
shown, must be defined by the general term. 

If the general term continues to get closer and closer to some 
fixed value L as n increases we say that a n approaches L as a 
limit. This is written 

lim a n — L 

ff—*oo 


We can say the same thing more concisely in the definition: 
7/, corresponding to every e no matter how small , there exists an n 0 such 
that \L - a n \ < € for every n > n 0 then a n approaches the limit L as n 
increases without limit and the sequence is said to converge to the limit L. 

In sequence (1) the general term approaches the limit zero. 
But a general term can approach a limit other than zero. In 
sequence (2) it approaches 1 as limit. The general term does 
not have to approach a limit, as is true in (3). 
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The sum of the terms of an infinite sequence 

a i + a 2 + a z + . . . -f a n + . . . 

is called an infinite series . 

Sn = a x + a<i + a 3 + . . . + a n 

designates the sum of the first n terms. We then have a sequence 
of S { *s. 

Si = a u S 2 = ai + a 2 , S 3 = a x + a 2 + a 3 , etc. 

If the sequence S 2 , S 3 , ... S n .. . converges to the limit S, then 

the series is said to converge to S and S is called the sum of the 
infinite series. 

If we return briefly to the series 

5 + 4+ i + ...+T_|_... = i 

we do not claim to have added infinitely many terms and gotten 
the sum 1. What we do claim is that the sequence (i) fi -4- it 

(1 + i + i), ...(§ + i + i + ... + 1/2") + . . . converges 
to the limit 1 and we have defined the infinite sum to be this 
limit. 

In order to prove that the sequence 


1 3 7 

2 ’ ? 8 ’ • • 

converges to 1 we must show 


( 2 " - 1 ) 


2" 


• • 


2" 


lim 

2" 


1 


lim 

n —► oo 


2" 


= lim ( 
n—+oo y 


1 


= 1 


9 = 


1 


lim ~ 

n —► « 2" 


We take the last step on faith. We have not proved it but it can 
be done. Our job now is to show 

lim T- = 0 

On 

n—*oo Z 

If we choose n 0 such that 2- = l/ e (remember that e is picked 

6 = 1 /2 ~ But f ° r an y » grater ^an 
1/2 <1/2”°. Therefore 1/2" < e and by definition 

lim T. = 0 

On w 
n—*oo Z 
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EXERCISES 


!• Given the numbers 1,2, 4. Determine three different rules 
for forming the sequence and write the next three terms 
in each sequence. 

2. Write the first four terms of the sequence whose general 
term is 



1 

n + nr 


(b) 2- 


(c) « 2 



n + 1 


*3. Prove the sequence 1, t, . . . 1 /n converges to zero. 

4. If a ball rebounds f as high as it fell, would the ball theo¬ 
retically ever stop? The time required to fall is directly 
proportional to the square root of the distance. 

5. If a pendulum swings through f as long an arc on any 
swing as on the preceding one, will it theoretically ever 
stop? The period, time required for a complete swing, 
depends entirely upon its length. 


8.16 Area of a Circle 

The ancients recognized the fact, proved by the Greeks, 
that the ratio of the diameter to the circumference of a circle is 
constant. The Egyptians used a rule for finding the area of the 
circle which implies that the ratio is According to the Bible 

(I Kings, Chapter VII) the ratio is taken as 3, “. . . and he made 
a molten sea, ten cubits from the one brim to the other: it was 
round all about, . . . and a line of thirty cubits did compass it 
round about.” The Greeks attempted to find the exact value 
of the ratio which we now designate as 7r. Archimedes showed 
that its true value lies between 3y# and 3^t. The problem of 
the determination of 7T was not completely disposed of until 1882, 
when F. Lindemann proved that tt is a transcendental number. 

In Section 8.13, the observation was made that squares, no 
matter how small, could not completely fill a triangle. A circle 
could not be completely filled with any kind of polygon (plane 
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figure bounded by straight lines) or combination of polygons. 

In other words, we cannot derive a formula for the circle in a 

manner similar to that used to derive the formulas for the area 
of parallelograms and triangles. 


We shall define the area of a circle in terms of the area of a 
polygon, but first we must define an inscribed polygon. An 
inscribed polygon is a polygon whose sides are chords of a circle. We 
now state the following definition: The area of a circle is the limit 
of the area of a polygon inscribed in the circle as the number of sides of 
the polygon increases without limit. This definition assumes the 
existence of the limit; otherwise a circle has no area It is 
intuitively evident that the limit exists. In fact, the area lies 
between the area of the inscribed polygon of „ equal sides and 
that of the circumscribed polygon of n sides. Regular polygons 
(equal sides) are easier to compute with when one is approxi¬ 
mating, but so far as the definition and the limit process are 
concerned it makes no difference whether they are equal or not 
Archimedes’ approximation for tt was found by increasing the 
number of sides of the inscribed and circumscribed polygons 
the circumference of the circle lying between their perimeters! 



figure 8.7. The inscribed polygon approaches the circle as its limit. 


uppose, as in Figure 8.7 we start with an inscribed square 
If we draw radii to each vertex, the polygon is split into four 
nangles. If we double the number of sides of the polygon and 
draw radii, we get eight triangles. Let this process continue 
ithout limit Each chord approaches zero but the sum of all 
the chords, the perimeter of the polygon, approaches the cir 
cumference of the circle. The altitude of the triangles ap 
proaches the radius of the circle. The area of the polygon of n 
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sides is the sum of the areas of the triangles obtained by drawing 
radii to the vertices. The limit of this area is by definition the 
area of the circle. We may summarize as follows: 

The area of the inscribed polygon whose n sides are the chords 
b u b<i, b 3y . . . b n with distances from the center of the circle 
a u a 2 , a 3 , . . . a n is given by P = (h)^ib\ + (h)a 2 b 2 + (\)a 3 b 3 + 

• • • + ( h)a n bn • If we let n increase without limit, the area P of 
the polygon approaches the area A of the circle, a { approaches 
the radius r, and we have 

lim P = A = lim (\)rb x + (i)rb 2 + (h)rb 3 + . . . + (\)rb n 

n —♦ oo n —> qo 

= lim (\)r{b\ + b 2 + b 3 + . . . + b n ) 

n—♦ oo 

= {\)r lim (bi + b 2 + b 3 + . . . + b n ) 

n—+oo 

But the last limit is the circumference of the circle. Then we 
have the formula for the area of a circle 

A = (i)r • c 

Since ir is the ratio of the circumference c to the diameter d = 2r, 
we have 

c — 2 ttt 


and the area becomes 

A = (\)r • 27 rr = irr 2 


8.17 Areas of Curved 

Surfaces 

Although plane surfaces abound in three dimensional 
space, we know that many surfaces are not planes. Three of 
the more common simple curved surfaces are the cone , the cylinder , 

and the sphere. # # 

A conical surface is generated by the rotation of a line about a 

point, called the vertex, on the line. If the rotating line ir J* c ^ s 

a circle on a plane, that part of the conical surface cut o y 

the plane is called a circular cone. If the perpendicular rom 
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the vertex to the plane is at the center of the circular base, the 
cone is called a right circular cone. 

The lateral area, that is, the area of the curved surface, of the 
cone can be obtained in a manner similar to that used for the 
area of a circle. If we imagine the surface being cut into many 
small pieces by lines from the vertex to the circular base, these 
small pieces will approximate triangles all of which have for 
altitude the distance s from the vertex to the base. This distance 



-Vertex 


Altitude 


Slant height 


Figure 8.8. A right circular cone 


is called the slant height of the cone. We define the lateral 
area of the cone as the limit of the sum of the areas of these 
triangles as the number of triangles increases without limit. 
But the sum of the bases of these triangles approaches the cir¬ 
cumference of the base of the cone as the number of triangles 
increases without limit. Then the lateral area of the cone will 
equal ^ the slant height times the circumference of the base. 

A = * 2irr = ttys 

A cylindrical surface is generated by a line moving so as to re¬ 
main parallel to its original position. If the line traces a circle 




Altitude, 
Radius, r 



Figure 8.9. A right circular cylinder. 


on a plane perpendicular to the generating line, then two such 
planes will cut off a right circular cylinder. If we draw lines 
perpendicular to the bases these lines, together with the chords 
cut off on the bases, will form rectangles. We define the lateral 
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area of the cylinder as the limit of the areas of these rectangles 
as the number of rectangles increases without limit. But the 
height of the cylinder, which is one dimension of all the rec¬ 
tangles, is fixed and the sum of the second dimension of the 
rectangles is the sum of the sides of an inscribed polygon. Then 
as the number of rectangles increases without limit, the sum of 
these sides approaches the circumference of the circular base 
Then the limit of the sum of the areas of the rectangles is the 
height h of the cylinder times the circumference, 2tt r, of the base 
and we have for lateral area of the cylinder 

A = 2tt rh 

The sphere is a surface in space such that every point on it is 
equidistant from a fixed point, called its center. We may think 
of the sphere as being generated by rotating a circle about its 



Figure 8.10. A sphere. 


diameter. A derivation of the formula for the area of a sphere, 
to be really satisfying, requires applications of integral calculus. 
There also the limit process is crucial. We state the result 


A = Airr 2 


and note that the area of the sphere is four times the area of the 
circle cut off by passing a plane through its center. 


8.18 Volume Formulas 

The basic unit of volume is a cube whose edge is the 
unit of length. We may extend the idea of the area of a rec- 
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tangle to three dimensions and obtain the formula for the volume 
of a rectangular solid, called a parallelepiped. If the edges are 
/, w , and h we have for the volume of the parallelepiped 

V = Iwh 

We may think of the height h being split into h units, giving 



Figure 8.11. A parallelepiped. 

h layers, each 1 unit thick, consisting of l ■ w cubes. Then all 
h such layers will contain l • w ■ h cubes. 

When we think of extending the triangle to three dimensions, 
we get a triangular prism. A prism is a solid which has parallel 



Figure 8.12. A triangular prism. 

and congruent bases. Consequently its sides must be parallelo¬ 
grams. If the bases are perpendicular to the sides, the sides are 
rectangles. If we cut the height h into h units, we slice the 
prism into layers 1 unit thick. The volume of each of the 
layers is then the area of the base b times unity. Since there 
are h such layers we get for the total volume: 

V = bh 

If we pass a plane through a vertex of one base of a triangular 
prism and the opposite side of the other base, we cut off a 
pyramid. A pyramid is a solid whose sides, other than the base, 
are triangles all of which have a common vertex. When we 
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cut the pyramid from the prism, a rectangular pyramid remains. 
This may be cut into two more triangular pyramids by passing 



(0) Pyramid — 
rectangular 
base 



(b) Pyramid — 
triangular 
ba9e 

Figure 8.13. 



(c) Pyramid 

cut from 
prism 

Pyramids. 



(d) Prism cut 
into 3 
pyramids 


a plane through the same vertex and the diagonal of the remain¬ 
ing face of the prism. We may infer from this that the volume 
of the pyramid is ^ that of the prism, or 

V = \bh 

In fact, this formula is correct whether the pyramid has a tri¬ 
angular base or not. 

We define the volume of a cone as the limit of the volume of a 
pyramid as the base of the pyramid approaches a circle. The 
volume of the cone is 

V = \bh = rr 2 h 

We define the volume of a cylinder as the limit of the volume 
of a prism as the base of the prism approaches a circle. Then 
its volume is given by the formula 

V = irr 2 h 

As was true of the surface area of a sphere, we again merely 
put our faith in the calculus and state the result. The volume 
of a sphere is given by the formula 

V = i?rr* 


EXERCISES 


1. A packing carton is 16 inches long, 12 inches wide, and 
8 inches high. It is to be filled with smaller boxes 2 inches 
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by 2 inches by 3 inches. How many boxes can be packed 
in the carton? 

2. Disregarding lap, how many square inches of material will 
be required to make the carton described in Exercise 1? 

3. A circular side walk is built around a pond which is 50 feet 
across at its greatest width. If the walk is 2 feet wide 
find its total area. 

I. If the walk described in Exercise 3 is 4 inches thick find 
the volume of concrete necessary to construct it. 

5. If an ice cream cone is 6 centimeters wide at the top and 
18 centimeters high, will you get more ice cream if you 
have the cone level full or if you have a hemisphere of ice 
cream sitting on top of the cone? 

6. Find the area of the metal required to make a tin can 
6 inches high with a 3-inch radius. Find its volume. 

7. Find the area of the metal required to make a tin can 
12 inches high with radius of 1.5 inches. Find its volume. 
Compare these results with Exercise 6. 

8. The dome of a building is in the form of a hemisphere 
with a radius of 10 feet. At $5 per square yard, what will 
it cost to gild the dome? 

9 . If one quart of paint will cover 150 square feet, find the 
paint required to paint the walls and ceiling of a room 
12 feet by 18 feet, ceiling 9 feet high. Disregard all 
openings. 

10 . The diameter of a cylindrical can is equal to its height. 
A spherical ball just fits into the can. Prove that the 
area of the ball is equal to the area of the side of the can. 

II. A conical-shaped lamp shade is 20 inches wide at the 
bottom and 16 inches wide at the top. The slant height 
of the cone from which it is cut is 40 inches. The slant 
height of the shade is 8 inches. Find its area. 
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12. A silo is built in the shape of a cyclinder with a cone on 
top. The diameter of the cylindrical base is 20 feet, its 
height is 15 feet. The height of the cyclindrical top is 
8 feet. How many cubic feet of feed will it hold? 



13. If the hose of a gasoline tank has an inside diameter of one 
inch and the hose is 10 feet long, how many gallons of 
gasoline will the hose hold? One gallon equals 231 cubic 
inches. 

14. What is the total area of the outside of the silo described 
in Exercise 12? 

15. A building is to be erected on a triangular lot. It fronts 
50 feet on the street and tapers to a point 60 feet from 
the street. What is the area of the lot? 

16. If the entire area of the lot described in Exercise 15 is to 
be utilized for the building and we must excavate 10 feet 
deep for its foundation, how many yards of dirt must be 
removed? 

17. Compare the area of a sphere and the area of the cube 
into which it will fit exactly. 



18. Compare the volumes of the cube and the sphere described 
in Exercise 17. 

19. Compare the area of a square whose perimeter is 40 feet 
with the area of a circle whose circumference is 40 feet. 

20. If the radius of the earth is taken as 4,000 miles, what is its 
surface area? Its volume? 





The difference between an exact and an approx¬ 
imate number? 

The difference between the precision of a meas¬ 
urement and the accuracy of a measurement? 

That a measurement may be correct and yet 
have an error involved? 

The difference between an error and a mistake? 

What significant digits are? 

How to write a number in scientific notation? 
What logarithms are? What they are used for? 
What a slide rule is and why it works? 




chapter IX 


Measurement 

Computation 


In this chapter we shall learn how to 
compute with approximate numbers. We shall see how loga¬ 
rithms may be used as a tremendous time and work saver in 
approximate computation. We shall find that the slide rule, 
a further aid in computation, is only an application of the 
principle of logarithms. 


9.1 Approximate Numbers 

The nature of measurement requires that all measurements 
be approximate. No measurement can be more nearly exact 
than the instrument used; its accuracy is further limited by the 
care and skill of the individual who is using the instrument. 
Although we have but one set of numbers they are used in two 
distinctly different ways. Exact numbers arise from counting. 
Approximate numbers are estimates. We can usually tell from the 
context to which use we are putting the numbers. When one 

287 


288 


MEASUREMENT COMPUTATION 


goes to the store and buys a dozen eggs he expects to get exactly 
12 eggs. He can count them to verify that there are exactly 12. 
On the other hand, when a man says he is 6 feet tall, he does 
not mean that his height is exactly 6 feet. The 6 is used as an 
approximate number. 

Usually one can tell from the context whether a number is 
exact or approximate, but this is not always the case. If John’s 
mother sends him to the store to buy 3 pounds of bacon, the 3 
could be either exact or approximate. If the implication is that 
John is to purchase three 1-pound packages of bacon, the 3 is 
exact. On the other hand, if he buys a 3-pound slab of bacon, 
the 3 is approximate. 

In general, if a number is the result of counting it is exact. 
This is not always the case, however. Consider census figures. 
Let us say the population of a given state is million. We 
probably mean that its population is between 3,450,000 and 
3,550,000 or, that, to the nearest hundred thousand, it is 
3,500,000. This is admittedly not an exact number; it was 
obtained by approximating another number. On the other 
hand, suppose the census report shows this state to have 3,476,128 
persons. Is that an exact number? True, it is the result of an 
enumeration. But in all likelihood it is not exact simply because 
in all probability 3,476,128 is not exactly the number of persons 
in our state at a particular time. Although the figure is the 
result of an enumeration, many births and deaths occur while 
the count is in progress. 

Any time we use an approximate number we should know 
the closeness of the approximation. Unfortunately, this cannot 
always be obtained from the context. What does the man who 
says he is 6 feet tall mean? He might mean he is nearer 6 feet 
than 5 feet or 7 feet. He might mean that he is 6 feet tall to 
the nearest inch or half inch, or possibly to a still greater degree 
of precision. If we know what kind of measuring device was 
used to obtain his height, we might make a more intelligent 
guess as to the degree of precision. If a stick a yard long with 
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no subdivisions on it were used, precision to the nearest half 
foot would be all we could expect. If a yardstick were used 
with sufficient care, we might expect precision to the nearest 
^ of an inch. 

The way in which an approximate number is written should 
indicate how close the approximation is. The approximate 
numbers 10 and 10.0 are not the same. The first represents a 
quantity anywhere from 9.5 up to but not including 10.5. We 
are saying that the quantity is nearer 10 than 9 or 11. On the 
other hand, 10.0 means a quantity which is at least 9.95 but 
which is less than 10.05. In other words, the quantity described 
is 10 to the nearest tenth of a unit. To indicate more precision 
than the facts justify is just as much a misrepresentation as to 
indicate the wrong quantity. Suppose we have a measurement 
which is 12.4 units. This means we know the measurement to 
the nearest tenth. We know the true measurement is nearer 
12.4 than 12.3 or 12.5. If we write the measurement as 12, 
we are not misrepresenting the situation. We may not be telling 
the whole truth, but we are telling the truth. For, if the 
measurement is 12.4 to the nearest tenth, it is certainly 12 to 
the nearest whole unit. On the other hand, if the measurement 
is recorded as 12.400, we are claiming to know something we 
know nothing about. We have no information as to how many 
hundredths and thousandths of a unit are present, but 12.400 
asserts that the measurement is 12 units and 400 thousandths of 
a unit over. 


■ ■ EXERCISES 

1. State whether each number in the following items is ap¬ 
proximate or exact. Give reasons for your opinion. 

(a) Union representatives reject company offer of $.05 
raise. 

(b) State Department backs $100 million foreign aid bill. 
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(c) Rainfall for 24 hours, 0. Total this month, 1.20. 
Total this year, 36.74. Deficiency this month, 2.20. 
Excess this year, 4.53. Nation's Weather, page 6. 

(d) Midnight Frolic and Morning Rose topped a class of 
32 mares and foals. 

(e) 600 Shriners go to Atlantic City meeting. 

(f) 100,000 A.U.W. members get $.14 raise. 

(g) 26 more fired as security risks. 

2. State whether each of the following is possible. Give an 
example of each that is possible. 

(a) An exact number which is not the result of a count. 

(b) A measurement which is an exact number. 

(c) An approximate number which is the result of neither 
counting nor measuring. 

(d) A count which is not an exact number. 


There is no fixed relationship between the kind of number 
(integer, rational, irrational) and the use to which it is put 
(approximate or exact). When we use 0.66 instead of f, as¬ 
suming that the § is exact, we use 0.66 as an approximation of f. 
On the other hand, you pay 180 for a can of peas which are 
priced at 2 for 350. In this case the integral 180 is an approxi¬ 
mation of the exact price 17|0. The familiar 7r is an exact 
number, because although one could never measure exactly the 
circumference and diameter of a circle, the ratio of circumference 
to diameter of all circles is exactly the same; it is exactly 7r. 
When we use 3-y or 3.1416 or some other value for tv, we are 
using a rational approximation for the exact irrational number 7r. 

Although every measurement is an approximation, it does not 
follow that every approximation is the result of a measurement. 
An approximate number may well result from computation with 
exact numbers either because we cannot get an exact result or 

because we prefer the approximation. 

Whenever we deal with approximate numbers we should be 
concerned with the question, How good an estimate of the exact 
quantity is this approximate number? There are two aspects 
of this question of the “goodness” of an approximation; namely, 

precision and accuracy. 
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9.2 Precision 

of a Measurement 

The precision of a measurement is judged in terms of the 
maximum amount it can vary from the exact number it approxi¬ 
mates, called its maximum error. Suppose a mile runner is clocked 
for the mile at 4 minutes 2.4 seconds. This means that the 
runner’s time was actually somewhere between 4 minutes 2.35 
seconds and 4 minutes and 2.45 seconds. Then the time of 
4 minutes and 2.4 seconds can not differ from the runner's 
actual time by more than .05 second. This measurement is 
precise to the nearest 0.1 second. The more precise of two 
measurements is the one whose maximum deviation from its true 
• value is the smaller. 

The precision of a measurement can be indicated in one of 
three ways. 

(1) The maximum variation from the true value (maximum 
error) may be explicitly stated. 

Example: 

The distance from city A to city B is 150 miles, correct to the 
nearest 5 miles. This means that the true distance from A to B 
is somewhere between 147^ and 152^ miles. 

(2) The maximum error may be given as a plus or minus 
correction. 

Example: 

The distance from city A to city B is 150 + 4 miles. Here 
we are saying our measurement may be in error by as much as 
4 miles; the true distance from A to B is somewhere between 
146 and 154 miles. 

(3) The maximum error may be indicated by the position of 
the last significant digit (see Section 9.4). 
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Example: 

A weight of 12.3 pounds has a maximum error of .05 pound. 
The decimal point tells us the size of the smallest unit in the 
measurement. The smallest unit in the weight 12.3 pounds is 
one-tenth of a pound; half of this is .05 pound, the maximum 
error. 

A measurement of 149.4 feet correct to the nearest 0.1 foot, 
149.4 + .05 feet, and 149.4 feet all express the same degree of 
precision; the maximum error is .05 foot. 


9.3 Accuracy 

of a Measurement 

If a 100-yard distance is measured to be 99.7 yards, the 
error is 0.3 yard. The ratio of the error to the true measure 
is 0.3/100. We should like to express the accuracy of a measure¬ 
ment as the ratio of the error to the true value. Howevei, 
the true value, and consequently the actual error, of the mag¬ 
nitude to be measured are unobtainable. In the first place, if 
we know exactly how long a distance is, why measure it? Even 
so, the point is that there are plenty of distances that are exactly 
100 yards long, but we can never verify by measurement that a 
given distance is one of them. Our best guess as to the true 
value is the one we obtain by measurement. Since we do not 
know the actual error we use the maximum error. Then we 
define the accuracy of a measurement as the ratio between its 
maximum error and the measurement itself. Thus the measure¬ 
ment of 4 minutes 2.4 seconds ( = 242.4 seconds) has an accuracy 
which is expressed by the ratio .05/242.4 = .0002. This is 
approximately one part in 500. This ratio is called the relative 
error of the measurement. Accuracy is also given in per cent of 
error , which is 100 times the relative error; in this case, .02 per 
cent. The smaller the relative error of a measurement, the 

more accurate it is. . 

Since precision is concerned with the amount of variation from 
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the true value, and accuracy is a comparison of this amount of 
variation with the total measurement, neither implies anything 
about the other. Given two measurements, the more precise 
may or may not be the more accurate. The commonly accepted 
value of the distance from the earth to the sun is 93,000,000 miles. 
This measurement is precise to the nearest 1,000,000 miles. 
The first joint of a man’s thumb is one inch long. This measure¬ 
ment is precise to the nearest inch, much more precise than the 
distance to the sun. Yet 93,000,000 miles is much more ac¬ 
curate. Its relative error is 500,000/93,000,000 = .0054; but 
the relative error of the one-inch thumb is 0.5/1 = 0.5. 

Which is more important, precision or accuracy? The only 
answer to that question is that they are both important. There 
is no satisfactory answer to the question as to how accurate 
and/or how precise a measurement must be in order to be 
acceptable. That all depends on the situation. Less precision 
would be required making a survey of a farm to be sold at $50 
per acre than that required for a city lot which sells for $1,000 
per front foot. The buyer of scrap iron is not too concerned 
v/ith precision, an error of a hundred or so pounds is not too 
important when buying or selling several hundred tons of scrap. 
But it is another story when this same scrap has been reprocessed 
into watch springs, cylinder heads, and ball bearings. Mass 
production would be impossible without a high degree of 


precision. 

We cannot compare the precision of two measurements in¬ 
volving different kinds of units. A length of 15.4 feet is precise 
to the nearest tenth of a foot, whereas a weight of 15.4 pounds is 
precise to the nearest tenth of a pound. We cannot properly 
say either is more precise than the other. But a weight of 15.4 
ounces is more precise than 15.4 pounds, since they are the same 
kind of unit, weight, and the former has a maximum error ^ 
as large as the latter. On the other hand, it is possible to com¬ 
pare the accuracy of any two measurements. Accuracy, being 
a ratio, is independent of the unit of measure. All three of the 
above, 15.4 feet, 15.4 pounds, and 15.4 ounces, have the same 
degree of accuracy. 
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9.4 Significant Digits 

Consideration of either precision or accuracy requires an 
understanding of significant digits. A digit of a number is 
significant unless it is used only to help place the decimal point. 
All nonzero digits are significant. All zeros which lie between 
significant digits are significant. In the number 105, the one 
and the five are of course significant; the zero is also significant 
because it not only gives the one its proper value, but it states 
that there are no tens present. If we know how many units 
and how many hundreds are present, we of necessity must know 
about the number of tens present—none in this case. 

. Terminal zeros following the decimal point are always sig¬ 
nificant. Unless we know how many hundredths and thou¬ 
sandths of a unit are present there is no excuse for the two final 
zeros in 14.600. The writing of these zeros implies that we do 

know there are no hundredths of a unit and no thousandths of a 
unit. 

The terminal zeros in an integer are not significant. When 
we write 93,000,000 miles as the distance to the sun, the implica¬ 
tion is that we are expressing the distance to the nearest million 
miles; we do not specify how many hundreds of thousands of 
miles or tens of thousands, and so forth, there are. The zeros 
merely give the 9 and the 3 their correct place value, that is, 
place the decimal point. Suppose we wish to express the fact 
that the measurement 15,000 is correct to the nearest ten units. 
We could write 15,000 + 5. But in terms of significant digits 
this can be done by underscoring the zero in the tens digit thus 
15,000. An underscored terminal zero indicates that it is 
significant. Since all zeros between significant digits are sig¬ 
nificant, this will make all zeros preceding the underscored zero 
significant also. It would be impossible to know how many 
tens are present and not know about the number of hundreds. 

In a number less than one, zeros immediately following the 
decimal point are not significant. When we write .045 the 
zero is used merely to place the decimal point so that the 4 and 5 
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have their correct place value. It is true that we know that we 
have no tenths, but the zero is no more needed to indicate that 
fact than a zero is needed to show that we have no hundreds in 
56. We do not write 56 as 056. 


EXERCISES 


1. Explain the difference in meaning of the approximate num¬ 
bers 12£, 12.5, 12.50. 

2. A gasoline engine has a cylinder bore 2.000 inches in 

diameter. If the piston which must fit into this bore is to 

have a diameter of 1.998 inches, what is the maximum 
tolerance permissible? 





Between what two values do the following measurements 

approximate? 5,280 feet, 1 mile, 20.3 seconds, 3f inches, 
pounds. 

Which of the following pairs have the greater precision? 
Which have the greater accuracy? 

(a) 3.0 feet—.0030 inch 

(b) 15.6 inches-15.60 inches 

(c) 880 yards—i mile 

(d) The diameter of a cent, £ inch-the diameter of the 
earth, 8,000 miles 


(e) Distance light travels per second, 186,000 miles-dis- 
tance sound travels per second, 1,100 feet. 

Determine the number of significant digits in each of 
the following measurements: 37, 309, .0057, 10 05 1 050 
760,000, 3f, 3.1416, 2,600, 2,600.0. ’ ’ ’ 


9.5 Adding and 

Subtracting Approximate Numbers 

Suppose we wish to find the total weight of a car weighing 
3,200 pounds, and its occupants weighing 186 pounds, 120 
pounds, and 56 pounds. The weight of the car is known to 
the nearest hundred pounds and the weight of the occupants to 
the nearest pound. The total weight could be as low as 
3,150 + 185.5 + 1 19.5 + 55.5 = 3,510.5 pounds, and it could 
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be as high as 3,250 + 186.5 + 120.5 + 56.5 = 3,613.5 pounds 

We are sure the total weight is 4,000 pounds to the nearest 

thousand pounds. We are not sure to the nearest hundred 

pounds but we know it is either 3,500 or 3,600. In this case 

there is very little to choose from but, since the value midway 

between the upper and lower limit is 3,562 pounds, our best 

answer seems to be 3,600 pounds. The result, 3,600 pounds, 

implies that the result lies between 3,550 pounds and 3,650 

pounds. In this particular case, we are sure of the upper limit 

but may be off on the lower limit. This is characteristic of an 

approximate number. We should be certain of all but the last 

significant digit, and we should be sure that it is within one of 
the correct value. 


How then shall we treat approximate numbers in addition 
and subtraction? Obviously the answer can be no more precise 
than the least precise of our measurements. In the above ex¬ 


ample, we could not hope to know the sum any closer than the 
nearest hundred pounds, since the weight of the car alone might 
cause that great an error. One method consists of adding (or 
subtracting) the numbers as if they were exact, then expressing 
the result to the same degree of precision as the least precise of 
all the measurements used. By this rule, our problem would 
be solved as: 3,200 + 186 + 120 —|— 56 = 3,562, and since this 
is nearer 3,600 than 3,500, we take for our answer 3,600 pounds. 
An easier, and usually equally satisfactory, method consists of 
expressing each measurement to the same degree of precision as 
the least precise measurement and adding the results. Follow¬ 
ing this scheme, our problem has this solution: 3,200 + 200 + 
100 + 100 = 3,600 pounds. 


9.6 Multiplication and 

Division of Approximate Numbers 

We cannot add measurements unless they are expressed 
in the same units, so a determination of the precision of each 
offers no difficulty. In general, we do not multiply measure¬ 
ments of the same denomination. Gallons multiplied by gallons 
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is meaningless. It is true that we do speak of multiplying feet 
by feet, but the product is not feet. We see that in multiplica¬ 
tion it is not so simple to compare the precision of the product 
with the precision of the factors. Suppose we attempt to find 
the area of a room which is 12 feet 4 inches by 10 feet 6 inches, 
or expressed in feet, 12.3 feet by 10.5 feet. (Note that if we 
know the length to the nearest inch only we must express 12 feet 
4 inches as 12.3 feet, not 12.333 . . . .) The smallest possible 
area of the room whose dimensions are 12.3 X 10.5 is obtained 
by multiplying 12.25 by 10.45, which gives 128.0125 square feet. 
On the other hand, the largest possible area is 12.35 X 10.55 = 
130.2925 square feet. Obviously, we would not expect to find 
the area to the nearest ten thousandth of a square foot. That 
means a square, one hundredth of a foot on a side, and we know 
our dimensions only to the nearest tenth of a foot. We might 
argue that since we have each dimension to the nearest tenth 
of a foot, we should be able to obtain the area to the nearest 
hundredth of a square foot because 0.1 X 0.1 = 0.01. How¬ 
ever, the above results show the error of such a conclusion. We 
are sure of the result to the nearest ten square feet but not the 
nearest square foot. To the nearest square foot, the area may 
be 128, 129, or 130 square feet. Then our best estimate is 
probably 129 square feet. In the example, each factor, 12.3 
and 10.5, contains three significant digits; the product of 129 
also contains 3 significant digits. Suppose we multiplied the 
numbers as if they were exact: 12.3 X 10.5 = 129.15. If this 
result is expressed to three significant digits, we get 129 square 
feet, our best estimate. Then if we multiply the approximate 
numbers with the same number of significant digits, the product 
should be expressed to this same number of significant digits. 

Let us investigate a problem where the factors have different 
numbers of significant digits. Suppose we wish to find the 
weight of 5.2 quarts of an oil which weighs 2.13 pounds per 
quart. The minimum weight is 5.15 X 2.125 = 10.94375 
pounds. The maximum weight is 5.25 X 2.135 = H 20875 
pounds. Our best estimate is evidently 11 pounds. In this 
case, the factors have two and three significant digits respectively 
and the product has the smaller number, two significant digits. 
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We may conclude that in multiplying approximate numbers, 
regardless of the number of significant digits of the factors, the 
product should be expressed with the same number of significant 
digits as that factor which contains the smallest number of 
significant digits. The same rules may be applied to division 
of approximate numbers as have been used for multiplication. 
It is instructive to examine the last example a little more closely. 


2 . 1 © 

5.2 



We have circled 3 and those digits in the partial products and 
final answer which were affected by the 3. The effect of the 3 
reaches only to the first digit beyond the last significant digit 
of the result. Since the thing that controls the significant digits 
in the product is the other factor, 5.2, the addition of more 
digits to 2.13 could not possibly have any effect on the result. 
We may modify our rule for multiplication and division to the 
extent that we round off (Section 9.8) all other factors to one 
more significant digit than those of the least accurate number, 
then multiply (or divide) and express the answer to the same 
number of significant digits as the least accurate factor. 

To summarize: In addition and subtraction of approximate 
numbers we are concerned with precision. Express all terms to 
the same degree of precision as the least precise one , then add or subtract . 
In multiplication and division, our concern is with accuracy, 
as it is indicated by significant digits. Express all factors to , at 
most , one more significant digit than the number of significant digits of 
the least accurate jactor , multiply or divide , then express the result to the 
number of significant digits possessed by the least accurate factor. 

The above are not to be thought of as theorems capable of 
mathematical proof. They are satisfactory working rules. In 
extreme cases, the results may be slightly off in the last digit. 
The important thing to remember in working with approximate 
numbers is that we should obtain results which are justified 
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from the given data. We should never imply greater precision 
or accuracy than the data justify. 


9.7 Multiplication — 

Some Factors Exact 

Quite frequently operations are performed with numbers, 
some of which are approximate and others exact. For example, 
if it is found that a bushel of apples weighs 53 pounds, what is 
the weight of 100 bushels? Here the 100 is an exact number; 
we are concerned with the weight of exactly 100 bushel hampers 
filled with apples. Our result is, of course, 5,300 pounds. Now 
the question is how many significant digits does the answer 
possess? Do we know the weight to the nearest hundred 
pounds, ten pounds, or nearest pound? The only approximate 
number in the computation is 53, therefore, according to our 
rule, there should be two significant digits in the result and we 
know that the total weight is 5,300 pounds to the nearest hundred 
pounds. This result is consistent with common sense. The 
variation in the weight of each bushel being one pound, we 
would expect no more than 100 times that possible variation 
in 100 bushels. As a matter of fact we have every right to 
expect considerably less, but we cannot be sure of the total any 
closer than to the nearest hundred pounds. On the other hand, 
quite frequently we are required to use an approximation for 
some exact number involved in our problem. Suppose we are 
required to find the circumference of a circle whose diameter is 
6 feet. The answer is 6ir feet. Now the question is, what 
approximation for ir should we use: 3, 3.1, 3.14, 3.142, 3.1416? 
Here we may be guided by our rule. Since there is only one 
significant digit in the diameter we should use 3.1 as our approx¬ 
imation for 7r. Thus, 6 X 3.1 = 18.6 feet is the circumference, 
but to what degree of accuracy shall we leave the result? To 
the nearest foot we get 19 but this is quite questionable. Since 
the diameter is given to only one significant digit we take for 
our answer 20 feet, a one-significant digit result. If we bear 



300 


MEASUREMENT COMPUTATION 

in mind that the diameter is known only to the nearest whole 
foot, it is not surprising that we are justified in asserting only that 
the circumference is nearer 20 feet than 10 feet or 30 feet. The 
point is that when we must use an approximation for an exact 
number, it is useless to use an approximation which is more 
refined than that implied by the other data. There would be 
no justification for using 3.1416 for tt in the above situation. 
At times we use an approximation to an exact number simply 
because it is more convenient and has no effect on the answer. 
For example, suppose it is required to multiply the exact num¬ 
ber 1,728, the number of cubic inches per cubic foot, by the 
approximate number 33. The product can be expressed to only 

two significant digits and we can approximate 1,728 as 1,730 
without affecting the result. 


9.8 Rounding Off 

The process of dropping digits in order that our result 
may reflect the desired number of significant digits is known 
as rounding off the number. Our definition of significant digits 
makes it obvious that any digits dropped must always be replaced 
by zeros if the number is an integer. Thus, if 175,623 be 
rounded off to hundreds, the result becomes 175,600. On the 
other hand, the dropped digits should never be replaced with 
zeros if the number is a fraction: 17.5628 becomes 17.56 when 
rounded to the nearest hundredth. If the last digit dropped is 
5, 6, 7, 8, or 9, the first digit retained is increased by one. If 
the last digit dropped is 0, 1, 2, 3, 4, the remaining digits are 
unchanged. If, in a whole number, the first digit retained is 
zero, it should be underscored to indicate that it is a significant 
digit. 

Examples: 6,981 = 6,980 to three significant digits 

6,981 = 7,000 to two significant digits 
6,981 = 7,000 to one significant digit 
6,546 = 6,550 to three significant digits 
6,546 = 6,500 to two significant digits 
6,550 = 6,600 to two significant digits 
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The last three examples above illustrate the fact that the round- 
ing process should be done all at once, not one digit at a time. 

17.238 = 17.24 to four significant digits 

17.238 = 17.2 to three significant digits 

17.238 = 17 to two significant digits 

17.238 = 20 to one significant digit 

The procedure described above will yield a result containing 
the least possible error with one possible exception. When 
17.238, which represents an exact quantity between 17.2375 
and 17.2385, is rounded to 17.24, we then have an approximate 
number which represents an exact quantity between 17.235 and 
17.245. If the exact quantity is the smallest possible value, 
17.2375, the error involved in using 17.24 is .0025, but if we use 
17.23 the error becomes .0075. The exceptional case arises 
when the only non-zero digit dropped is 5 and it occupies the 
highest position of the dropped digits, for example, consider 
102.5 or 102.50, rounded to three digits. But neither 102.05 
nor 102.51 fits the exceptional case. If they are rounded to 
three digits, the results 102 and 103 are the three digit number 
containing the least possible error. On the other hand, if we 
round 102.5 to 103, the maximum error is .55, this would occur 
when the true measure is 102.45. If we round to 102, the maxi¬ 
mum error is also .55, which would be the case if the true 
measure were 102.55. We arbitrarily adopt the convention that 
under these circumstances we always round to the closest even 

digit. Thus we increase the last digit retained in about half of 
such cases. 

9.9 Common Fractions 

In case measurements are given in common fractions, 
rather than decimals, the denominator should be used to indicate 
the degree of precision. The two measurements 8^ inches and 
8 M inches are not the same. The first indicates precision to 
the nearest half inch; it approximates an exact distance some¬ 
where between 8J inches and 8f inches. The latter, 8£f, repre¬ 
sents an exact value within the range 8fi and 8ff. The ac¬ 
curacy of 8£ inches is = 1/34 = .029. That of 8^" is 
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— 1/544 — .0018. If the measures are expressed as 
^ = V" and 8-g-f = then the number of digits in the nu¬ 

merator gives comparable indications of degree of accuracy as 
do the number of significant digits in decimal notation. 

In actual practice it is well to remember that we are expected 
to be able to infer something about implied precision and ac¬ 
curacy from the context. This is especially true of common 
fractions. If a customer orders yards of material to make a 
dress this implies precision to the nearest \ yard. The clerk 
might feel justified in giving her 3 yards 5 inches, but she would 
probably get fired anyway. (In this same connection see Exer¬ 
cise 14, following Section 9.10.) 


9.10 Errors 

We have said that all measurements are estimates and, 
as such, are approximate. The variations in our estimates are 
due to errors. Errors and mistakes are not synonymous. We 
may properly say that a mistake is an error but an error is not 
necessarily a mistake. A mistake occurs when the measuring 
instrument is improperly used. If a scale indicates 56 units 
but the operator reads it 54 units, he has made a mistake. All 
that need be said of mistakes is that they are unnecessary and 
can be avoided. Other errors are inevitable; they are of two 
kinds, constant and random. Constant errors may be due to 
incorrect calibration of the measuring instrument. For in¬ 
stance, a clock may run fast or slow consistently. It may be due 
to a faulty technique. There was a striking example of this 
type error in a political poll a number of years ago. The sample 
whose opinions were obtained was gotten from telephone direc¬ 
tories. It just so happens that persons who cannot afford tele¬ 
phones also vote. This fact caused the results of the poll to be 
completely at variance with the actual election results. This 
may well be called a mistake on the part of the poll-taker; 
nevertheless, it was a constant error which proved fatal. Con¬ 
stant errors, if they can be discovered, can be controlled or 
eliminated. Otherwise, they may be such as to counteract each 
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other if some make the estimate too large and others make it too 
small. Random errors are those that are due to unknown or 
uncontrolable conditions; they are as apt to operate in one 
direction as the other. Such errors are always present and their 
effect may be determined by statistical analysis. A measure¬ 
ment is correct if no mistakes have been made. A measurement 
may well be both unprecise and inaccurate and yet be correct. 


EXERCISES 


1. Round off each of the following to two significant digits* 
13,602; 86; 504; 17.039; 500.92. 

2. Which of the following numbers have nearest the same 
accuracy? 8; .0160; 186,000; 3.2; 8,000; .003. 

3. Determine the maximum allowable error, the relative 
error, and per cent of error of the following measures: 

1.4 centimeters, 4f inches, 937.563 miles per hour. 

4. A transit is an instrument for measuring horizontal angles. 
The instrument is so constructed that it is possible to turn 
an angle, then clamp the scale and return to the initial 
sight and turn the angle again. This gives, in effect, the 
size of an angle twice as large as the one we wish to 
measure. The process may be repeated as many times 
as we wish. Will this process enable one to increase the 
precision with which the angle is measured? Give reasons 
for your opinion. 

5. The sides of a triangle are measured to be 12.5, 37.25, and 
20. What is the least possible perimeter of this triangle? 
The greatest possible? What is its perimeter, expressed 
to the degree of precision which the data justify? 

6. Add the following groups of approximate numbers: 
(a) 15.3, 6.5, 12.4, 14.0; (b) 0.153, 6.5, 12.4, 0.14; (c) 
0.153, 6.5, 1.24, 1,400. 

7. Find the areas of the following figures: (a) A rectangle 

35.4 inches by 20.0 inches; (b) A triangle whose base 
is 12 inches and altitude 4 inches; (c) A circle whose 
diameter is 22.3 inches. 

8. The formula for the volume of a cone is V = %b/i where 
V = volume, b = area of base, and h = altitude. The 
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radius of the circular base of a cone is 6.0 inches, its 
altitude is 12.4 inches. How many quarts will it hold if 
a gallon equals 231 cubic inches? 

9. The surface area of a sphere is given by the formula 
A — 47rr 2 , where A = area, r = radius. How much 
leather does it take to cover a baseball if its diameter is 
3^ inches? 

10. We wish to paint the ceiling and walls of a room whose 
dimensions are 18.4 feet by 26.0 feet with ceilings 9.6 feet 
high. If a quart of the paint we wish to use will cover 
500 square feet of surface and sells for SI.55 per quart or 
$5.25 per gallon, how much should we purchase? 

11. The speedometer of an automobile is graduated to the 
nearest mile per hour. Determine the degree of pre¬ 
cision in feet per second with which the speed of the 
automobile may be determined from the speedometer 
reading. 

12. What is the error if we use the approximation 0.66 instead 
of the exact §? 

13. What is the error if we use ^ as an approximation for 0.66? 

14. In terms of approximate numbers, how should you in¬ 
terpret a sign which reads: “Speed Limit 30 M.P.H.”? 


9.11 Scientific Notation 

The practice of underscoring a terminal zero to indi¬ 
cate that it is significant is not universally followed. Very 
large and very small approximate numbers, though not neces¬ 
sarily confusing, can be quite cumbersome. For example, news¬ 
papers prefer to refer to a $78 billion budget rather than a 
$78,000,000,000 budget. It is not at all uncommon for astron¬ 
omers to deal with numbers like 9600000000000000000000 , 

which is the number of centimeters across our Galaxy. Nuclear 
physicists commonly deal with numbers like .00000001 centi¬ 
meter, the size of the hydrogen atom. 

There is a much more convenient way to write very large or 
very small numbers which also removes any ambiguity as to 
significant digits. This is known as scientific notation or standard 
form. Moving the decimal point in a number merely multi- 
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plies the number by some integral power of 10. If we move 
to the right we multiply by a positive power to 10, and if to the 
left, by a negative power. Thus, if we start with 36.05 and 
shift the decimal point three places to the right, we get 36,050, 
which is 1,000 = 10 3 times as large. If we shift to the left we 
get .03605, which is tt>Vo = 10~ 3 times as large. It is always 
possible to shift the decimal point so that it is immediately to 
the right of the first nonzero digit, then multiply by the power 
of 10 which is equivalent to the shift back to the starting point. 
For example, suppose we have the number 186,000, the speed 
of light in miles per second. We shift the decimal point to the 
position just to the right of the one: 1.86000. We have moved 
the decimal point five places to the left, which means that we 
have multiplied the original number by 10 -5 . Since 10~ 5 • 10 5 

= 10° = 1, we must now multiply by 10 5 in order that the orig¬ 
inal number remain unchanged. 

186,000 = 1.86000 X 10 5 

In this manner, it is always possible to write a number as 1 

or more and less than 10 times an integral power of 10. If 

the number between 1 and 10 is written so as to show only 

significant digits, then the number is written in scientific notation. 
Thus, 

186,000 = 1.86 X 10 B 

Under this scheme we can show that 100 means a number to 

the nearest unit by writing 1.00 X 10 2 , whereas 1.0 X 10 2 means 

100 to the nearest 10 units and 1 X 10 2 means 100 to the nearest 
hundred units. 

There are a number of devices which may be used to keep 
the sign of the exponent of 10 straight. Perhaps the most 
meaningful approach is to remember that we are both multi¬ 
plying and dividing the original number by the same power 
of 10. When we shift the decimal point we multiply by some 
power of 10. When we multiply by a power of 10 whose ex¬ 
ponent is minus that implied by the shift, we are actually 
dividing by the original power of 10. 
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Example: 

597,300 = 5.973 X 10 5 

Here we have moved the decimal point five places to the left, 
which is equivalent to multiplying the number by 10 -5 . Then 
when we multiply by 10", this is equivalent to dividing by 10 -5 . 

Since it is possible to express any number as a number be¬ 
tween 1 and 10 times some integral power of 10, we could express 
any number as a power of 10 if we knew to what powers 10 must 
be raised to get the numbers between 1 and 10. Recall that 
a 2 • a* — 24 3 = a h and in general a m • a n = a m +”. Then it ap¬ 
pears that 10 m • 10 M = 10 m+n . Now if 10” represents our integral 
power of 10 and we can find m such that 10 m represents our 
number between 1 and 10 we have the required power of 10 
by merely adding m and n. Consider the number 316,000. 
In scientific notation this is 3.16 X 10 r \ The square root of 10 
which is the same as 10* 5 , is 3.16. Therefore, 3.16 X 10 5 = 
10 5 X 10 :> = 10 5 * 5 , and we can express the original 316,000 = 
10 5 - 5 as a power of 10. 

Even though we can extract the square root of 10, it does not 
follow that we can find the power of 10 which corresponds to 
any number between 1 and 10. However, it can be done and 
has been, but the method involves more advanced mathematics 
than we are now prepared for. 

Assume for the moment that we have at our disposal the 
powers of 10 which correspond to numbers between 1 and 
10. As was seen above, it is then possible to express any num¬ 
ber as a power of 10. Since 10 a • 10* = 10 a+ * we can find the 
power of 10 corresponding to the product of two numbers by 
adding the exponents of the powers of ten corresponding to each 

factor. 

Example: Multiply 3,750 by 13.7 

3,750 = 3.75 X 10 3 
13.7 = 1.37 X 10 1 

If 3.75 = 10* 5740 and 1.37 = 10 1367 


we have 
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3,750 = 10 5740 X 10 3 = 10 3 - 8740 
13.7 = 10 1367 X 10' = 10 11367 
and 3,750 X 13.7 = 10 3 - 5740 X 1 O' 1367 = W 4 - 7107 
but 10 4 - 7107 = 10 4 X 10- 7,n7 

Now if we can perform the inverse of finding the power of 10 
corresponding to a number between 1 and 10, namely, find the 
number corresponding to a given power of 10, then we can find 
our product. It happens that IT 7107 = 5.14. Then our prod¬ 
uct is 5.14 X 10 4 = 5 1 400. 


■■ EXERCISES 

1. Write the following in scientific notation: .00305, 3050000 
30.5, .305, 8732, .008732, 87.32. 

2. Convert the following to ordinary notation: 9 31 X 10~ 3 

8 X 10% 8.00 X 10% 6.338821 X 10~% 3.33 X 10 : IX 
10 -' 2 . 

3. Express the following in scientific notation and find the 
result to the justified degree of accuracy; all numbers are 
approximate. 

128000 X .00015 
352 X .073 

4. Light travels 186,000 miles per second. The distance 

traveled by light in one year is known as a light year. 

Using scientific notation, find the number of miles per light 
year. 

5. Astronomers have estimated that it takes about 5 X 10 s 
years for light to reach the earth from the most distant 
stars that have so far been observed. How many miles 

away is this? Write your answer in both scientific notation 
and ordinary decimal notation. 

6. An angstrom unit is a unit of length equal to 1 X 10 -8 
centimeters. The largest atom, that of uranium is esti¬ 
mated to have a diameter of about 1/100,000,000 of an 
inch. If one centimeter equals .3937 inch, find the di¬ 
ameter of the uranium atom in angstrom units. 

7. One gram equals .002 pound. Find the mass of the earth 
in pounds if its mass is 6.0 X 10 27 grams. 
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8. The diameter of the earth is 1.3 X 10 9 centimeters, that of 
the sun is 1.4 X 10 11 centimeters. If the mass of the sun 
is 2.0 X 10* grams, the density of sun is how many times 
that of the earth? (Density is mass per unit volume.) 


9.12 Logarithms Are Exponents 

The exponents of the powers of 10 that we have been 
discussing are called logarithms. By definition: The logarithm 
oj a number is the exponent to which another number , called the base , 
must be raised to produce the number. Thus the logarithm of 64, 
to base 4 (written log 4 64) is 3, because 4 3 = 64. The base 
10 logarithm of 100 (log 10 100) is 2, because 10 2 = 100. 

Although we could use any number we choose for base, there 
are only two bases in wide usage. Natural logarithms have the 
constant, r, for base. This constant is an irrational number and 
has the approximate value 2.7. By definition, e is the limit 

approaches, as .v increases with¬ 
out limit. Natural logarithms are extremely useful in the cal¬ 
culus and more advanced mathematics. 

Common logarithms have 10 for base. Their usefulness is 
derived from the fact that their base agrees with the base of 
our system of numeration. Logarithms, in no small measure, 
are the result of the pioneering work of the Scot, John Napier, 
during the 17th century. The existence of logarithms has 
saved scientists and engineers untold amounts of time and labor. 
They rank along with Hindu-Arabic notation and decimal 
fractions as aids to computation. We shall confine our atten¬ 
tion to common logarithms. When no base is indicated it is 
to be understood that the base of the logarithm is 10. 


which the expression ^1 + 


9.13 Logarithms of 

Numbers Between 1 and 10 

If we remember that 10 1 = 10 and 10° = 1 (which 
means log 10=1 and log 1=0) we conclude that the loga- 
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nthms of numbers between 1 and 10 are numbers greater than 
aero but less than one. When „e eonsider scientific notation 
is evident that the logarithm of any number consists of an 
integer, the exponent of the integral power of 10. plus a frac- 

beTb'eteT.Tndlo^ ^ * '° — 

Example: 

Find the logarithm of 8750. 


But if 


8750 = 8.75 X 10* 

8.75 = 10- 942 , 

8750 = 10- 942 X 10 3 = lo 3 - 942 ° 


Therefore, the logarithm of 

8750 = 3 + .9420 = 3.9420. 

Given the logarithms of numbers between 1 and 10 we can bv 
means of scientific notation, determine the logarithm of an^ 

andw"' Th 9 k glVCS thC l0garithms of "ambers between 1 
nd 10. The numbers are given to only three significant dieits 

and the logarithms to four decimal places. Logarithms are 

sdves are " rCSUltS ^ rCquired; the lo ^rithms them¬ 
selves are approximate numbers. Most exact logarithms are 

irrahonal; the values in the table are rational approximations 
the hCSe CXaCt irratl ° nal numbers. Our table can be used when 

dkilsr P Four 0 Dl r ' qUireS thrr '- plaCe a “™y (three significant 
gits). Four-place accuracy can be obtained from this table 

J a process known as interpolation. If more than four-place 

accuracy is required, a more refined table must be used 

1 decimal points have been omitted from the table We 

shouJd remember that each logarithm is less than unity a tec 

to AeTglrhhms" ^ "'"r The " Uml >' rs corresponding 
eel. , pota, belongs between the firs" and^cLnd d,“if ^ 

c h olu“s of T t h he ^£ 

bvo digits of the numbers corresponding to the logarithms are 
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located in the extreme left column headed N; the third digit is 
found at the top of the table as the column heading. 

If we look down the column headed N and find 34, then op¬ 
posite the 34 and in the column headed 6, we find the number 
5391. This tells us that log 3.46 = .5391. If the numbers 


TABLE 9.1. LOGARITHMS OF NUMBERS FROM 1 TO 10 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 

11 

0414 

0453 

0492 

0531 

0569 

0607 

0645 

0682 

0719 

0755 

12 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

13 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

14 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1732 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

16 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

17 

2304 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 

18 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2765 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

20 

3010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3541 

3560 

3579 

3598 

23 

3617 

3636 

3655 

3674 

3692 

3711 

3729 

3747 

3766 

3784 

24 

3802 

3820 

3838 

3856 

3874 

3892 

3909 

3927 

3945 

3962 

25 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

26 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

4265 

4281 

4298 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

28 

4472 

4487 

4502 

4518 

4533 

4548 

4564 

4579 

4594 

4609 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

30 

4771 

— 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

31 

4914 

4928 

4942 

4955 

4969 

4983 

4997 

5011 

5024 

5038 

32 

5051 

5065 

5079 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

33 

5185 

5198 

5211 

5224 

5237 

5250 

5263 

5276 

5289 

5302 

34 

5315 

5328 

5340 

5353 

5366 

5378 

5391 

5403 

5416 

5428 

35 

5441 

5453 

5465 

5478 

5490 

5502 

5514 

5527 

5539 

5551 

36 

5563 

5575 

5587 

5599 

5611 

5623 

5635 

5647 

5658 

5670 

37 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

5775 

5786 

38 

5798 

5809 

5821 

5832 

5843 

5855 

5866 

5877 

5888 

5899 

39 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

41 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

43 

6335 

6345 

6355 

6365 

6375 

6385 

6395 

6405 

6415 

6425 

44 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6712 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

50 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

N 

0 

- 1 

2 

3 

4 

5 

6 

7 

8 

9 
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50 

51 

52 

53 

54 

55 

56 

57 

58 

59 


60 

61 

62 

63 

64 

65 

66 

67 

68 
69 


70 

71 

72 

73 

74 

75 

76 

77 

78 

79 


80 

81 

82 

83 

84 

85 

86 

87 

88 
89 


90 

91 

92 

93 

94 

95 

96 

97 

98 

99 


7243 

7324 

7404 

7482 

7559 

7634 

7709 


7782 

7853 

7924 

7993 

8062 

8129 

8195 

8261 

8325 

8388 


8451 

8513 

8573 

8633 

8692 

8751 

8808 

8865 

8921 

8976 


9031 

9085 

9138 

9191 

9243 

9294 

9345 

9395 

9445 

9494 


9542 

9590 

9638 

9685 

9731 

9777 

9823 

9868 

9912 

9956 


6998 

7084 

7168 

7251 

7332 

7412 

7490 

7566 

7642 

7716 


7789 

7860 

7931 

8000 

8069 

8136 

8202 

8267 

8331 

8395 


8457 

8519 

8579 

8639 

8698 

8756 

8814 

8871 

8927 

8982 


9036 

9090 

9143 

9196 

9248 

9299 

9350 

9400 

9450 

9499 


9547 

9595 

9643 

9689 

9736 

9782 

9827 

9872 

9917 

9961 


7007 

7093 

7177 

7259 

7340 

7419 

7497 

7574 

7649 

7723 


7796 

7868 

7938 

8007 

8075 

8142 

8209 

8274 

8338 

8401 


8463 

8525 

8585 

8645 

8704 

8762 

8820 

8876 

8932 

8987 


9042 

9096 

9149 

9201 

9253 

9304 

9355 

9405 

9455 

9504 


9552 

9600 

9647 

9694 

9741 

9786 

9832 

9877 

9921 

9965 


7016 

7101 

7185 

7267 

7348 

7427 

7505 

7582 

7657 

7731 


7893 

7875 

7945 

8014 

8082 

8149 

8215 

8280 

8344 

8407 


8470 

8531 

8591 

8651 

8710 

8768 

8825 

8882 

8938 

8993 


9047 

9101 

9154 

9206 

9258 

9309 

9360 

9410 

9460 

9509 


9557 

9605 

9652 

9699 

9745 

9791 

9836 

9881 

9926 

9969 


7024 

7110 

7193 

7275 

7356 

7435 

7513 

7589 

7664 

7738 


7810 

7882 

7952 

8021 

8089 

8156 

8222 

8287 

8351 

8414 


8476 

8537 

8597 

8657 

8716 

8774 

8831 

8887 

8943 

8998 


9053 

9106 

9159 

9212 

9263 

9315 

9365 

9415 

9465 

9513 


9562 

9609 

9657 

9703 

9750 

9795 

9841 

9886 

9930 

9974 


7033 

7118 

7202 

7284 

7364 

7443 

7520 

7597 

7672 

7745 


7818 

7889 

7959 

8028 

8096 

8162 

8228 

8293 

8347 

8420 


8482 

8543 

8603 

8663 

8722 

8779 

8837 

8893 

8949 

9004 


9058 

9112 

9165 

9217 

9269 

9320 

9370 

9420 

9469 

9518 


9566 

9614 

9661 

9708 

9754 

9800 

9845 

9890 

9934 

9978 


7042 

7126 

7210 

7292 

7372 

7451 

7528 

7604 

7679 

7752 


7825 

7896 

7966 

8035 

8102 

8169 

8235 

8299 

8363 

8426 


8488 

8549 

8609 

8669 

8727 

8785 

8842 

8899 

8954 

9009 


9063 

9117 

9170 

9222 

9274 

9325 

9375 

9425 

9474 

9523 


9571 

9619 

9666 

9713 

9759 

9805 

9850 

9894 

9939 

9983 


7050 

7059 

7067 

7135 

7143 

7152 

7218 

7226 

7235 

7300 

7308 

7316 

7380 

7388 

7396 

7459 

7466 

7474 

7536 

7543 

7551 

7612 

7619 

7627 

7686 

7694 

7701 

7760 

7767 

7774 

7832 

7839 

7846 

7903 

7910 

7917 

7973 

7980 

7987 

8041 

8048 

8055 

8109 

8116 

8122 

8176 

8182 

8189 

8241 

8248 

8254 

8306 

8312 

8319 

8370 

8376 

8382 

8432 

8439 

8445 

8494 

8500 

8506 

8555 

8561 

8567 

8615 

8621 

8627 

8675 

8681 

8686 

8733 

8739 

8745 

8791 

8797 

8802 

8848 

8854 

8859 

8904 

8910 

8915 

8960 

8965 

8971 

9015 

9020 

9025 

9069 

9074 

9079 


9122 

9175 

9227 

9279 

9330 

9380 

9430 

9479 

9528 


9576 

9624 

9671 

9717 

9763 

9809 

9854 

9899 

9943 

9987 


9128 

9180 

9232 

9284 

9335 

9385 

9435 

9484 

9533 


9581 

9628 

9675 

9722 

9768 

9814 

9859 

9903 

9948 

9991 


9133 

9186 

9238 

9289 

9340 

9390 

9440 

9489 

9538 


9586 

9633 

9680 

9727 

9773 

9818 

9863 

9908 

9952 

9996 
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whose logarithms we want have more than three significant 

digits, they should be rounded off to this degree of accuracy 

before we find their logarithms, unless by interpolation, we use 
a fourth digit. 

In case we know the logarithm of a number and wish to find 
the number, we locate the logarithm in the body of the table— 
the first two digits of the required number are found in the col¬ 
umn headed N and the third digit is the heading of the column 
in which the logarithm is located. Find the number whose 
logarithm is .6955. We find 6955 opposite 49 in the N column 
and in the column headed 6. Therefore, our number is 4.96. 
In case the given logarithm is not in the table we use the loga¬ 
rithm nearest its value. Find the number whose logarithm is 
.8601. The number 8601 is not in the table, but we find 8597 
below and 8603 above. Since 8603 is the closer of the two to 
8601, we take for our answer 7.25. We know the correct answer 
is between 7.24 and 7.25. Since it is nearer 7.25, the correct 
answer, to three significant digits, is 7.25. As in the inverse 
process we can find a fourth digit by interpolation. 

# 

9.14 Logarithms 

of Any Positive Number 

By utilizing scientific notation and our table we may 
now find the logarithm of any positive number, assuming the 
number is rounded to three significant digits. Let us find the 
logarithm of 7286431. If we round off the number to conform 
to the accuracy of our table we get 7290000. If we write this 
result in scientific notation, we get 7.29 X 10 6 . Opposite 72 in 
the N column and in the column headed by 9 we find 8627. 
Then our logarithm is 6 + .8627 = 6.8627. The integral part 
of a logarithm, 6 in the above case, is called its characteristic . 
The fractional part, that which we get from the table, is called 
the mantissa. Suppose we find the logarithm of .00583. In 
scientific notation, this is 5.83 X 10 -3 . From the table, the 
logarithm of 5.83 = .7657. Then log .00583 = -3 + .7657. 
The negative integer and the positive fraction can be combined 
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into the negative number —2.2343. However, all mantissas, 
since they are the logarithms of numbers from 1 to 10, are 
positive. It is very advantageous to maintain the positive frac¬ 
tional part of all logarithms since negative fractions cannot be 
identified in the table. For this reason, we express —3 T .7657 
as 7.7657 — 10. We could call it .7657 - 3, 16.7657 - 19, or 
any other form having integers whose sum is — 3. But the above 

scheme is frequently advantageous in computation with loga¬ 
rithms. 


9.15 Interpolation 

As a number increases, its logarithm also increases, but 
they do not increase at the same rate. The logarithm of 
4 (.6021) is very near exactly twice the logarithm of 2 (.3010). 
Here it appears that the logarithm is doubled when the number 
is doubled. Accordingly, we might expect log 6 to be 3 times 
2, log 8 to be 4 times log 2, and so on. Examination of the 
table of logarithms shows that this is not the case. Log 4 is 
twice log 2, not because 4 is twice 2, but because 4 = 2 2 . How¬ 
ever, if we find the difference between consecutive entries in 
the table there seems to be very nearly a constant difference. 
The first line of logarithms in the table give differences 43, 43, 
42, 42, 42, 41, 41, 40, and 40. The differences of the logarithms 
on the line with the entry 80 in the N column are 5, 6, 5, 6, 5, 5, 
6, 5, and 5. We may conclude that, although the number and 
its logarithm do not change at the same rate, between successive 
entries in the table this is very nearly so. This makes interpola¬ 
tion possible. Since 3.427 is T 7 o of the way between 3.42 and 
3.43, we assume that log 3.427 is also of the way between 
log 3.42 and log 3.43. From the table we find log 3.42 = .5340 
and log 3.43 = .5353. The difference between these logs is 
.0013, the amount which the logarithm increases in moving 
from 3.42 to 3.43. Then X V of this increase or .0009 is the 
amount log 3.42 must increase to become log 3.427. Accord¬ 
ingly, log 3.427 = .5340 + .0009 = .5349. Note that we took 
nr of .0013 to be .0009 rather than .00091. We should never 
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use more digits than the number found in the table. Inter¬ 
polation makes it possible to find the logarithms of numbers 
containing four significant digits. 

We may also, by interpolation, find to four significant digits 
the number corresponding to a given logarithm. We wish to 
find the number whose logarithm is .2135. This logarithm is 
not in the table, but we find .2122 = log 1.63 and .2148 = 
1.64. The difference between these two logarithms is .0026. 
The difference between .2122 and the given .2135 is .0013. 
Then the number whose logarithm is .2135 lies .0013/.0026 = .5 
of the way between 1.63 and 1.64; it is 1.635. 

The process of finding the number corresponding to a given 
logarithm is known as find the antilogaTithm. Since log 3.13 = 

.4955, antilog .4955 = 3.13, meaning the number whose loga¬ 
rithm is .4955 is 3.13. 

You will probably find it helpful to arrange your work in 
tabular form when interpolating. However this is a crutch 
which should be abandoned as soon after you “catch on” as 
possible. The above problem of finding the logarithm of 3.427 
can be arranged like this: 

Log 3.43 = .5353 

Log 3.427 = .5340 + .0009 = .5349 

Log 3.42 = ^0 

.0013 X ttt = 0009 

To find antilog .2135 we may write: 

.2148 = log 1.64 

.2135 = log (1.63 + .005) = log 1.635 
■2122 = log 1.63 A 
.0013 „ I 

.0026 ~ 


■ ■ EXERCISES 

1. Complete the following: log 2 16 = _, log— 125 

= 3, log„ 1 = -, log, =- 
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2. Write in exponential form: log I0 1000 = 3, log 7 49 = 2, 
log a x =y. 

3. Write in logarithmic form: 

(a) 10° = 1 (c) 4 3 = 64 

(b) C* =y (d) 10 1 - 6602 = 35.5. 

4. Find the following: 

(a) log .000756 (d) log 89.000 

(b) log 156000 (e) log 387 

(c) log 1.8900 

5. Express in exponential form: 

(a) log 73.6 = 1.8669 

(b) log .00025 = 6.3979 - 10 

(c) log 1000000 = 6 

(d) log .000001 = -6 

6. Find the number whose logarithm is: 

(a) 3.1818 (c) -2 (e) 9.8774 - 10 

(b) 5.0086 (d) 0.3711 (f) 1.9859 

7. Find the following by interpolation: 

(a) log 179.4 (c) antilog 3.4935 

(b) log .084307 (d) antilog 8.6600 — 10 


9.16 Computation with Logarithms 

From the definition of logarithms, we know that logarithms 
are exponents. Accordingly, they obey the laws of exponents. 

Since 10“ • lO'’ = 10" +fc 

Jog (x • y) = log x -f- log y 
Proof: Let I0 a = x and 10'' = y 

Then the original statement becomes 

xy = 10 a+b 

Take the logarithm of each side 

log xy = log 10 a+6 = a + b 

But if 10“ = x, a = log x % , and if 10 6 = y, b = log y. Then sub- 
stituting these values for a and b , vve get 

log xy = log x + log y 
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In words, this result states that the logarithm of a product 
is equal to the sum of the logarithms of the factors. This prop¬ 
erty was utilized in finding the logarithm of any number, given 
the logarithms of numbers from 1 to 10. 

Since 10° lO*’ = 10“- 6 

log x/y = log x — logjy 
Proof: Let 10" = .v and 10 h = y 

Then from the original statement 

x/y = 10 a ~ b 

Take the logarithm of each side 

log x/y - log 1 0 a ~ b = a — b 

But if 10 x, a = log x and if 10 ft = y, b = logjy. Therefore, 
substituting these values for a and b, we get 

log x/y = log * — log y 

This result tells us that we may find the logarithm of a quotient 
by subtracting the logarithm of the divisor from the logarithm of 
the dividend. 

The two principles above show that with the aid of logarithms, 
we can reduce multiplication and division to addition and sub¬ 
traction respectively. 

Since (10 a ) b = 10 ah 

log (*") = y log x 
Proof: Let 10" = * and b = y 

Then x v = 10 afc 

and 

log ( x v ) — log 10 oh = ab = ba 

But if 10 a = X, a = log x; and since b — y, log ( x v ) = ba = 
y log x . From this we may conclude that the logarithm of any 
power of a number is the same as the exponent of the power 
times the logarithm of the number. The logarithm of 2 15 is 
equal to 15 times the logarithm of 2. 
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When we recall that any root of a number can be expressed 

as a fractional exponent, VTo = 10 J , = J, = a;, the 

above principle can be extended to include the finding of any 

root of a number. The logarithm of any root of a number is 

equal to the logarithm of the number divided by the index of 
the root. 

Logarithms cannot aid one in performing addition and sub- 
traction. 

Refer to the definition of a logarithm. What is the logarithm 
°f ~25? To what power must we raise 10 to get —25? 

10- = -25 


We know that if at is greater than one, 10- is greater than 10. 
K * ^ negative, 10- = — which means a fraction—one over 


— X 


some positive number. We cannot raise 10 to a positive, zero 

or negative power and get -25, or any other negative number’ 

Negative numbers do not have real logarithms. It is only the 

logarithms which are real numbers that interest us here, so for 

our purposes, we may consider negative numbers (and zero) 

as not having logarithms. That does not prevent our using 

logarithms to compute with negative quantities. We merely 

ignore the signs until the answer is determined except for its 

sign. Then we may take its negative factors into consideration 
to determine the sign of the result. 

A few examples will illustrate the foregoing principles of 
logarithms. 


Example l: 

Find the side of a square whose area is equal to that of a circle 
with a 16.5 foot radius. The problem requires that we evaluate 

V16.5 2 X 3.14 

log 16.5 2 = 2 log 16.5 

log (16.5 2 X 3.14) = log 16.5 2 + log 3.14 = 

2 log 16.5 + log 3.14 
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log v 7 16.5 2 X 3.14 = log (16.5 2 X 3.14)* = 

| log (16.5 2 X 3.14) = \(2 log 16.5 + log 3.14) = 

log 16.5 + !g g - 3 ' 14 = 1.2175 + K-4969) = 

1.2175 -j- .2485 = 1.4660 

Then the logarithm of our answer is 1.4660. 

antilog 1.4660 = 29.2 

Example 2: Evaluate - ?' 3 X - 00621 

65.1 X .87 

We shall find the logarithm of the numerator, the logarithm of 
the denominator, then subtract. 

log 17.3 = 1.2380 log 65.1 = 1.8136 

log .00627 = 7.7973 - 10 log .87 = 9.9395 - 10 

log numerator 9.0353 — 10 log denominator 11.7531 — 10 
log numerator — log denominator = 7.2822 — 10 
antilog 7.2822 - 10 = .00192 

Any time the logarithm to be subtracted has the larger positive 
component, the other logarithm should be changed so as to 
make its positive component the larger by adding and subtract¬ 
ing the necessary multiple of 10. 

Example 3: Evaluate 

log .00486 = 7.6866 
log 3.52 = 0.5465 

log numerator 8.2331 

Since 8.2331 is less than 9.6791, we write the logarithm of the 
numerator as 18.2331 — 20. 


log numerator 

18.2331 - 

- 20 

log denominator 

9.6791 - 

- 10 


8.5540 - 

- 10 

antilog 8.5540 — 

10 = .0358 


.00486 X 3.52 
.0199 X 24 

- 10 log .0199 = 8.2989 - 10 

_ log 24 = 1.3802 

— 10 log denominator 9.6791 — 10 



MEASUREMENT COMPUTATION 


319 


When dividing a negative logarithm we must be careful that 
the negative integer be an exact multiple of the divisor; other¬ 
wise a negative fraction will be introduced. 


3 

Example 4 : Evaluate ^ 

/43.6 X 1.008 
.735 X 937.6 


log 43.6 = 1.6395 

log .735 = 9.8663 — 

10 

log 1.008 = 0.0034 

log 937.6 = 2.9720 


log numerator = 1.6429 

log denominator = 12.8383 — 

10 

log fraction = (11.6429 — 

10) - 2.8383 = 8.8046 - 10 

We cannot divide 3 into - 

~ 10 an even number of times but 

we 

can change 8 — 10 to 28 ■ 

- 30. 



i log fraction = £(28.8046 - 30) = 9.6015 - 10 
antilog 9.6015 - 10 = .3995. 


9.17 The Slide Rule 

The slide rule is a useful adaptation of logarithms. 
Many kinds of rules with special scales have been developed. 
The most common type, the rectilinear rule, was invented in 
1622 by William Oughtred, an Englishman. In its simplest 
form, the slide rule consists of two movable scales so constructed 
that one may be moved along side of the other. The scales 
are graduated not at equal intervals, but logarithmically. The 
idea can be demonstrated most easily with the aid of our loga¬ 
rithm table. If we divide our scale into 1,000 equal divisions, 
then by referring to the table we see the beginning of the scale 
(the zeroth division) is marked 1, since the logarithm of one is 
zero. Similarly, the 301st division is marked 2 because the 
logarithm of 2 is .301 to three significant digits; the 477th division 
3; the 602nd division 4; the 699th is marked 5; the 778th is 
marked 6; the 845th is marked 7; the 903rd is marked 8; the 
954th is marked 9; and the 1,000th on the other end is marked 1. 

If we add distances on two such scales, we are evidently adding 
logarithms and the numbered distance corresponding to the sum 
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will give the product of the two numbers. Similarly, if we sub¬ 
tract distances on the scales, we are subtracting logarithms and 
therefore dividing. 

The slide rule is quite useful when the required accuracy is 
not too great. It provides a rapid means of calculating, and is 
quite useful in checking results. 


1 

2 

3 

4 

5 

> 7 8 9 1 


_1_ 

l 

1 

1 

till 



1 


2 

> 

* 4 5 6 7 8 91 





_1_ 


-1-1_1_1_1 1 1 


Figure 9.1. A slide rule consists oj two movable scales graduated logarithmically'. 

The illustration in Figure 9.1 shows the indicator, 1, on the 
lower scale opposite the 2 on the upper scale. Opposite 3 on 
the lower scale we find 6 on the upper scale. Here we have 
added the distance corresponding to the logarithm of 2 and the 
distance corresponding to the logarithm of 3, getting the dis¬ 
tance corresponding to the logarithm of 6. Multiplication on 
the slide rule is thus accomplished by adding logarithms. Di¬ 
vision is performed by subtracting distances on the logarithmic 
scale. 


*9.18 Logarithmic Scale 

in Graphs 

When constructing a graph, although different scales 

may be used on the horizontal and vertical axes, the same unit 

* 

should be used throughout on each axis. However, there are 
times when it is advantageous to plot the units on the vertical 
axis logarithmically rather than uniformly. Ordinarily, we 
wish our graph to picture the trend of the variables in terms of 
the corresponding changes in the two variables. If the graph 
rises as we move to the right, we know that both variables are 
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increasing; if it falls, we know that the dependent variable is 

decreasing as the independent variable increases. If the graph 

is a straight line, the ratio of the two variables is always the same. 

There are some situations where it is more important to know 

the rate at which one of the variables is changing than to know 

the ratio between the two variables. This is particularly true 
of some time series. 

You will recall from Section 9.16 that log x/y = log * — log y. 
If * and y are any two successive values of the dependent variable 
and their ratio x/y is constant, then log x/y and log * — log y 
are also constant. Then if we use a logarithmic scale on a verti¬ 
cal axis, the graph of a function in which successive values of 
the dependent variable are in a constant ratio will appear in a 
straight line. The use of a logarithmic scale enables us to pic¬ 
ture rates of change in the same manner that the uniform scale 
pictures absolute changes. 



Figure 9.2 shows the population of the state of Tennessee 
from 1790 through 1940, using a uniform scale. Figure 9.3 
shows the same information, using a logarithmic scale. 

If the population had increased by the same amount for each 
ten-year interval, the graph of Figure 9.2 would have appeared 
as a straight line. On the other hand, if the per cent of increase 
in the population had been constant at each census then Fig¬ 
ure 9.3 would have appeared as a straight line. According to 
these two charts, did the state grow faster in recent years than 
in the early 1800’s? Figure 9.2 seems to show a fairly constant 
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rate of growth with a slight acceleration from 1870. Figure 9.3 
seems to imply the most rapid growth in the earliest years. 
This is because Figure 9.2 pictures the rate of growth as a func¬ 


tion of the increase in the number of people per unit of time, 
whereas Figure 9.3 pictures the growth as the rate of increase 
over the previous census. In any ten-year interval where the 
population doubled, the graph of Figure 9.3 would show the 
same amount of rise. This is not true of Figure 9.2. In Fig¬ 
ure 9.2 any interval having an increase of 100,000 would show 
the same amount of rise. 



Figure 9.3. Population of the state of Tennessee , 1790-1940. Logarithmic scale used. 

The curve in Figure 9.3 is steepest in the early years because 
the population increased, percentagewise, at a higher rate when 
the state was young and small. We can conclude from Fig¬ 
ure 9.2 that the population is increasing at a rather constant 
rate in terms of the increase in the number of persons each ten 
years. From Figure 9.3 we see that the rate of growth is con¬ 
stantly slowing down from the standpoint of per cent of increase 
over the previous census. 


i ■ EXERCISES 

Evaluate by means of logarithms: 

1 . ( 73 . 08 ) (. 00931 ) ( 567 . 43 ) 

( 4967 ) (. 053 ) 

’ ( 214 )(. 0873 ) 
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3 (593X6.74) 

' (3.15)(12.5) 

4. 1590 

5. (543)(1.05) 21 

6. V 7 .00493 

(83.7) 2 (5.006) 3 

(.0093)- 1 

Use logarithms to solve the following: 

8. The formula: A = p(\ + r) n shows the amount, A, which 
p dollars will yield at compound interest in n interest 
periods at an interest rate, r, per period. If $1,500 is 
left at compound interest for 10 years at 4 per cent com¬ 
pounded semi-annually, the amount, A, is given by A = 
1,500(1 + ,02) 2 °. Find A. 

9. If a bank pays 3 per cent interest, compounded annually, 
how much money should one deposit now in order to have 
$10,000 ten years from now? 

10. A ball rebounds | the distance it has dropped. If the ball 

is dropped from a 100-foot height, how far does it travel 
in coming to rest? 

11. A $2,400 automobile depreciates $600 the first year. If 
the annual rate of depreciation is constant, that is, during 
any year the depreciation is a fixed per cent of its value at 
the beginning of the year, what is the automobile worth 
at the end of three years? Ten years? 

12. Complete the following table from the logarithm Table 
9.1. 


-V 

.1 

.2 

.3 

.4 

•5 

1 

2 

3 

4 

5 

10 

log V 













13. Use the values obtained in Exercise 12 to construct a 
graph of y = log x. 

*14. Explain why the flattest part of the graph in Figure 9.2 
corresponds to the steepest part in Figure 9.3. 

*15. The curve in Figure 9.3 is rising and concave downward. 
What does this tell us about the way in which the popula¬ 
tion is changing? What would lie happening if the curve 

were rising and concave upward? Rising in a straight 
line? 
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*16. If the curve of Figure 9.3 drops between 1950 and 1960 
will that of Figure 9.2 necessarily drop? What will be 
happening to the population if this occurs? 

*17. Under what condition would graphs similar to those in 
Figures 9.2 and 9.3 be exactly the same? 





The difference between a selective sample and a 
random sample? 

There are many kinds of averages? 

The difference between a mean and a median? 
What a standard deviation is? 


What a normal distribution is? 

The difference between betting odds and prob¬ 
ability? 

What “Pascal's Triangle" is? What it has 
to do with probability? 

What a correlation coefficient indicates? 

When the harmonic mean is more appropriate 
than the arithmetic mean? 

Why the use of the wrong average can be mis¬ 
leading? 


How two groups may have the same mean and 
yet be quite different? 




chapter X 


Statistical 
M easures 


The seventeenth century was one of 
the most productive eras in all history insofar as mathematical 
development is concerned. Modern statistics had its beginning 
in this century. A French gambler has the distinction of in¬ 
stigating its development. He proposed a problem known as 
the “Problem^of Points” to Blaise Pascal. The problem was 
essentially this: Two gamblers are playing a game where points 
are scored. The one gaining a specified number of points first 
wins the stake. The game is interrupted before either player 
wins enough points. If the number of points won by each player 
is known, how should the stakes be divided? Pascal related the 
problem to Pierre Fermat. They each solved it, but went far 
beyond. Their work, resulting from this problem, laid the 
foundation for the theory of probability which in turn is the 
framework on which modern statistics is based. 

Stati st ics represents a vast, ever expanding field of applied 
mathematics. It is constantly finding wider use in such fields 
as engineering, business, medicine, education, and agriculture. 
There are two main aspects of statistics. One is the organiza- 
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tion, classification, and interpretation of a mass of collected data. 
The other consists of studying a total population by analyzing 
a sample of that population. When properties of the sample 
are projected to the total population, we are making a statis¬ 
tical inference. This is in the realm of inductive conclusions, 
probable truths. A good illustration of the first type of activity 
is the work of the U.S. Census Bureau. From the data col¬ 
lected by the census takers, information is obtained about the 
average size of an American family, its average income, age 
distribution of the population, occupation distribution, and so 
forth. Public opinion polls are a familiar illustration of the 
other type of activity. The poll taker obtains the opinions of a 
sample of the population on the question under investigation— 
for example, whom they favor for President. From the opinions 
of the sample, the poll taker predicts the opinion of the total 
population. 

The success of such undertakings depends on the extent to 
which the sample is an accurate miniature of the total. Two 
methods of obtaining the sample may be used. A random sa mple 
is one that is so obtained that every member of the population 
has an equal chance of being selected. A selective sample is 
obtained so that all relevant differences in the population shall 
be represented in the proper proportion. In the opinion poll 
such factors as age, education, occupation, sex, and geographical 
location are considered. One might wonder, “Why take a 
sample? Why not use the whole population?” One answer is 
obvious; the population is too large. Another reason is that the 
sample sometimes must be subjected to tests which alter or 
destroy it. 

The use of statistical terminology in nonstatistical literature 
is increasing and it is essential for the general reader to have a 
correct understanding of the more common terms and ideas. 


10.1 Measures of Central Tendency 

A measure of central tendency is a single measure which 
best describes the total group, the one measure which is most 
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typical of the elements in the group. There are three such 
measures in common use, the arithmetic mean , usually referred to 
merely as the mean; the median,. or mid-score; and the mode. 
All three measures are averages,,. Each has its advantages and 
limitations. The nature of the particular distribution of meas¬ 
ures, as well as the purpose for which the average is chosen, 
will determine which average should be used. 

i 

10.2 The Arithmetic Mean 


The arithmetic mean of a group of measures is obtained 
by adding the measures and dividing by the number of meas¬ 
ures. The following are the weights to the nearest pound of 
the members of a football team: 185, 203, 240, 190, 211. 189 
170, 203, 165, 180, and 180 pounds. If we add the eleven 

weights and divide by 11 we get the mean weight of the members 
of the team. 


2116 

11 


= 192 pounds. 


If we designate the weight of a player as X, the variable X 
may take on each of the eleven values given above. The values 
of the individual measurements in the group of measurements 
are called variates . _The symbol X. indicates any one of the 
variates. In the above example, X x = 185, X 2 = 203, X n 

= 180. The symbol 2 whirh is the Greek letter s igma , is used 


indicate a sum. 


ii 


»= l 


n 


Xl + X * + • ‘ ‘ The symbol Xi is read: “the sum, 

from i = 1 to 11 of X { .” The^ arithmetic mean is designated X 
(read X-bar). The formula for the arithmetic mean is then ^ 

— '1 Ar 

f j 

whei^J^' = then um bgrof variates (or measurements or scores). 
If N is quite large a considerable amount of work may be 
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saved in the computation of the mean. We shall use the method 
with the above data. First, we assume a value of the mean, 
say 200 pounds. Next we find how much each score differs 
from the assumed mean. This is called the deviation from the 
mean. These differences are —15, +3, +40, —10, +11, —11, 

— 30, +3, —35, —20, —20. Then we obtain the mean of the 
deviations 


15 + 3 + 40-10+11 


1 1 


30 + 3 - 35 - 20 


20 


11 


84 


1 1 


= -8 


Adding this correction to the assumed mean, we obtain the true 
mean 200 — 8 = 192 pounds. 

If we designate the assumed mean as X <t and the devia tions of 
the Xi's from X n as T„ the above method implies that the mean 
of the variates, A', is equal to the assumed mean, A'o, plus the 
mean of the deviations, F 

X = Xo + F 

« '/ 
ff ' ’ 

I 

To prove this we first note that F, = X ,* — X 0y and 

r - jj £ O' - -W 
iv 1= 1 

Then 


Xo + F — Ao + 


= A o + 




An) T (A2 — Ao) T . . . -f - (A.v Ao)] 


= Xo + — [X\ + X2 + . . . + Xx NXo \ 
= A"o + — (X\ + X2 + . . . + Xx) — X 0 
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In case our assumed mean, A r 0 , happens to be the true mean, 
A’, we get __ _ 

X = X+Y 

o = r 

But F is, in this case, the mean of the deviations from the mean 
of the scores; therefore 

1 jV 

0 = Jr D {Xi ~ X), or multiplying by N 

o = £ 

i= 1 

or the sum of the deviations of the scores from their mean is zero. 

ti jl 

10.3 The Weighted Mean 


There are times when the importance of each variate is 
not the same. The variates may then be weighted by assigni ng 
a number to each to indicate its relative importance. In a 
certain factory the following hourly wages are paid: $1.25, 
$1.75, $2.00, $2.90. What is the mean hourly wage? The 
mean of the four hourly rates would not give a meaningful 
average unless the same number of hours is worked at each of 
the rates of pay. If we assume that each man works the same 
number of hours, we can assign weights to each rate which will 
indicate the proportion of the total force receiving that rate. 
If | = A of the men receive $1.25, * = A of them get $1.75; 
T = A get $2.00, and the remaining \ = A receive $2.90, we 
assign the weights 4, 3, 3, and 2, respectively, to the wage rates 
$1.25, $1.75, $2.00, $2.90. If N men are employed, the mean 
wage would be 


~ X 81.25 + ^ X $1.75 + ^ X $2.00 + ^ X $2.90 
_3_4_4_6_ 

N 

$1.25 $1.75 $2.00 $2.90 

n I a * a I ✓ 


4 X $1.25 + 3 X $1.75 + 3 X $2.00 + 2 X $2.90 


12 
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But the numerator is the summation of the products of each 
hourly wage times its weight and the denominator is the sum¬ 
mation of the weights. The formula for the weighted mean 

W, is ---- - 



10.4 The Median 


The median of a group of measures is the middle one 
when they are arranged in order of size. The weights of the 
members of the football team are in order of size: 165, 170, 180, 
180, 185, 189 , 290, 203, 203, 211, 240. The mid-score, 189, is 

the median weight. 

If the number of measures is even, it is customary to assign a 
value midway between the two middle scores as the median. 
Fifty per cent of the scores fall below and 50 per cent above the 
median. 

This is not precisely true when there is an odd number of 
scores, for if 50 per cent were above and 50 per cent below, the 
total would be 100 per cent of the scores plus the middle score. 


10.5 The Made 

The mode of a group of measures is the one that oc curs 
most frequently. The above weights of the football players is 
bi-modalj since 180 and 203 both occur the same number of 
times and more frequently than the other weights. In this 
example, the mode is rather useless, not because the distribution 
is bi-modal, but because there is no tendency for the weights to 
fall in clusters. 
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10.6 Which Average Is Best? 

The mean may be thought of as a magnit_u jj£_.a ve-r3ge , 
If we changed the scores so that they were all the same size 
and kept the total unchanged, each score would be the mean. 

The median is a positional average. If we stacked the scores 
from both ends, so to speak, first on second, last on next to last, 
and so on, they would all end up at the median. Thqanode^is 
a frequency aver age. If all the scores were made to agree with 
the most “popular” or “stylish” one, they would all be at the 
mode. 

In many distributions all three of these measures are almost 
the same. However, each has its own properties and under 
some circumstances one is more meaningful than the others. 
In fact, the use of the wrong measure can be quite misleading. 
A church is trying to pay off its building mortgage. From 
200 pledges $15,000 has been raised. When Mr. Average Guy 
is contacted he inquires how much is usually pledged. The 
mean pledge up to now is $75. However, Mr. Big started the 
campaign off with $5,000 and the other 199 pledges have ranged 
from $10 to $100, averaging about $50. The arithmetic aver¬ 
age is obviously misleading in this instance. The median or 
the mode would be a much more appropriate measure of central 
tendency. In general, the . mean is the best measure because it 
takes into account the magnitude of all the measures. / It is 
not appropriate when a few extremely small or extremely large 
measures unduly affect the result. ) 

The following grades were reported for a class of twelve 
students: 95, 90, 90, 85, 80, 80, 80, 80, 80, 80, 70, 50. Both the 
sixth and seventh scores are 80; therefore the score midway 
between them, also 80, is the median. But there are tw ice a s 
many scores higher than 80 as there are lower than 80. We 
certainly cannot infer that half the class scored betterthan 80. 
The median as a measure of central tendency would be mis¬ 
leading in this case. 

The manager of a hat store does not care a rap about the 
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mean hat size sold in his store. It would probably come out 
as a value between two sizes. The median is just about worth¬ 
less. But he probably could profit from knowing the mode, the 
size most frequently bought. 

The appropriateness of the average used will depend upon the 
nature of the data as well as upon which of its characteristics 
is the most significant. The reader should be wary when an 
average ’ is cited without stating what kind of average it is. 
“Figures don t lie, but liars do figure.” An inappropriate aver¬ 
age is sometimes deliberately used in order to give an erroneous 
impression. 

The mean is the most frequently used average. It can al¬ 
ways be precisely determined. Unless there are a few very 
large or very small scores to distort the mean, its value is repre¬ 
sentative of the group. As we shall see later, it is necessary for 
the determination of many other statistical measuring devices. 


* 10.7 The Harmonic Mean 

Another average that is sometimes used is the harmonic mean. 
The harmonic mean of a set of measures is the number whose 
reciprocal is the arithmetic mean of the reciprocals of the meas¬ 
ures. Suppose we have measures 3, 3, 4, 5, 6 , 9 whose recipro¬ 
cals are 3 , 5 , 9 . The arithmetic mean of these recipro¬ 

cals is 

i + h + S + l + h+ t = 251_ 

6 1080 

Then the harmonic mean of the original set 3, 3, 4, 5, 6 , 9, 
is The usefulness of the harmonic mean is not immedi¬ 

ately apparent. 

It is a well known fact that the value of a dollar is anything 
but constant. This economic principle has been recognized in 
labor-management agreements which provide for cost-of-living 
adjustments in wage rate. In determining a cost-of-living index, 
it is more important to know how much bacon a dollar buys 
than what a pound of bacon costs. Every merchant knows that 
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by lowering the price sufficiently he can sell a given article. 

The cost of an article is, in general, inversely related to the 
amount sold. 

Suppose the cost of bacon for three consecutive months is 

50^, 600, and 850. The mean cost for this period is 650. But 

as the price advances consumption drops. Consequently, the 

relative importance of this item in a cost-of-living index is less. 

A more meaningful average would be obtained if we found the 

weighted mean. At the above prices, a dollar will buy 2 pounds, 

If pounds, and lyy pounds of bacon, respectively. Then if we 

assign the weights of 2, If, and lfV to the three prices, 500, 

600, and 850, the weighted mean price of bacon for the three 
months is 


2 X 50 + If X 60 + 1 t 3 t X 85 _ 300 15300 

2 + If + lfV W “ “24 T ~ 620 

The harmonic mean of the three prices is obtained by finding 
the mean of their reciprocals. 


i (± + J_ + _L\ = —2_47 

3 \50 60 ' 85/ 3(5100) 

and taking the reciprocal of the result, 


1 _ 3(5100) 

247 247 

3(5100) 


15300 

247 



In general, the harmonic mean is equal to the weighted mean 
if the weights are inversely proportional to the variates. If the 


variates X, Y, Z have weights 


K 

X 


K 

V 




z 


their weighted mean is 


X 


l + p + l 


3 K 






z 


But the harmonic mean of X, Y, Z is 
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10.8 Measures of J ariability 


A mathematics class made the following grades on a test: 
95, 85, 80, 75, 75, 75, 75, 70, 65, 65, 65, 55, 40, 40, 40. The 
mean grade is found to be 66.6, which we round off to 67. On 
another test the same class made the following grades: 80, 75, 

75, 75, 70, 70, 70, 70, 65, 65, 65, 60, 60, 55, 55. The mean is 
again 67. If we knew only the mean we would be apt to assume 
that the class did the same on each test. This is obviously not 
the case. We need a(statistical measure which will give some 
indication as to the extent to which the measures distribute 
themselves about the measure of central tendency.^ Such meas¬ 
ures are called measures of variability . 

The simplest measure of variability is the ranpe. It is merely 
the^difference between the highest and lowest measures) The 
range on the test above is 95 — 40 = 55. On the second test 
the range is 80 — 55 = 25. This indicates considerably more 
variability on the first test. 

Although the range is an easy and useful measure it has 
serious limitations. Suppose our class takes a third test with 

these results: 95, 90, 90, 90, 90, 85, 65, 60, 60, 50, 50, 50, 45, 
40, 40. Both the average, 67, and the range, 55, are the same 
as for the first test. The range does not take into account how 
much each score varies from the point of central tendency, but 
merely the total over-all spread of the scores. An isolated score 
at either extreme of the distribution of scores will unduly affect 
the range. What is needed is a measure which takes into ac¬ 
count the amount each measure deviated from the mean score. 

A number of such measures have been devised, among them 
are the mean deviatio n , v ariance , and standard deviatio n. We shall 
confine our attention to the most widely used of these, the sjjuid- 
ard deviation , denoted by the Greek letter sigma, The 

standard deviation is not only a very satisfactory measure of 
variability but it is extensively used in deriving other statistical 
measures. The standard deviation is the square root of th e rnean_o t 
the squares of the deviations of each score from their mean. 
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This is not as formidable as it sounds. We shall compute the 
standard deviation for the first and third test results given above. 


TABLE 10.1. SCORES, DEVIATIONS, DEVIATIONS SQUARED, 
IOR DETERMINATION OF STANDARD DEVIATION 


95 . 
85. 
80. 
75. . 
75. . 
75. . 
75. . 
70. . 
65. . 
65. . 
65. . 
55. . 
40. . 
40. . 
40. . 


Deviation 

from 

Score Mean = 66.6 

. 28.4 

. 18.4 

. 13.4 

. 8.4 

. 8.4 

. 8.4 

. 8.4 

. 3.4 

. - 1.6 

. - 1.6 

. - 1.6 

. - 11.6 

. -26.6 

. -26.6 

. -26.6 


Deviations 

Squared 

806.5 

338.5 

179.5 
70.56 
70.56 
70.56 

70.56 

11.56 
2.56 
2.56 
2.56 

134.6 
724.2 
724.2 
724.2 



a 



3922.18 


15 


16.2 


Total 


3922.18 


If we substitute the values from Table 10.1 in the standard 
deviation formula we get 



3922.18 

15 


16.2 


as the standard deviation of the class scores on the first test. 
The values from Table 10.2, on page 338, give 




6166.28 


15 


20.3 


as the standard deviation of the scores on the third test. These 
two results indicate that the third test, with the higher standard 
deviation, gave more variable results than the first test. That 
is, the scores on the third test had a greater tendency to diverge 
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TABLE 10 . 2 . SCORES, DEVIATIONS, DEVIATIONS SQUARED, 
FOR DETERMINATION OF STANDARD DEVIATION 


Deviation 

from Deviations 

Score \tean = 66.6 Squared 

95 . 28.4 806.5 

W . 23.4 547.5 

9(1 . 23.4 547.5 

9 ". 23.4 547.5 

99 . 23.4 547.5 

R 5 . 18.4 338.5 

65 . - 1.6 2.56 

60 . - 6.6 43.56 

60 . - 6.6 43.56 

50 . - 16.6 275.5 

50 . - 16.6 275.5 

50 . - 16.6 275.5 

45 . - 21.6 466.7 

40 . - 26.6 724.2 

40 . — 26.6 724.2 



<7 



f>6.2« 

15 


Total 6166.28 


20.3 


i 


from the mean score. There was a greater tendency to make 
both high scores and low scores than was true on the first test. 
In general, a relatively small standard deviation indicates that 
the scores tend to cluster close to the mean and a relatively high 
one shows that the scores are widely scattered from the mean. 
A more specific and more meaningful interpretation of the 
standard deviation will be possible after we have examined the 
normal distribution. 


\—Va A ~ 

i ■ ■ ■ ■ EXERCISES 

1. Criticize the following statements—typical of many you see 
and hear. 

(a) Six out of ten adults who wear glasses are smokers. 
Smoking is injurious to the eyesight. 

(b) Eighty per cent of the students at Universal University 
make grades of B or higher. The grade C represents 
average work. 
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(c) In a certain city last year five times as many men 
as women were involved in automobile accidents. 
These statistics prove women are the more careful 
drivers. 

(d) The average annual temperature for Tennessee is 58°; 
that of North Dakota is 39°. Therefore in midsum¬ 
mer it is hotter in Tennessee than in North Dakota. 

(e) Mortality tables tell us that over five times as many 
Americans die at 40 years of age than at 80 years of 
age. This proves that 80-year-olds are either health¬ 
ier or more careful. 

(f) Mr. Brown sold two houses. On one he made a 10 
per cent profit and on the other a 20 per cent profit 
for an average gain of 15 per cent. 

(g) The median nicotine content of cigarette A was found 
to be .85 per cent; that of cigarette B was .81 per cent. 
Company B advertised that the results of this test 
proved conclusively that their cigarette is less harmful. 

2. A factory manager and a union representative are at¬ 
tempting to determine the reasonable rate of production 
on a particular piece-work job. The daily output of 
fourteen workers was checked, with the following number 
of pieces turned out: 111, 115, 116, 118, 118, 119, 122, 
128, 128, 130, 135, 140, 152, 170. Should they use the 
median or the mean in determining the production rate? 

3. In which of the following sets of measures is the median 
of any value? Is the median a better measure than the 
mean in any of them? 

v jv> (a) 15, 17, 42, 20, 70, 35, 27, 40. 

(b) 1.8, ,1.0,C9; .9,X 2, 1-5, 1.7, 1.5, 1.4, .9, .9. 

(c) 221, 224, 218, 218, 222, 221, 216, 225, 220, 217, 219, 
>213', 230. 

(d) 18.6, 17 . 1 , 18.4, y>.7, 17^20.4, 19.3, 48.2, 53.1. 

4. Will a concentration of extremely high scores in a distribu¬ 
tion cause the mean or the median to be higher? 

5. The mean score of Section A, Math 100, was 79 and its 

median was 73. The mean score for Section B was 74 

and its median 77. What can you infer about the two 
classes? 

6. If you travel 1 hour at 30 miles per hour, 1 hour at 40 
miles per hour, and 1 hour at 50 miles per hour, what is 
your average speed? If you travel 100 miles at 30 miles 
per hour, 100 miles at 40 miles per hour, and 100 miles 
at 50 miles per hour, what is your average speed? 
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*7. Find the arithmetic mean and the harmonic mean of the 
following: (a) 2, 4; (b) 1, 2, 3, 4, 5; (c) 

*8. The average price per ton of coal for three consecutive 
years was $6, $8, $13. Find the average price per ton 
for the three-year interval assuming (a) the same amount 
of coal was purchased each year and (b) the amount 
purchased was inversely proportional to its price. 

9. The following grades were made in a class of 25 students. 
Find the median, mean, mode, range, and standard de¬ 
viation of these grades: 98, 65, 90, 80, 85, 70, 75, 60, 90, 
80, 85, 70, 74, 88, 91, 65, 72, 78, 83, 70, 90, 60, 75, 76, 50. 

10. A machine turns out six-inch bolts. Samples taken at 
intervals through the day were measured with a microm¬ 
eter with the following results: 6.03, 6.05, 5.99, 5.96, 6.02, 
6.06, 5.95, 5.98, 6.08, 6.02, 5.94, 5.98, 6.01, 6.00, 6.04, 
5.97, 6.07. Find the mean and standard deviation of this 
sample. 

10.9 Probability 

% 

If you toss an unweighted coin the odds are even (1 to 1) 
that it will fall heads. The correct odds that an honest die will 
land with any one of its six faces up are 1 to 5, one favorable 
chance to five unfavorable. Probability is not defined in the 
same way as betting odds. 

Definition: I] an event can occur in N equally likely ways , S of 
which are favorable , the probability , P, of a favorable event is S/ N. 

Betting odds are the ratio of success to failure. Probability 
is the ratio of success to success plus failure. The probability 
that a tossed coin will land heads up is i. The probability that 
a die will land with a given face up is £. The range of possible 
values of P is 0 to 1. If none of the events are favorable P = 

0 /N = 0. A probability of zero means certain failure. If all 
N events are successful P = N/N =1. A probability of 1 
indicates certain success. 

Example 1: 

What is the probability of drawing an ace or a king in one 
draw from a deck of 52 cards? Solution: Since there are 4 aces 
and 4 kings in the deck P = ; ^>= -fif. 
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Example 2: 

What is the probability of drawing an ace and a king in draw- 

2 cards from a deck? Solution: We can draw an ace in any 

one of 4 ways and with each of these, a king in any one of 4 ways. 

Then we can draw an ace and then a king in 4 X 4 = 16 ways. 

But we might draw a king and then an ace. This can be done 

in 16 ways. A favorable event may occur in 16 + 16 = 32 

ways. The total number of events is 52 X 51 since we may 

draw any one of 52 cards and then any one of the 51 remaining 

cards on the second draw. The probability of drawing an ace 
and a king is then 


p __ 32 _ 8 

52 X 51 “663 

Example 3: 

A drawer contains 6 black and 6 white socks. If two socks 
are drawn at random, what is the probability that a pair is 
drawn? Solution: We may draw a black sock in 6 ways, then a 
black in 5 ways or a black pair, in 6 X 5 = 30 ways. We may 
draw a white pair in 30 ways more. Then a successful event 
may occur in 60 ways. The total number of events is 12 X 11 
since we may draw any one of 12 socks and then any one of the 

11 remaining socks. Therefore P = -—- = JL. 

12 X 11 11 


There are rules for counting involving permutations and com¬ 
binations which are quite helpful in more complicated problems 

of probability. These are discussed in any good college algebra 
book. 


The above examples are illustrations of mathematical probability 
We can predict the probability through an analysis of the possi¬ 
bilities of occurrence of events, all of which are equally likely. 
This is called a_prion_piobability, probability at a prior time. In 
statistics we are just as concerned with empirical or a posteriori 
probability. This probability is based on past experience if we 
ossed a coin 10,000 times and got 5,100 heads and 4,900 tails 
the a posteriori probability of the coin falling heads would be AV 
We would not expect the coin to fall heads one time and tails 
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one time every time a coin is tossed twice. We would not be 
surprised if we got heads quite a few times in succession. But 
as the number of tosses becomes very large, we would expect 
the ratio of heads to the total tosses to approach the predicted 
value ^ more and more closely. If we are to place much confi¬ 
dence in empirical probability we must have many cases. There 
are, however, many practical situations where it is impossible 
to make a mathematical prediction and empirical probability is 
essential. The professional gambler’s stock in trade is a priori 
probability. His odds arc not determined by the past per¬ 
formance of a given pair of dice or a roulette wheel. It has 
been aptly said that “Dice have no memory.” However, life 
insurance companies have a different problem when they set 
the rates for an insurance policy. We cannot calculate in ad¬ 
vance the probability that a 35-year-old man will survive for 
20 years in the same manner that we can determine the prob¬ 
ability that an 11 will be obtained from one throw of a pair of 
dice. The insurance company obtains its probability from past 
experience with similar 35-year-olds. The American Experience 
Mortality Table is based on years of experience with many in¬ 
sured persons. The table shows the number of persons still 
living at each age above 10 years of an original 100,000 at age 10. 
The number dying each year is also given. If new evidence 
accumulates which is at variance with the table, the latter may 
be revised. The table shows 81,822 of the original 100,000 still 
living at age 35. At age 55 there are 64,563 still living. On the 
basis of these figures the probability that a 35-year-old will live 
for at least 20 years is 64,563/81,822. It is upon information 
of this kind that life insurance premium rates are based. Auto¬ 
mobile liability rates are set in a similar manner. A marked 
change in the accident rate will quickly be reflected in a corre¬ 
sponding change in the premium rate. 


10.10 The Binomial Theorem 

The following results may be verified by direct multi 
plication: 
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(a + b)° = 1 

(a + b) 1 = a + b 

(a + bY = a 2 + lab + b 2 

(a + />) 3 = a 3 + 3a 2 /> + 3a/> 2 + A 3 

(a + b) A = a 4 + 4a 3 /; + 6 a 2 b 2 + 4 ad + b A 

(a + by = a 5 + 5a 4 /; + 10a 3 /? 2 + 10a 2 /? 3 + 5 ab A + /; 5 

A number of facts may be observed: 

1. The power to which the binomial (a + b) is raised is al¬ 
ways one less than the number of terms in the expansion. For 
example, the expansion of (a + b ) 3 has four terms, the expansion 
of (a + b) b has six terms. 

2. The exponent of a decreases one from term to term, starting 
with the exponent of (a + /;)" and ending with zero. The first 
term in the expansion of (a + /;) 4 is a 4 . The last term may be 
thought of as a°b A . 

3. The exponent of b increases one from term to term, start¬ 
ing with zero and ending with the exponent of (a + b) n . 

4. The sum of the exponents of a and b in any term of the 
expansion of (a + b) n is n. 

5. The coefficients are arranged symmetrically; the first and 
last terms have coefficients 1, coefficients of the second and next 
to last terms are always the same as the exponent of (a + b) n . 

6. Each coefficient after the first may be determined from the 
preceding term as follows: The exponent of a in any term times 
the coefficient of the term divided by the number of the term 
(first, second, third, and so on) gives the coefficient of the next 
term. For example, the coefficient of the third term of the 
expansion of (a + /;) 4 may be obtained from the second term, 
4a 3 /? as (3 X 4)/2. 

If we assume these properties hold for any value of n we can 
write the expansion of the binomial (a + b) n . 


(a + /;)" 



n(n — 1 )(n — 2) 

1-2-3 




% 
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n 1) ( n _ 2)...(/? — r -f- 2) 

1 • 2 • 3 • . . . (r — 1) 


a n ~ r +'b r - { 




n(n — 1) . . . 1 
1 *2*3 • ... n 



* 10.11 The Binomial , Not a Positive 

Integer 


We can prove that the expansion of the binomial given 
in Section 10.10 is correct for all positive integral values of n 
by mathematical induction. When n is negative or fractional, 
the expansion becomes endless, it never terminates. Do you 
see why? If this infinite series converges our formula is still 
correct. We shall not attempt to state the conditions under 
which the binomial series converges. However, it is necessary 
but not sufficient for succeeding terms of the series to get smaller 
if the series is to converge (see Section 8.15). We know that 
(1 + l) -1 = \ but if we attempt to expand (1 + 1) _1 according 
to the binomial theorem we get 


(1 + 1)-' = 1-1 + (-1) ■ 1-2 . 1 4- ( - -LL-2) j 3 


( 1)( — 2)( — 3) ,_ 4 


1-2-3 


1 


I s + . . . = 1 - 1 + 1 - 1 + 


l 2 + 


This is a series which does not converge. Any series which docs 
not converge is said to diverge. 

On the other hand, we get a convergent series and can ap¬ 
proximate the square root of 10 nicely if we apply the expansion 

to (9 + 1)*. 

(9 + 1)1 = 9* + i • 9“* • 1 + ^7^ 9“» 


= 3 + i 

= 3.16 


\ 

? 1 ”<> 


• l 2 . . . + 
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EXERCISES 


1. What is the probability of drawing a heart when drawing 
one card from a deck of 52 playing cards? 

2. What is the probability of‘‘filling a flush" in hearts, that is, 
drawing a heart in one draw when you are holding 4 hearts 
and one nonheart? (Since you can see only your own hand, 
assume that you draw one card from 52 — 5 = 47 cards.) 

3. A drawer contains 6 black and 6 white socks. If the room 
is totally dark and you put on two socks from the drawer, 
what is the probability that you have on a pair? 

4. Three couples sit at a table which is round. They are 
seated at random, except that the boys and girls alternate. 
If you are in the party, what is the probability that you are 
seated next to your partner? What is the probability that 
each person in the party is next to his partner? What is 
the probability that no one will be next to his partner? 

5. Why is it impossible for the probability of an event to be 2? 

6. Distinguish between a priori probability and empirical prob¬ 
ability. Which is the primary concern of the statistician? 
Why? 


10.12 Binomial Distribution 

The binomial theorem, as the above is called, has many 
interesting and useful applications. Suppose we toss two coins. 
They may fall 2 heads, 1 head and 1 tail, or 2 tails. The prob¬ 
abilities of each combination appearing on any one toss are 
and respectively. Suppose we toss a dime and a cent. 
The dime can fall either of two ways, then the cent can fall 
either of two ways, making a total of four ways (heads-heads, 
heads-tails, tails-heads, tails-tails). If we toss the coins four 
times, the most likely occurrence would be 2 heads one time, 
1 head and 1 tail two times, and 2 tails one time. Similarly 
if we toss three coins we may get 3 tails. The first of the thr' * 
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coins can fall heads or tails, so can the second, and then the 
third. We have a total of eight possibilities: H X H 2 H 3 , H X H 2 T 3 , 
Hi T 2 H 3 , H x T 2 T 9j T x H 2 H 3 , T ! H 2 T 3 , T x T 2 H 3 , T x T 2 7+ where the 
subscript indicates the identity of each coin. If the three coins 
are tossed eight times, the most likely occurrence will be 3 heads 
one time, 2 heads and 1 tail three times, 1 head and 2 tails three 
times, and 3 tails one time. These frequencies, 1, 2, 1 and 1, 3, 
3, 1 are the coefficients of the expansion of the binomial (a + b ) 2 
and (a + b ) 3 . In fact, the coefficients of the expansion of 
{a + b) n give the frequency of occurrence of n, n — 1, n — 2, 

. . . 1, heads when n coins are tossed 2” times, 2" being the sum 
of the coefficients of the terms of the expansion of (a + b) n . 
We shall prove this to be true in a later exercise. They are the 
relative frequencies of the occurrence of these events regardless of 
the number of tosses. 


10.13 The Normal Distribution 

If we toss five coins simultaneously all five may fall heads, 
or we may get 4 heads and 1 tail, 3 heads and 2 tails, 2 heads 
and 3 tails, 1 head and 4 tails or no heads and 5 tails. Let us 
examine the terms of the expansion of (H + T) r °. 

C H + T) h = H 5 + 5 H 4 + 10 H 3 T 2 + 10 H 2 T* + 5 HT 4 + T r ° 

The sum of the coefficients 

1+5 + 10+10 + 5+1 = 32 = 2 5 

If we toss five coins 32 times these coefficients give the the¬ 
oretical number of times we should get the various combinations 
of heads and tails. For example, the coefficient 1 in the first 
term indicates that we should get 5 heads (the exponent of H 
is 5 in the first term) on one of the 32 tosses. We should expect 
4 heads five times, 3 heads ten times, 2 heads ten times, 1 head 
five times, and no heads one time. Of course we would not 
expect to get exactly the number of occurrences indicated above 
in 32 tosses. But we would be quite surprised if we got all heads 
every other time and all tails the rest of the time. In fact we 
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would expect our results to approximate those given above. 
The more times the coins were tossed the more closely we would 
expect the ratio of frequency of occurrence to agree with the 
theorical frequencies. The predicted relative frequencies may 
be stated in terms of probability. Since we expect to get all 
5 heads one time in 32, the probability of doing so on any toss 
is The probability of getting 4 heads is 3 heads - 3 -$, 

2 heads ■£-£, 1 head and no heads • 

Conclusions similiar to the above may be drawn when 
(H + T) b is replaced with (H + T)", n a positive number. If 


n coins are tosses the probability of n heads is the probability 


of (i — 1 heads is n/ 2 n , for n 
n(n — l )/2 


2 heads the probability is 


2 n 


and so on. The numerators are the coefficients 


of the terms of the expansion of (H + T) n and the denominator 
is the fixed value of 2 n . 



Figure 10. /. Theoretical distribution of number oj heads when six coins are tossed 

simultaneously. 

In Figure 10.1 the bar graph shows the probability of getting 
6 , 5, 4, ... 0 heads when six coins are tossed. The expansion of 
(.H + TY is 

(H + TY = H* + 6 H b T + 15 H*T 2 + 20 H S T 3 + 

15 H 2 T A + 6 HT» + T 6 


The sum of these coefficients is 2 G = 64. The probability of 
6 heads is oV, 5 heads 4 heads 3 heads ff, 2 heads 
1 head jfr, and no heads The sum of these probabilities is 


_1 I C 1 15 | 
G4I 641 041 




which is what we expect since the occurrence of some one of 
the above events is certain. 
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The bar graph in Figure 10.1 is called a histogram . Since 
the sum of the above probabilities is unity so is the sum of the 
areas of the rectangles in the histogram. This is most conven¬ 
iently accomplished by taking the width of each rectangle as 
unity and the height of the rectangles as the probability it repre¬ 
sents. Note that different lengths may be taken as unity on the 
vertical and horizontal scales. If we join the mid-points of the 
top of successive rectangles, the resulting broken line graph is 
known as a frequency polygon . If we extend the graph to the mid¬ 
points of the next intervals beyond the histogram on the base 
line, the area of the frequency polygon will be unity, since equal 
triangles will have been added to and subtracted from the 
histogram. 

Regardless of the value we assign to n in (H + T ) n , the sum 
of the probabilities of n, n — 1, ... 0 heads will be unity. As n 
increases without limit, the polygon of area unity will approach 
a smooth curve which is the graph of the normal density func¬ 
tion or which is called the normal curve. As is true of all the 
binomial distributions which we have examined, the mean, 
median, and mode are identical. For instance, in (H + 7") 6 
3 heads and 3 tails occurred 20 times, more than any other com¬ 
bination; therefore the “score” of 3 heads is the mode. But it 
is also at the middle of the distribution; it is the median. And 
since the distribution is perfectly symmetrical it is also the mean. 
It will be observed that the curve is bell shaped, it is symmetric 
with respect to the mean, and it approaches, but does not touch, 
the base line at its extremes. 

If the average weight of American men is 165 pounds, we 
would expect to find fewer men weighing 265 pounds than 170 
pounds. In general, the further from the mean a given weight 
is, the fewer men we would expect to find having that weight. 
However, the distribution of men’s weights is found to very 
nearly approach the normal distribution. Numerous examples 
of distributions found in nature conform to this pattern. It is 
for this reason that it is called the normal distribution. It is a 
basic assumption in statistical analysis that differences due to 
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chance errors tend to distribute themselves normally. However, 
it should be observed that a nonnormal distribution is not prima 
facie abnormal. Many important distributions fail to approx¬ 
imate the normal distribution. 

It is beyond our scope here to derive the normal curve an¬ 
alytically or to establish a proof for its properties. However, 
there is a close connection between it and the standard deviation 
which we shall state without proof. For a normal distribution, 
scores one standard deviation above and below the mean will 
include approximately two-thirds of all the scores of the dis¬ 
tribution; the standard deviation becomes much more meaning¬ 
ful as a measure of variability. 

4 

Let us return to the test results for which we computed the 
standard deviation. On the first test, the standard deviation of 
16.2 means that if the distribution is normal about two-thirds 
of the scores will be found between 50.4 and 82.8. In this case, 
we find 10 of the 15 scores are within this range. On the third 
test, about two-thirds of the scores should be found between 46.4 
and 86.8. Even with this larger standard deviation, we find in 
this case only 7 of the 15 scores in this range. Not only are the 
results of the third test more variable than those of the first test, 
but they are much further from a normal distribution. 

One of the most persistent misconceptions concerning statistics 
relates to the normal distribution. Some people seem to think 
that any sample must distribute itself normally relative to any 
characteristic. There is no basis for assuming normality in a 
sample unless variations in the trait measured are due to chance. 
This implies that the inclusion or exclusion of an individual in 
the sample be a matter of chance. Furthermore, the sample 
must be relatively large if we expect to get an accurate repre¬ 
sentation of the total population. There is no reason to expect 
a small, highly selected group to form a normal distribution. 
The assumption made by some “curve graders” that a given 
per cent of a freshman mathematics class must make an A and a 
given per cent must fail is wholly unjustified for a class of 30-35 
students who have gone through considerable selection by virtue 
of the fact that they are in college. 
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■ ■ EXERCISES 

1. Determine the theoretical distribution of heads when six 
coins at a time are tossed 64 times. Construct a histogram 
showing your results. 

2. Toss six coins at a time 64 times and tabulate the number 
of heads on each toss. Superimpose a histogram over that 
of the above exercise showing the results of these tosses. 

3. Combine your results with those of nine other members of 
the class, divide the frequencies by ten, and compare with 
your results and the theoretical distribution. 

If the coefficients of the binomial expansion are written in 
triangular form thus: 

1 

1 1 
1 2 1 

13 3 1 

1 4 6 4 1 

1 5 10 10 5 1 

The result is known as “Pascal's triangle.” Notice that 
each row begins and ends with a 1 and the other numbers 
of each row may be obtained from the row above by adding 
two consecutive numbers in the row above and placing the 
sum midway between them in the row below. 

4. Complete the triangle for eight rows. 

5. Notice that the outside diagonal consists of all Is, the second 
diagonal consists of the consecutive integers. The third 
triangle consists of what is known as triangular numbers. 

• • • 

• • • • • • 

• •• ••• •••• 

(1, 3, 6, 10, etc.) 

Can you infer from this what kind of number the sum of 
the first n consecutive integers is? 

6. Prove by mathematical induction that 1 + 2 + 3 + . . • 

+ n = n (n + 1) / 2. 

7. Start at any diagonal and add down the diagonal as far as 
you wish. Where do you find this sum? 

8. The sum of the numbers in the first row is 1, the second row 
1+1=2, the third row 1+2 + 1 =4. Find the sums 
of the numbers in each of the first eight rows. What can 
you infer about the sum of the numbers in the nth row? 
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9. Prove the sum of the coefficients in the expansion of 
(a + b) n equals 2", assuming that Pascal's triangle always 
yields the correct coefficients. 


10.14 Standard Error 

The standard error is another statistical measure which 
one frequently encounters in reading. Although the standard 
error of the mean is a standard deviation, it should not be con¬ 
fused with the standard deviation of the scores of the sample. 
Its significance can be best illustrated with an example. Sup¬ 
pose from a random sample of 1,000 men we find their mean 
height to be 68.3 inches. This distribution has a standard devia¬ 
tion of 4.1 inches. If we select one of the 1,000 men at random, 
about two times in three the individual selected will have a height 
between 64.2 and 72.4 inches. If we select another random 
sample of 1,000 men, the mean and standard deviation of this 
sample will be very apt to differ from the first. In fact, if we 
continue to get very many such samples, the means of all these 
samples will themselves constitute a distribution. Now the 
sample of 1,000 men is supposed to be a miniature of the total 
population from which it is drawn. The question is, how good 
a miniature of the total population is it? If we had a distribu¬ 
tion of the means of many such samples and could obtain the 
standard deviation of this distribution of means, then we would 
have a basis for judging the reliance which could be placed on 
the sample. However, it is usually not feasible to obtain a large 
number of samples. What is needed is a measure obtainable 
from a single sample which will give some indication of how 
well it represents the total population. The standard error of 
the mean, written <r^, is such a measure. It may be interpreted 
as the standard deviation of a distribution of means of many 
samples drawn from the population. The standard error of 
the mean of the above sample is .13; that is, the chances are 
two in three that the mean height of the total population from 
which the sample was drawn differs from the obtained mean of 
68.3 by not more than .13, or the true mean lies between 68.17 
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and 68.43 inches. The chances are better than 99 in 100 that 
the mean of the population lies between 67.91 and 68.69 inches. 
This result is usually written 68.3 ± .39, meaning that the true 
mean is the obtained mean plus or minus three times its stand¬ 
ard error. The standard error, as well as many other statistical 
measures, can be found from the standard deviation. We give 
without proof the formula for the standard error of the mean 


°x = 

where (Tp^p is the standard deviation of the population from which 
the sample comes. However, since we usually do not know 
the standard deviation of the population we may estimate, using 
the standard deviation of the sample. The formula then be¬ 
comes 

a 

a x = 7 

VN - 1 

The use of N — 1 instead of N is relatively unimportant if N is 
large. 


/*> p 

VN 


*10.15 Correlation 

Up to this point our discussion of statistical measures 
has been concerned with the analysis of a single group of variates. 
Most practical applications of statistics are not so simple; more 
than likely a statistical problem will be concerned with more 
than one group and more than one characteristic. The idea of 
correlation is of fundamental importance in many statistical 
problems. Although there are numerous extensions of the con¬ 
cept of correlation we shall confine our discussion to its simplest 
aspect. 

Suppose a group of students are given a test in mathematics 
and a test in reading. Is there any relationship between the 
two sets of grades? We would expect some relationship to exist. 
In general, we might expect those students who scored high on 
one of the tests to score high on the other. Correlation is a 
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measure which indicates the extent to which this trend, or the 
reverse, occurs. Table 10.3 gives the grades which a group of 
students made on the mathematics test and the reading test. 

TABLE 10.3. MATHEMATICS ACHIEVEMENT AND READING GRADES 

MADE BY A GROUP OF STUDENTS 


Student 

M at hematics 

Reading 

Student 

Mathematics 

Reading 

A. 

.... 80 

75 

I. 

86 

75 

B. 

.... 60 

80 

.1. 

• • • • V V/ 

.... 70 

65 

C. 

.... 93 

89 

K. 

.... 75 

85 

D. 

.... 55 

60 

L. 

.... 60 

50 

E. 

.... 85 

70 

M. 

.... 85 

90 

F. 

.... 65 

83 

N. 

.... 90 

80 

G. 

.... 95 

95 

O. 

.... 65 

70 

H. 

. . . . 73 

82 

P. 

.... 70 

85 


If a perfect relationship existed between the two sets of scores, 
the person who made the highest score on one test would be 
highest on the other, the same student would be second high on 
each test, and so on. 



Figure 10.2. Scatter diagram of the scores given in Table 10.3. 


Figure 10.2 shows a scatter diagram. Each individual’s scores 
are indicated by a point, located so that its distance along each 
axis corresponds to the scores on the corresponding tests. For 
example, student A made a score of 80 in mathematics and 75 in 
reading. Point A is located on the diagram by going out the 
horizontal (reading) scale to 75 and up, parallel to the mathe¬ 
matics scale, to 80. The first four students’ points are labeled 
in the diagram. 

If all the points of the diagram fell on a straight line, a perfect 
(linear) relationship would exist between the two traits. Two 
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traits could be so related that a high score on one trait implied 
a low score on the other. In this case they would be correlated 
negatively. All points would be on a line sloping downward, 
the dotted line in Figure 10.2. The value of the correlation 
coefficients ranges from +1 to — 1. A coefficient +1 indicates 
a perfect correlation between the two traits; —1 indicates a 
perfect negative relationship, highest on trait A implies lowest 
on trait B , and so on. A coefficient of zero implies the absence 
of a linear relationship between the two traits. 

The formula for the coefficient of correlation, which we shall 
not derive here, may be expressed in terms of both the mean 
and the standard deviation of both sets of scores. The coefficient 
of correlation, r, is given by 

1 (x ( - X) ( Y j - F) 

N ^ <j x a Y 

*10.16 Interpretation of 

Correlation 

Caution should be exercised in interpreting a correla¬ 
tion coefficient. The existence of a high correlation does not 
establish the existence of a cause and effect relationship between 
the two traits. The coefficients can only state quantitatively 
the existence of a co-relationship. It can never explain why 
the relationship exists. A high score on trait A may cause a 
high score on trait B, high scores on both traits may spring from 
a common cause, or the situation may appear by pure accident. 

What is a “high” correlation coefficient? There is no pat 
answer to this question. We must rely on past experience in 
making our interpretation. It has been found that mental 
traits tend to agree rather well. If a reasonably large group 
were given two different intelligence tests, an r of .90 would not 
be considered unusually high. On the other hand, if we ob¬ 
tained the shoe sizes and number of coins of change in the 
pockets of the first 100 men we met on the street, we would 
attribute a correlation coefficient which differed very much from 
zero to pure chance. 
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■■ EXERCISES 

1. A group of boys have a mean intelligence quotient of 103.9 
with standard deviation of 10.3. The chances are one in 
six that a boy selected at random has an I.Q. above what 
figure? 

2. Find the standard error of (he mean in Exercise 1 if there 
are 100 boys in the group; 25 boys; 1,000 boys. In which 
of these three cases, if any, can we be almost certain (99 
times in 100) that the true mean of the population from 
which the samples were taken is not over 105? 

3. The average life of a certain type of light bulb is 1,025 
hours, standard deviation 115 hours. What is the mini- 
num life you can expect from such a bulb, 99 times in 100? 

4. If a group of 100 students have weights and intelligence 
quotients which have a correlation coefficient of —.75, can 
you conclude that the smaller a person is the smarter he is? 
How would you expect these two traits to correlate? 

5. Would you expect a high or low correlation between keen¬ 
ness of vision and marksmanship? Discuss the possibilities. 





you know 



How two variables are related if a linear rela¬ 
tionship exists between them? 

Why such a relationship is called linear? 

What an algebraic function is? 

What the zeros of a function are? 

What a transcendental function is? 

Why we sometimes call the literal number in an 
equation the unknown and at other times call it 
the variable? 

The difference between a function of x and an 
equation in x? 

How to tell when the graphs of two linear 
functions will be parallel? 

The difference between an explicit function and 
an implicit function? 

How to obtain the inverse of a function? 

The difference between equal functions and equal 
values of a function? 




chapter XI 


Mathematical 

Functions 


Most of the functional relationships 
studied in Chapter VI are such that it would be difficult to state 
algebraically what the relationship is. Consider the continuous 
temperature chart of Figure 6.7. Obviously, a functional re¬ 
lationship between time and temperature does exist. Corre¬ 
sponding to each instant of time in the interval there exists a 
specific temperature. We may read the temperature corre¬ 
sponding to any specified time directly from the chart. How¬ 
ever, if we attempted to state how to compute the temperature 
corresponding to an arbitrarily chosen time, we would have a 
difficult task. There are ways of determining a mathematical 
function whose graph will very closely approximate our temper¬ 
ature chart. But this is beyond our present scope. In this 
particular illustration the mathematical function would be quite 
involved. However, nature is filled with functional relationships 
which are much less complicated. The behavior of falling 
bodies and that of gases under pressure are two illustrations 
which were discussed in Chapter VI. 

We noted that the observed time required for a body to fall a 
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fixed distance conformed very closely to the function f(x) = 16* 2 . 
The function f{x) = 16x 2 is an abstract mathematical function. 
We do not attempt to define either J{x) or we merely define f, 

the relationship between them. When we assign to x and f(x) 
a concrete interpretation, our function becomes a formula. The 
formula for falling bodies being d = 16/ 2 , we have given to f(x) 
the interpretation, distance (in feet) fallen, and to x, time (in 
seconds) of fall. This is by no means the only formula which 
might be derived from the function f(x) = 16x 2 . The cost, c , 
of carpeting a square floor whose side is s with carpet which 
costs $16 per square yard is given by c = \6s 2 . Here we have 
interpreted f(x) to mean cost of carpeting a square floor and x 
to mean the length of the side of the floor. Or we might let 
f(x) mean cost of gasoline and * mean gallons of gasoline; then 
we have c = 1 6g 2 as the formula for the cost of g gallons at 1 
a gallon. If you have read with a minimum of care you have 
already noticed that the last formula is wrong. Unless you have 
studied physics you may not have any opinion regarding the first 
formula, but we all should agree that the middle one is correct. 
What about J{x) = 16* 2 ? Is it true or false? Until we give * 
and J{x) a meaning it is pointless to talk about whether the 
function is true or false. We can, however, study the behavior 
of the two undefined variables, * and /(*), which are related in 
the manner indicated by the functional notation f(x) = 16x 2 , 
with the assurance that our conclusions are applicable to all 
physical formulas which display this same functional relation¬ 
ship. 


11.1 Linear Functions 

Possibly the simplest way in which two variables may be 
related is by the wore than relationship. John is eleven years 
old and Betty is six. John’s age is five years more than Betty’s. 
Ten years from now, or forty years from now, the relationship 
will still be the same, John will be five years older. The two 
variables differ by a constant. A relationship of this type is 
expressed as y = f(x) = x + A, where h is a constant. 
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Figure 11.1 shows the graph of the function, /(*) = x + b, 
for various values of b. 

Y=f (x) 


X 


Figure 11.1. y = x -f* b. 

Note that the graphs are all parallel. Note further that the 

two variables, r andy, increase at the same rate; for each increase 

of one unit in x, y increases one unit. A change of the value of 

the constant b causes a corresponding horizontal shift of the 
graph. 

Another very simple and quite common way in which two 
variables may be related is by the times as much relationship. 
The distance, d, traveled at 60 miles per hour, is a function of 
the number of hours, t, traveled. 

d = f(l) = 60 

The number of miles traveled is 60 “times as much” as the 
number of hours. In this case one variable is a constant mul¬ 
tiple of the other. This is expressed as y = /(*) = ax. Figure 

11.2 shows the graph of the function, f(x) = ax, for various 
values of a. 

When a = 0 we have f(x) = 0 . Its graph is the v-axis, the 
y-ordinate of each point on the x-axis being zero. When a — 1 
the function becomes^ = *. Here the two functions increase 
at the same rate; corresponding to a given change in r we have 
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exactly the same change in y. When a = x is increasing six 
times as fast as y. For all values of a greater than one, the 
graph will lie between the line y = x and the jr-axis. As a 
continues to increase the graph gets steeper. There is no value 
of a for which the graph is the^-axis. All points on thejy-axis 
have the * value zero. We may consider the r-axis as repre¬ 
senting no function of *, but a function of y, namely j(y) = 0. 
In effect, this states that, corresponding to all values of y, the 
value of * is zero. 


Y = f(x) 




If we imagine a line starting at the x-axis and rotating counter¬ 
clockwise about the origin, then the values of a start at zero at 
the A-axis and increase without limit as we approach the >>-axis. 
If we rotate the line in a clockwise direction, the values of a are 
negative and increase in absolute value without limit as we 
approach the y-axis from this direction. For every positive a 
the graph rises as it moves to the right and for the negative 
values of a it falls as we move to the right. 

If we combine the “more than'’ relationship and the “times 
as many” relationship, we have what is known as the general 
linear Junction, y = f(x) = ax + b. In the function, ax + b, the 
value of a indicates the slope of the graph, that is, the ratio of its 
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rise or vertical change to run or horizontal change. The variable 
y is always b more than a times as large as x. Then b gives the 
value ofy when ,v is zero. In terms of the graph, the value of b 
indicates where the graph crosses the r-axis. 

The formula which relates Fahrenheit and Centigrade tem¬ 
perature readings illustrates the general linear function. 

F = | C + 32 

& 

Here a = f and b = 32. Each Fahrenheit reading is 32 more 
than f times as large as the corresponding Centigrade reading. 
This situation is characteristic of a change from one scale to 
another. A scale must have a zero point and some size unit. 
The relationship between two different scales both of which 
measure the same kind of magnitude, such as length or weight, 
is a linear relationship. The constant b is the difference in 

location of the zero points, and the constant a reflects the differ¬ 
ence in size of the units. 

Since the value of a indicates the slope of the graph, any two 
linear functions of the form f(x) = ax + b will have parallel 
graphs if they have the same value for a. 

We omit the proof, but it can be shown that all ordered pairs 

(• v > y) which are elements of the function defined by y = ax + b 

correspond to points which are collinear. Conversely, the points 

of any line in the coordinate plane have coordinates which are 

elements of some function of the form y = ax + b. For this 

reason the function defined by y = ax + b is called a linear 
function. 

Since two points determine a line we may determine the 
graph of the linear function by finding the points corresponding 
to two ( x,y ) pairs and connecting them with a straight line. 

The zeros of a function are those values of the independent 
variable which make the function take the value zero. The 
points where the graph of a function cross the x-axis indicate 
the zeros of the function. A linear function has one and only 
one zero if its graph is not parallel to the x-axis. When the 
graph is parallel to the *-axis the function is of the form y = c, 
a constant. Unless the constant is zero, y can never be zero! 
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11.2 An Equation Is a Proposal That 

Two Functions Have Equal Values 

Consider the linear equation 

2* + 3 = x — 5 

When we solve the equation we find the value of * which makes 
the right and left members equal. The variable .y is sometimes 


v = f(x) 



referred to as the unknown. When we consider the equation , x 
is actually the unknown quantity; it is not a variable at all. 
There is just one value, namely —8 which makes the proposed 
equality true. Any other value of x makes the proposition that 
2x + 3 = x — 5 false. In what sense then is x a variable? 
Actually, the left member of the equation is a function of x , 
f(x) = 2x + 3, and the right member is an entirely different 
function, F(x) = x — 5. With respect to these functions, * is a 
variable. It may take on any value, and corresponding to each 
value it takes there exists a value for each of the functions. The 
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two values of the functions corresponding to a value of a- arc in 
general different. When x = 3, /(a-) = 9 but F(x) = -2. We 
have solved the equation when we find that value of a- which 
causes the two functions to take on the same value. Figure 11.3 
shows the graphs of the two functions of the above equation, 
2 * + 3 = at — 5. The two graphs cross at the point ( — 8, — 13). 

This indicates that both functions take the value — 13 when 
x takes the value 8. The solution of the equation is —8, 
since we seek the value of x which gives both functions equal 
values. It is just incidental that they happen to equal —13. 


Y = f(x) 



Suppose we proceed to solve the equation by subtracting 3 
from both members, getting 2* = .v - 8. Both of the original 
functions are obviously gone. The subtraction axiom does not 
assert that if equals are subtracted from equals the equality is 
preserved, but rather, an equality is preserved. What we really 
assume is that whatever value of a- gives the functions 2a: + 3 
and -v — 5 equal values will also make the functions 2.v and 
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x — 8 take equal values. The two functions, f(x) = 2x and 
F(x) = x — 8 are pictured in Figure 11.4. We see that these 
two graphs do not intersect in the same point as the former ones 
did. They intersect at ( — 8, —16). These functions happen to 
equal —16 when they have the same value. However, in both 
cases the pairs of functions have equal values when .v = —8. 

The next step in the solution after 2x = * — 8 is obtained by 
subtracting x from each function, obtaining * = — 8. Once 
again, if we graph the two functions f(x) = x and F(x) = —8, 
we see the result in Figure 11.5. The graph of F(x) = — 8 is 
the horizontal line 8 units below the *-axis. It crosses the 
graph of f(x) = x at the point ( — 8, —8). These graphs also 
intersect at a point whose * value is —8. 


Y = f (x) 



You will recall that in solving an equation we actually con¬ 
struct a chain of logical steps which lead to a recognizable con¬ 
dition. In the above example when we solve the equation 
2x + 3 = x — 5 our logic is: 

(1) If there is a number * which satisfies the proposed equality 
2x + 3 = x — 5, then it will satisfy 2x = x — 8. 

(2) 1J there is a number x which satisfies the proposed equality 
2x = x — 8, then it will satisfy * = — 8. 

We know by inspection what value of x will satisfy the last 
equality. You will further recall that to be logically certain 
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that —8 satisfies the original equality we must either verify the 
fact by substitution or establish the converse argument. Actu¬ 
ally, we have merely concluded that the only value of .v which 
can satisfy the equation is —8, and are not certain that it will. 


If we solve the equation 5 (a — T V) = 5a- — 3 we get 5a 
~ 5* — 3 and then — 5 = — 3. This means that the only 
dition under which 5 (x - T V) can equal 5a: - 3 is that 
= — 3. But, regardless of a-, this condition cannot be met. 


1 

con- 
_ 1 

If 


we graph the two functions, /(*) = 5(* — T V) and F(x) = 
5x — 3, the above conclusion is verified. Figure 11.6 shows the 


V = f (x) 


X 


FlgUre 11 6 ' Two functions may have all elements in common or no elements in common. 

graphs of the two functions to be parallel and we can find no 
value of * which makes the two functions have equal values 
When we attempt to solve 3 (a - 2) = 3* - 6 we reach the 
conclusion -6 = -6. In the previous example the condition 

= ~ 3 could never be met regardless of a:. But in this case 
the condition -6 = -6 is always met, regardless of a:. The 

equation is an identity; it is satisfied by any value of a-. If we 

graph the two functions, 3 (a - 2) and 3a - 6, we find that we 

get the same line both times. In the previous case the two lines 

had no point in common. In this case they have every point 
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in common. The two functions are equal, they consist of the 
same set of ordered pairs. 


EXERCISES 


1. 

2 . 


3. 

4. 





If a is always 10 more than 3 times as large as b , write a as 
a function of b. Find three number pairs which are ele¬ 
ments of this function. Graph the function. 

Find the slope and the zeros of the following functions. 
Sketch their graphs. 

(a) 3x — 6 (d) — 3* + 6 

(b) 2* + 5 (e) 3* - 4 

(c) 2x — 4 

Explain what the slope of a linear function means in terms 
of its graph; in terms of the variables. 

Graph the functions 2x — 3 and 3x + 5 on the same co¬ 
ordinate axes. For what value of x do the two functions 
take the same value? Solve the equation 2x — 3 = 3* + 5. 

Graph the functions x — § and 3x — 4 on the same axes. 
For what value of x does x — f = 3x — 4? 

If y( x ) = 4x + 6, then /(2) = 4(2) + 6, /( 3) = 4(3) + 6. 

In general, if we replace the * in the notation/(x) by any 
other number, this implies that x is to be replaced by that 
number throughout the function. Accordingly, /(— x) = 
4( —x) + 6. However, — J(x) means — (4x + 6) = — 4x 
— 6. Construct the graphs of /(x) = 4x + 6, /( — x) = 
4( — x) + 6, and -/(x) = -4x - 6, using one set of axes 

for all three. 

If y(*) = 4x + 6, what does —/( —x) equal? Construct 
the graph of —/( — x) on the same axes as were used in 
Exercise 6. 


8. On the basis of Exercises 6 and 7, how are any two functions 
/(x) and -/(x) related? How are any two functions/(x) 

and /( — x) related? 


11.3 Second Degree Functions 

The function /(x) = ax 2 + bx -\- c, a 9^ 0 is a quadratic, 
or second degree, function of x. 
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If in the linear function ax -f- b we increase x by an amount e, 
it becomes «(.v -f- e) -T b = ax -f- ae + b. The function increases 
by an amount (ax + ae + b) — (ax + b) = ae while .v increases 
e. Thus, the ratio between the change in .v and in f(x) is the 
constant a. This supports the assertion without proof in Section 
11.1 that the graph of the function ax = b is a straight line. 


Y=f(x) 



Figure 11.7. The quadratic Junction ax 2 + bx -f- c. A change in c shifts the graph 

vertically . 

Accordingly, we actually have to know only two pairs of values 
in order to construct its graph. This is not true of higher degree 
functions. If we wish to obtain the graph of a quadratic func¬ 
tion, we must find enough points (pairs of values of the dependent 
and independent variable) to get a fairly accurate picture of 
the shape of the curve, then join these points with a smooth 
curve. Table 11.1 gives values for the functions /(a) = * 2 _|_ x> 

AW = x 2 + * + A and/ 2 (*) = x 2 + x — 1 corresponding to chosen 
values of a\ We remark that the table of values does not define 
the function; it merely gives some of the infinitely many ordered 
pairs which comprise the function. The domain of each func¬ 
tion is the real number system. The range is the real numbers 

= ~ i in the case of /(a), ^ f in the case of _/)( a), and ^ in 
the case of/ 2 (a). 




370 




mathematical functions 


371 


Note that, corresponding to each value of at, /,(*) is one 
greater and/ 2 (*) is one less than f(x). Figure 11.7 shows how 
the graphs of the three functions above compare. 

The complete graph of J(x) is shifted up one unit when c is 
changed from 0 in/(*) to 1 in/,(jc). It is shifted down one unit 
when the change is from 0 in f(x) to - 1 in /*(*). The zeros of 
f(x) are x = 0 and x = —1, for it is at these values of x that 
the function becomes zero. The graph of/,(*) indicates that 
it has no zeros since the graph does not cut the x-axis. No value 
°f x can make/i(V) take the value zero. The zeros of/ 2 (x) lie 
between .v = 0 and x - 1 and between x = — 1 and x = —2 
Had the domain of definition been the complex number system 
/i would have zeros. We may verify this by evaluating 

/( —I + V3/20- It is not correct to say that no value of x 
will make /i (x) become zero. What the graph shows is that 
no real number will make/i (at) become zero. We have plotted 
only real values of at and only real values of f(x) on the graph. 
You will recall that there is a one-to-one correspondence be¬ 
tween the real numbers and the points on a line. In Section 7.9 
we displayed the complex numbers as points in a plane; we had 
a real axis and an imaginary axis. But here, since we must use 
one axis for the independent variable and one axis for the de¬ 
pendent variable, we can only plot the real number pairs. A 
complex number is defined as a real number pair, but if we 
wished to include complex values in our graph we would have 

to be able to plot a pair of real number pairs as a point in the 
plane. 

Suppose we change the sign of each of the above functions 
and get F(x) = -J(x) = ** - x, F t (x) = -/,(*) = -*» - 

* anc * = ~J' i ( x ) — — x 1 — x + 1. How are these 

three functions related to the original three? Table 11.2 shows 

the values of the functions corresponding to the same values of v 
as were used in Table 11.1. 

Every value of the first three functions is identical with the 
corresponding value of the latter three, except that the signs 
are changed in every case. The only number that is unaffected 
by a change of signs is zero. Then the only value common to 
these pairs of functions is the value zero. Figure 11.8 shows 
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how /(at) - x 2 + * compares with F(x) = -at 2 - a. Changing 

t e sign of the function certainly changes the function, but it 

does not change its zeros. The graph of F(x) can be obtained 

from that of /(at) by rotating the latter through 180° about the 
axis. 


Y = f(x) 



Figurre 11.8. Multiplying a Junction by - 1 rotates its graph about the x-axis through 180°. 

When we solve the quadratic equation ax 2 + bx + c = 0 graph- 
icaily we do not graph the equation, we graph the Junction 
ax + bx + c. When we find the zeros of the function we find 
those values of a: which satisfy the condition of the equation 
namely, that the function a* 2 + bx + c take the value zero.’ 

therwise stated, the equation consists of the two functions of a-, 
f{x) - ax 2 + bx + c and F(x) = 0. But the graph of F(x) = 0 
is the *-axis. The two functions have the same value, zero in 
this case, when their graphs have points in common. Then the 
solution of the equation ax 2 + bx + c = 0 consists of finding 
the value for a for which the two functions /(a) = ax 2 + bx + c 

and F(a) = 0 have the same value, namely, the values of a at 
the point where the curve crosses the A-axis. 

We may refer to Figure 11.8 and obtain the solution to the 
equation x 2 + x = 2 as follows: The graph of f(x) = x 3 + x 

crosses the graph of/,(*) = 2 when r - -2 and again when 
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x = 1; hence x = —2 and x = 1 are the two values which 
satisfy the equation x 2 + x = 2. 

We have learned that we may change the sign of both sides 
of an equation without destroying the equality. The above 
equation becomes, upon changing the signs of both sides, 

— x 2 — x = —2. If we refer to Figure 11.8 again we now wish 
to find the points common to F(x) = —x 2 — * and Fi(x) = — 2. 
We do not get the same two points of intersection as before but 
the points do have the same * values, namely —2 and 1. The 
only thing common to the two equations x 2 + * = 2 and 

— x 2 __ * = — 2 is the fact that the same values of * satisfy both 
of them. 


11.4 Rate of Change of the Second 

Degree Functions 


If y = 4x + 3 we know the slope of the graph is 4. This 
means that the change in_>> is always four times as great as the 
corresponding change in x. The rate of change is constant. 
This is not true of the second degree function. A glance at 
the entries in Table 11.1 will show this. When x = l,f(x) = 2; 
when x = 2,/(x) = 6. While x was increasing l,/(x) increased 
4. But if x increases one more we get x = 3, f(x) = 12, and 
corresponding to this increase of 1 in x, J(x) increases 8. Here 
the ratio of the change in the independent variable to the change 
in the function is itself continuously changing. Figure 11.7 
shows that as x increases /(x) decreases very rapidly until we 
reach the neighborhood of x = — At this point the function 
begins to increase, and continues to increase more and more 


rapidly as x increases. 

It is shown in more advanced mathematics that this changing 
rate of change is a function of x. For the function,/(x) = ax 2 + 
b x _|_ c? the ratio of the change in the function to the change in x 
is 2 ax + b. Thus, the rate of change is not constant as in the 
linear function; it changes as x does. Suppose we let the inde- 
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pendent variable change from * to a* + e. The dependent vari¬ 
able will change from ax 2 + bx + c to a(x + e) 2 + b(x + e) + c 
= ax 2 + 2 axe + ae 2 + bx + be + c. The increase in the inde¬ 
pendent variable is .v e — x = e. T he corresponding increase 
in the dependent variable is (ax 2 + 2 axe + ae 2 + bx + be + c) 
— (ax 2 + bx + c) = 2 axe + oe 2 + be = (2 ax + ae + b)e . The 
ratio between these changes is 

O 

( 2 ax + b + ae) e e = 2 ax + b + ae 

In calculus we define the instantaneous rate of change, that is, 
instantaneous ratio of change in the function to change in the 
independent variable, as the limit the above ratio approaches as 
e approaches zero. The only term in 2 ax + b + ae which is 
affected by a change in e is the term ae. As e approaches zero 
so does ae. Then lim 2 ax + /; + ae = 2 ax + b. 

t —*o 

I n /M — x 2 + x, Figure 11.7, the instantaneous rate of change 
lax -f b is lx + 1. If we set this function equal to zero and 
solve the equation 2 x + 1 =0 we find that value of .v for which 
the rate of change is zero. We observe from its graph that the 
function x 2 -\- x is decreasing as x increases and approaches x 
= — The ratio of the change in y, a negative change, to 
the change in x, a positive change, is negative. As * increases 
beyond x = — ^ the function also increases and the ratio is posi¬ 
tive. Since the ratio changes from negative to positive at 
x = we conclude that it must be zero at that point. 

We summarize these observations and state without formal 
proof the following: The rate at which the quadratic function 
ax 2 + bx + c is changing is the function lax + b. To find the 

value of x which yields the lowest (or highest) value of the 
function set lax + 6 = 0 and solve. 


11.5 Implicit Functions 

d he functions which we have studied so far in this chap¬ 
ter are explicit functions; y = f( x ) states explicitly how y is 
determined from x. The two relationships y = |x — 6 and 
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2 x — 2 — 3 y + 16 actually are equivalent statements of the re¬ 
lationship between a: and y. This can be shown by solving the 
latter equation for y. We may also demonstrate the fact that 
any pair of values for a: and y which satisfy one of the relation¬ 
ships will also satisfy the other. In the latter equation it is 
only by implication that we can sayj; is a function of *. There 
certainly is a relationship between them, but we have not stated 
explicitly how to find the value of y which corresponds to an 
arbitrarily assigned at. In the relationship 2x — 2 = 3y + 16 , 
y is an implicit function of a*, and a: is an implicit function of y. 


11.6 The Inverse Function 

Quite frequently two variables are so related that their 
product is always a constant. If we express this as an implicit 
function we have xy = c. We may express y as an explicit 
function of a: by dividing by at; we get y = c/x. In this form, 
it is more obvious that the relationship is such that when one 
variable increases the other decreases. 

As a simple example of the inverse function, suppose we have 
a 100-mile trip to make. The faster we go, the less time is 
required. The more time consumed, the slower we must travel. 
The relationship between rate and time is 

100 = r • / 

or, if r is a function of 

100 

T ~ / 

or, if t is a function of r, 

_ 100 

L 

r 

Table 11.3 gives values for /(*) = \0/x and F(x) = —10/x 
for various values of x. 

TABLE 11.3. 


Ax) = 1 0/x ; F(x) = — 10 /* 
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Note that * and /(*) always agree in sign and * and F(x) 
always disagree. This means that the graph of /(*) will always 
be in the first and third quadrants and that of F(x) in the second 
and fourth quadrants. Figure 11.9 shows the graphs of these 


Y = fU) 



two functions. The graph of each function consists of two 
branches neither of which touches either axis. Since they do not 
touch the *-axis, the implication is that neither function possesses 
a zero. If/(*) took the value zero, we would have 0 = 10/* 
which implies 0 • * = 10, and this violates the rule which re¬ 
quires that a zero factor always produces the product zero. If 
the graph touched the^-axis we would then be able to find the 
value of the function corresponding to * = 0. But since the 
function is defined as/(.v) = 10/*, we cannot assign the value 
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zero to a* since division by zero is meaningless. The function is 
undefined, it does not exist, when a- = 0. 


11.7 Inverse Functions 

If the roles of the variables in the function jy = /(*) are 
interchanged, the resulting function is called the inverse of /(a). 
It is sometimes written as/ -1 (a). The superscript — 1 attached 
to the symbol for the function should not be confused with the 
exponent —1. It was adopted because the exponent —1 at¬ 
tached to a number gives its inverse under multiplication. How¬ 
ever we should not confuse/ -1 (a) with 1 /J(x). 

An interchange of the variables of a function is equivalent to 
a reversal of the order of the numbers making up the number 
pairs of the function. If (3, 4), (—12, 15), (2, — 2) are elements 
°f /(*) then (4, 3), (15, —12), ( — 2, 2) are elements of / -1 (a). 
Then any table of values for/( a) can serve equally well as a table 
of values for / -1 (a). 

We can determine the algebraic description of/ -1 (a) from 
/(a) by interchanging a and y, then solving the resulting equation 
for y. 

Example: Given: y = /(a) = 2a — 14, find/ -1 (a) 

Interchange a and y and we get a = 2y — 14, which solved 
for y, is y = (x + 14)/2. Then f~ l (x) = (a + 14)/2. The 
pairs (0, —14), (7, 0), (4, —6) are some of the elements of /(a), 
and ( — 14, 0), (0, 7), ( — 6, 4) are elements of / -1 (a). 

The function described in Section 11.6 is its own inverse; the 
function is unchanged by interchanging a and y. However, 
it is not for this reason alone that it was called the inverse func¬ 
tion. The implicit function a 2 y 2 = 1 is unchanged by an 
interchange of variables, but we do not call it the inverse 
function. In the function xy = c the corresponding changes in 
the variables are always inverse relative to multiplication. For 
instance, while a increases threefold^ becomes ^ as large as it was. 
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■ EXERCISES 

!• Find/“ l M if f(x) = 3a + 5. If the domain of f is the set 
of real numbers ^ 0, what is its range? 

2. What is the inverse of ±x — 6? ax -f b? Graph the func¬ 
tion \x — 6 and its inverse on the same axes. 

3- = V9 — x~ what part of the real numbers can be 

chosen for domain? What is the range? Find / -1 (a) and 
graph both J(x) and/ _1 M- 

4. Given the function y = 4a + 6; if we interchange a and y 
we get a = 4y + 6 . Solving this for y we gety = \x — f. 
Graph the function/”»( a) = \x — f. Place on the same 
axes the graph /(a) = 4a + 6. 

5. On the basis of the above exercises what is the relationship 
between the graphs of two inverse functions? 

6. Show that the domain of /(a) is the range of/” 1 (a) and 
the range of /(a) is the domain of J~\x). 

7- If/M = 2 a 2 — 4a + 5 complete the following table: 


a 10 2-13- 

-24-35—46-57-68 —7 

/« 



8. Use the pairs of values obtained in Exercise 7 to plot the 
graph of /(a) = 2a- - 4a + 5. What can you conclude 
from the graph concerning the roots of the equation 
2a 2 - 4a + 5 = 0? 

9. Use the graph of Exercise 8 to determine the roots of the 
equation 2a 2 — 4a + 5 = 4. Also solve from this graph 
2a 2 - 4a + 5 = a + 3 by plotting F(x) = a + 3 on the 

same axes. 

10. What is the rate of change of the function 2a 2 — 4* + 5 
when a = 3? a = — 1? x = 0? 

11. For what value of a is the function 2a 2 — 4* -f 5 t h e 
smallest? What is its value corresponding to this value 

of A? 
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11.8 Classification of 

Functions 

The linear and quadratic functions which we have 
studied in this chapter are special cases of polynomial functions. 
The polynomial function is obtained by adding, subtracting, and 
multiplying the independent variable and constants. If y = 
aoX n + aix n ~ l + a 2 x n ~ 2 + . . . a n -ix + a n where w is a nonnega¬ 
tive integer and a 0 , a . . . a n are complex numbers, then y is a 
polynomial function of*. The domain of the function is the set 
of complex numbers. If a 0 ^ 0, y is of degree n. The poly¬ 
nomial function equated to zero 

# 0 *” + aix”~ l + a 2 x 1l ~ 2 + . . . + a n -\x + a n = 0 

is a polynomial equation. The fundamental theorem of algebra 
refers to this type of equation. It asserts that a polynomial 
equation has at least one root. The theorem does not require 
that the root be real; the equation must have a complex root. 
As a consequence of the fundamental theorem it can be shown 
that the polynomial equation of degree n has exactly n complex 
roots. All n of these roots do not have to be real. In fact, 
sometimes they are all imaginary. We should keep this in 
mind when studying the graph of a polynomial function. We 
know that the graph of a function of degree n will cut the x-axis 
in not more than n places. It may not cut it at all since the zeros 
of the function are the roots of the corresponding equation. 
The graph of the function crosses the x-axis in points which 
correspond to the real roots of the corresponding equation. In 
fact, the graph of a polynomial of degree n is such that no 
straight line can cut it in more than n points. 

If we add division to the list of operations which generate 
the polynomial function we have a rational function. We may 
define the rational function R(x) as the ratio of two polynomials 
f(x)/g{x). If R(x) =f(x)/g(x), R(x) is undefined for those 

values of x which make g(x) = 0. 
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Example: 



Since division by zero must remain undefined R(x) is undefined 
when x = 4. 



If the domain of definition is the set of real numbers then R\(x) 
is defined for every real a. If the domain is a subset of the set of 

J 

complex numbers, R\(x) is undefined for a = ± v2i. 


Y = f (*) 



Figure 11.10. A fifth-degree polynomial. No straight line can cross if in more than five 

points. 


If we permit, in addition to the four arithmetic operations, 
the extraction of roots we can then generate algebraic Junctions. 

If the domain of definition of an algebraic function is a subset 
of the real numbers, the function may be undefined for certain 
values of x for reasons other than the fact that division by zero 
is undefined. For example, consider the function 

V* — 2 - V 7 2 x 

y** - x - 2 
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whose domain of definition is a subset of the set of real numbers. 
If .v = 2 or -1 the denominator becomes zero and the function 
is not defined. But if 2 > v > -1 the denominator itself is 
undefined since an even root of a negative number does not exist 
in the r eal number system. The first term of the numerator 

V .v - 2 is not a real number if a < 2. Therefore this function 
is undefined in the field of real numbers for any x < 2. The 
domain of definition of the function is oc > ,v > 2. 

Example: Sketch the graph of the function 

y = V* 2 - 9 

Since we are concerned only with real values in sketching a 
graph |*| < 3 is ruled out because any value less than 3 will 


Y = f(x) 



Figure //.//. /•*(*) = \ v 2 - 0. 


make y imaginary. The domain of the function is the set of 
real numbers except * < 3. Stated otherwise, the domain is 
co > * i> 3; —20 < * <^ —3. There is an empty band between 
3 and —3. The total curve lies outside this strip. The range 
of the function is 0 ^ y < co. As * gets large in absolute value 
the function gets large. 
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The following table of values may be helpful in sketching the 
graph (Figure 11.11) of the function y = \/~ v 2 —- 9 

*_ ±3 __ ±4 ~±~ 5 ±6 +7 Tb TT TTo 

v ° 265 4 5.20 6.32 7.42 8N9 ^54 
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Transcendf>n tal Functions 


In Section 7.4 we defined a transcendental number as 
one that is not algebraic. We shall do the same for functions 
A transcendental function is a function which is not algebraic. 
I he polynomials and rational functions of Section 11.8 are 
special cases of algebraic functions just as the linear and quad¬ 
ratic functions are special cases of the polynomial function. 

I wo of the elementary transcendental functions are the loga- 
nthm function and its inverse, the exponential function. The 
definition of a logarithm (Section 9.12) defines a function It 
states a rule for pairing the elements of the two sets. The inde- 
pendent viable is the set of numbers which have logarithms 
and the dependent variable is the set of logarithms. If we take 
as the domain of definition the set of real numbers greater than 
zero, the range is the set of real numbers. From the definition 


if and only if 


y = lo g, * 


e» = x 

If we interchange variables in j. _ log. * we get * - log, . 

rithm r ° S " y ' 7 y and we wil1 have Ihe inverse of the loga- 
Hthm function. But the definition requires that log. » - x if 

and only , r- -j,. Then the logarithm June,ion, log, i and the 

exponential function, e x , are inverse functions. Figure 1112 shows 

the graphs of the two functions. Note that the two curv s aTe 

symmetric to the line , = Domain and range are inter 

changed in the two functions; the domain of the exponential 

unction is the set of real numbers and its range is the set of real 

numbers greater than zero. me set ot real 


i 
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One of the many interesting properties of the exponential 
function, e*, is the fact that the rate at which it is increasing is 
always equal to its size. This is the typical growth phenomenon 
—the bigger it is the faster it grows, for a time at least. 


Y = f(x) 



We referred to the exponential function as e* since the loga¬ 
rithm function was expressed as log* You will recall that two 
logarithm bases are in wide use, 10 and e. We observed that 
10 is the most useful base for logarithms when they are used as 
computing aids since 10 is also the base of our system ol numera¬ 
tion. The natural, base e, logarithm and its inverse are in¬ 
dispensable in advanced mathematics. Although the reason for 
their importance is beyond our scope it is inherent in the defini¬ 
tion of the constant e, which is lim (1 + 1 /«)". 

n— 

Although we confine logarithms to base 10 and base e , any 
real number greater than 1 could be used. The same is true 
of its inverse. In fact, e* is a special case of the more general 
exponential function a x > a any constant. 

The formula for compound interest 


A = p( 1 + r)» 
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gives the amount, A, accumulated by p dollars in n interest 
periods at the rate of interest, r, per period. If the number of 

periods, n, is the independent variable this formula illustrates 
the exponential function. 


Example: 

If $1,000 is deposited to John Smith’s account the day he is 
born, and compounded annually at 4 per cent, find the amount 
on his eighteenth birthday. 

A = 1,000(1 + .04)" 

gives the amount, A, as a function of the number of periods, n. 
I he solution to our problem consists in finding the A which 
corresponds to n = 18. The answer can be read directly from 
a compound interest table. If we do not have such a table, 
logarithms are helpful in computing the result. Since 

A = 1,000(1 + ,04) 18 

we may take the logarithm of both sides of the equation, 

log A = log 1,000(1 + ,04) 18 

= log 1,000 + log (1.04)'* 

= log 1,000 + 18 log 1.04 

= 3 + 18(.0170) = 3.3060 
Then A — antilog 3.3060 = $2,023 

The method employed in the example may be used to solve 

the exponential equation C = a 1 . We cannot always determine by 

inspection the value of * required to satisfy this equation. In 

that event we can take the logarithm of both sides of the equa- 
tion, getting 

log C = log a J = x log a 

This we solve for x 

x = Jog C/ log a 

{Caution: log C/log a is not the same thing as log C/a.) 

Example: 

Solve the equation 51 = 3 X . Solution: 


log 51 = log 3 X = x log 3 
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Then * = log 51/log 3 = 1.7076/.4771 

If we wish, we may do the indicated division by means of 
logarithms, but we are no longer concerned with the fact that 
1.7076 and .4771 are logarithms. They are just numbers and 
have logarithms. 

log 1.7076 = 10.2325 - 10 
log .4771 = 9.6786 - 10 
log * = .5539 
x = 3.58 

m m m m m *EXERCISES 

1. Classify the following functions. If it is agreed that the 
domain of each function is some subset of the real numbers 
(maybe all of them), state the domain and range of each. 


(a) 2x 

(e) 

(* - l)/(x + 2) 

(b) 

(0 

logs (5/x) 

(c) 2 Z 

(g) 

3x 7 - 2X 3 + 1 

(d) V* - 5/(x* + 3) 




2. Graph the following functions on one set of axes: 

(a) y = 2x, x > 0 (t) y = x 2 3 4 5 6 7 , x > 0 (c) y = 2 r , * < 0 

3. Write the inverse of each of the following functions: 

(a) 3* + 5 (c) e 2 *~ 3 

(b) -V7+4 (d) log, (5x — 1 ) 

4. Solve: (a) 5 r “ 2 = 175 (b) 3~ T = 9 

5. In how many years will 8500 amount to $650 at simple 
interest at 4 per cent? How long will it take at compound 
interest at 4 per cent, compounded annually? 

6. Use the definition of e to find its value to three significant 
figures. 

7. If the number, N, of bacteria present in a certain culture 
after t hours is given by the formula 

N = A o 10' G ' 

how many bacteria were present when the experiment be¬ 
gan? In how many hours will there be ten times as many 
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bacteria as there were to begin with? How many bacteria 
will there be in 5 hours? 

8. Graph the function y = log )n x and its inverse y = 10* on 
the same axes. 

9. Use the logarithm table to find x or y in the following: 

(a) y = 10- 637 (c) y = 10 2 - 7363 

(b) 156 = 10* (d) 83720 = 10*+ l 


*11.10 Trigonometric Functions 


The algebraic functions, logarithm and exponential 

functions, and the trigonometric and inverse trigonometric functions 

are called the elementary functions. There are many other 

mathematical functions which are studied in advanced work in 

mathematics. But the above functions constitute the bulk of 

those studied in elementary mathematics through beginning 
calculus. 


The trigonometric functions are usually first studied as func¬ 
tions of acute angles, then angles in general, in the sense that 
the size of the angle determines the value of the function. From 


this point of view the usefulness of the trigonometric functions 
is confined largely to the solution of triangles. However, trigo¬ 
nometry has a tremendously greater scope. Its use in advanced 
mathematics has little resemblance to the solution of triangles. 
In fact the trigonometric functions can be defined in terms of 
number alone as convergent infinite series. When this is done 
a relationship which is startlingly unexpected may be established 
between them and the exponential functions. We shall look 
into this in the final section of this chapter. 

We shall define the trigonometric functions in the same man¬ 


ner as we have treated the other functions, namely as a set of 
ordered number pairs. 

Recall (Section 8.8) the definition of a radian as a measure 

of angle. In Figure 11.13(a) if angle a is § radian, then its 

corresponding arc is * radius in length. But if the radius of the 

circle is taken as unity, then the length of the arc is In 

general, with a unit radius the angle of 0 radians subtends an arc 
whose length is 6 units. 
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If we start with the positive half of the *-axis and rotate 
counterclockwise through an angle of 9 radians, the end of the 
radius moves through a positive arc 0 units long. We designate 
as the coordinates of the end of the radius in its terminal 

Y Y 

X 

radian 

(a) (b) 




Y Y CO$(27T-*0)*x 




Figure 11.13. 


position. If we rotate clockwise we generate a negative arc. 
Corresponding to each arc length 6 there is a unique (.v, y) pair. 
We define the sine (sin) and cosine (cos) functions as follows: 

a = cos 9 
y = sin 9 

The length of arc 9 is not confined to the first quadrant; in 
fact it is not confined to one revolution. We may see at once 
that as the arc continues to rotate through more than one revolu¬ 
tion the same sequence of (x,y) coordinates repeats for each 
revolution. Although there is a unique x and a unique y corre¬ 
sponding to each arc length there are many arc lengths corre¬ 
sponding to each x or each j>. The trigonometric functions are 
single valued but their inverses are multiple valued. The in- 
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verse of sin at is written sin" 1 at. It is read either “inverse sine 

of - v ” or “ arc sine *>” and it means “that arc which has a: for 
its sine.” It does not mean the reciprocal of sine x, that is 

1/sm at. Since the circumference of the circle is 2t r times its 
radius, the unit circle has an arc length of 2tt. The length of 

an arc of one quadrant is £ of this or tv/2 units, two quadrants 
■tv units, and three quadrants 'biv/2 units. 

Since all (x,y) pairs which determine the sine and cosine 
functions lie on the unit circle neither | x\ nor \y\ can ever ex¬ 
ceed 1. The domain of both the sine and cosine is the set of 
real numbers. The range of each is the subset of real numbers 
equal to or less than 1 in absolute value. The following pairs 
are elements of the sine function. They can be obtained di¬ 
rectly from Figure 11.13: (0, 0), (tt/2, 1), (tt, 0), (3tt/2, -1). 
In similar fashion the following are elements of the cosine func¬ 
tion. (0, 1), (tt/2, 0), (7r, —1), (37r/2, 0). From these values 
we may verify that sin 2 0 + cos 2 0 = 1. Sin 2 0 is read “sine 


square zero” and simply means the sine of zero times itself. 
Since the sine of zero is 0, sin 2 0 = 0 X 0 = 0; and since cos 0 

— 1, cos 2 0 =1X1 =1. Therefore sin 2 0 + cos 2 0 = 0 + 
1=1. In the same fashion we may show sin 2 tt/2 + cos 2 tv/2 

— 1. Similarly for tv and 3ir/2. The property holds for any 
other arc, regardless of the quadrant in which it terminates, 
since the Pythagorean Theorem gives * 2 + y 2 = 1 for any point 
on the unit circle. This relationship, sin 2 6 + cos 2 0=1, being 
true regardless of the value of 6, is an identity. 

We observed that the same set of (x,y) coordinates recur over 


again once each revolution, or each arc of length 2tv. However, 

the same set of * values recurs 4 times in one complete cycle! 

We may verify from Figure 11.13 that * varies from 1 to 0 in 

the first quadrant, 0 to — 1 in the second, — 1 to 0 in the third, 

and 0 to - 1 in the fourth. The basic set of values which occur 

in the first quadrant are repeated in reverse order with opposite 

sign in the second quadrant, the same order and opposite sign 

in the third quadrant, and reverse order and same sign in the 
fourth. 


In a similar manner the sine repeats the same basic sequence 
lour times. We sec thatj varies from 0 to 1 in the first quadrant, 
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1 to 0 in the second, 0 to —1 in the third, and — 1 to 0 in the 
fourth. Its values in the second quadrant are those of the first 
quadrant in reverse order. In the third quadrant we have the 
same order as the first but with opposite sign, and in the fourth 
quadrant both order and sign are changed. 

The above facts make it possible to find a function of any arc 
if we know the functions of arcs between 0 and tt/2. For this 
reason it is customary for tables to give the functions only through 
this range of values. As a matter of fact, the sine and cosine 
utilize the same set of values for dependent variable. In the 
first and third quadrants the values of the sine are those of the 
cosine in reverse order, and in the second and fourth quadrants 
both order and sign are reversed. These relationships are in¬ 
herent in the identity sin 2 -f- cos 2 = 1. 

The other trigonometric functions are defined in terms of sine 
and cosine. They are tangent (tan), cotangent (cot), secant 
(sec), and cosecant (esc). They are defined as follows: 

tan 6 = sin 6/ cos 0 = y/x 
cot 6 = cos 0/sin d = x/y 
sec 6 = 1/cos 6 = 1 / x 
esc 6 = 1/sin 6 = 1 /y 

Thus the six functions are three functions and their reciprocals 
(not inverses). Since these four functions are defined in terms 
of sine and cosine which are related by sin 2 + cos 2 = 1 any one 
of the six functions can be expressed in terms of any other. 

Table 11.4 gives arcs and corresponding functions for arcs 
from 0 through tt/2. Sine, cosine, and tangent are given. 
The other three functions are the reciprocals of these three. 
The table is actually three tables combined into one. Corre¬ 
sponding to each value of the independent variable, arc, in the 
table there is a value for each of the three dependent variables. 
For example, opposite the arc .75 we find under sin .6816, under 
cos .7317, and under tan .9316. This line of the table represents 
one element from each of the three functions. The number 
couple (.75, .6816) is an element of the sine function, the couple 
(.75, .7317) an element of the cosine function, and the couple 
(.75, .9316) an element of the tangent function. Each function 
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TABLE 11.4. TRIGONOMETRIC FUNCTIONS-SINE, COSINE, AND TANGENT 


sine cosine tangent 


.00 

.0000 

1.000 

.0000 

.05 

.0500 

.9988 

.0500 

.10 

.0998 

.9950 

.1003 

.15 

.1494 

.9888 

.1511 

.20 

.1987 

.9801 

.2027 

.25 

.2470 

.9689 

.2553 

.30 

.2955 

.9553 

.3093 

.35 

.3429 

.9394 

.3650 

.40 

.3894 

.9211 

.4228 

.45 

.4350 

.9005 

.4831 

.50 

.4794 

.8776 

.5463 

.55 

.5227 

.8525 

.6131 

.60 

.5646 

.8253 

.6841 

.65 

.6052 

.7961 

.7602 

.70 

.6442 

.7648 

.8423 

.75 

.6816 

.7317 

.9316 

tt /4 

.7071 

.7071 

1.000 

.80 

.7174 

.6967 

1.030 

.85 

.7513 

.6560 

1.138 

.90 

.7833 

.6216 

1.260 

.95 

.8134 

.5817 

1.398 

1.00 

.8415 

.5403 

1.557 

1.05 

.8674 

.4976 

1.743 

1.10 

.8912 

.4536 

1.965 

1.15 

.9128 

.4085 

2.235 

1.20 

.9320 

.3624 

2.572 

1.25 

.9490 

.3153 

3.010 

1.30 

.9636 

.2675 

3.602 

1.35 

.9757 

.2190 

4.455 

1.40 

.9855 

.1700 

5.798 

1.45 

.9927 

.1205 

8.238 

1.50 

.9975 

.0707 

14.10 

1.55 

.9998 

.0208 

48.08 

7r/2 

1.000 

.0000 

• • • • 

has an infinite number of elements. The table does not define 
the function, it merely gives selected elements of the function. 

ror that matter 

it only gives approximate 

values for those 

selected elements. 

The sine 

of the arc .75 

is .6816 to four 

significant figures, 

not exactly 

.6816, The exact value is irra- 

tional, and thus an endless nonrepeating decimal. 

By utilizing the 

manner in which the functions recur, as dis- 

cussed above, we may find the function of any arc from this table. 


Example 1: 

Find sin (tt + .2). Solution: The arc ( 7 r + .2) terminates in 
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the third quadrant. In (he third quadrant the sine function 
goes through the same cycle of values as it does in the first except 
that the sign is changed. Then sin ( 7 r + .2) = —sin .2 = 
-.1987. 

Example 2: 

Find cos (7tt/2 + .35). Solution: The arc {1tt/2 + .35) ter¬ 
minates in the fourth quadrant. In the fourth quadrant the 
cosine goes through the same cycle of values as in the first but 
in reverse order. Then cos ( Itz/2 + .35) = cos (tt/2 — .35) = 
cos 1.22 = .3436. Here we approximate 1 r as 3.14 and we find 
cos 1.22 by interpolation. We take for cos 1.22 the value which 
is four-tenths of the way between cos 1.20 and cos 1.25. 

Trigonometric functions other than the six we have discussed 
are used on occasion, they are useful in special types of problems. 
Among them are the versed sine, coversed sine, and haversine. 


* 11.11 The Exponential and Trigonometric 

Functions Related 

Since by definition e = lim (1 + l/r?) n we can express 

n—+oo 

r T as a limit also 

c T = [lim (1 + \/n) n ] z 

n —*qo 

It is developed in the theory of limits that this is equivalent to 

c T = lim (1 + \/n) nT 

n—♦» 

The expression (1 + 1 /n) nx can be expanded by the binomial 
theorem 

(1 + 1 /fi)“ = 1»* + nx 1 (1/n) + ~- -L- 1"*~ 2 (1 AO 2 

+ - W”? -J). 1—3 (l/„)3 

1-2-3 

If we take the limit of each term as w —> *> ... it is shown in the 
calculus that we get 
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^ = 1 + r + *7(1 • 2) + *70 • 2 • 3) + . . . 

We may also obtain from the calculus values for sin .v and cos * 
as infinite series. 

sin a- = a — *7(1 • 2 • 3) + *7(1 • 2 • 3 • 4 • 5) — 

*7(1 -2-3-4-5-6-7) + ... 

cos a = 1 - *7(1 • 2) + *7(1 ■ 2 ■ 3 • 4) - 

*7(1 • 2 • 3 • 4 • 5 • 6) + . . . 

These functions, e z , sin *, and cos * have been defined for the 
domain of real numbers. The above series gives the same re¬ 
sults as the definitions. If we wish to extend the domain of 
definition to the complex numbers we will have to find new 
definitions. Sin 5 i is meaningless under our definition of the 
sine function because there is no arc Si units long. This is the 
same kind of situation we were faced with when we wished to 
extend the notion of an exponent beyond natural numbers as 
exponents. Since the above infinite series give correct results 
for real values of *, we can let the series define the functions in the 
complex domain. When the trigonometric functions are defined 

in this way we are dealing with number couples only; angles 
and arcs are superfluous. 

Let us replace * with ix in the series which defines e z . 

= 1 + ‘x + (7)70 • 2) + (i*)7(l • 2 • 3) + 

(/*)Y0 • 2 ■ 3 • 4) + (i*)Y(l • 2 • 3 • 4 • 5) + 

(770 • 2 • 3 • 4 • 5 • 6) + 

(770 - 2- 3- 4- 5- 6-7) + ... 

= 1 + ix + P.x 7(1 • 2) + i**Y(1 • 2 • 3) + 

* 4 *7(1 • 2 • 3 • 4) + !»*«/( l • 2 • 3 • 4 • 5) + 

/ 6 *7(1 • 2 • 3 • 4 • 5 • 6) + 
fi*7(l •2-3-4-5-6-7) + ... 

= !+»*- x*/(i ■ 2) - 1*7(1 • 2 • 3) + 

*7(1 • 2 • 3 • 4) -j- ?*7(1 • 2 • 3 • 4 • 5) — 

•v7 (1 • 2 • 3 • 4 • 5 • 6) - 

/*7(1 ■ 2 • 3 • 4 • 5 • 6 • 7) + . . . 
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= [1 - *70 • 2 ) + * 7(1 • 2 • 3 • 4 ) - 

*7(1 • 2 . 3 • 4 • 5 • 6) + . . .] + 

i[x - *7(1 • 2 • 3) + *5/(1 • 2 • 3 • 4 • 5) - 

*7(1 • 2 • 3 • 4 • 5 • 6 • 7) + . . .] 

But the real component is the series definition of cos * and the 
imaginary component is sin *. Therefore we have 

e ix = cos * + i sin *, 

thus relating the exponential and the trigonometric functions. 
Finally, if we let v = tt we get 

e iir = — 1 or e iir + 1 =0 

which brings together five most important constants, two 
transcendental and one imaginary, in an unbelievably simple 
relationship. 


■ ■ * EXERCISES 

1. For what values of x, between 0 and 2ir is sin x positive? 
Cos x? Tan x? 

2. What is the range of sec x? Tan x? 

3. For what values of x is tan x undefined? Cot x? Sec x? 
Csc x? 

4. Find the following (a) sin ( tt/2 + .40) (b) tan 6.38 

(c) cos (— 1.30). 

5. Distinguish between cos -1 x, (cos x) -1 , and cos x -1 . 

6. Find three values for x if 

(a) sin x = .6052 (c) tan x = 1.187 

(b) cos x = .9950 

7. Find the value of e to three significant figures by replacing 
x with 1 in the infinite series which defines e T . Compare 
this with Exercise 6, Section 11.8. 

8. Use the infinite series definition of sin x to find sin .25. 
Compare this with the value in Table 11.4. 

9. Find e 2 to three significant figures. 

10 . Find e l to three significant figures in the form a + bi. 
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Answers 


Section 1.6 , page 10 

1. “We do not know what we are talking about” means we use undefined 

terms; whether what we say about it is so” means our conclusions are 
based on unproved assumptions. 

3. We probably would not accept either the axiom or the definition because 
of the possibility of parallel lines. But if we did accept them we would be 
forced to accept the theorem. 

5. We could define perpendicular lines as lines which form equal adjacent 
angles. 


Section 2.1 9 page 15 

1. 1898 

3. MCCCLXXXIV 

Section 2.2 9 page 18 

2. 'CXOC 

3. Eleven months, 29 days 


4. MMMMMMCCGLXX 
7. CGLXXXVI1I 


5. Fox 


Section 2.5 9 page 22 
1. 1758 

5. -±_ llli 


7. 45 years, 2 “months,” and 24 days 
Section 2.8 9 page 27 


2 . 10 & 
4. 17 2/3 
6 . a 3 


8 . x y 
10 . 2 9 

12. 7 X 10 4 -f 7 X 10 2 -4r7 X 10° 
397 
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Section 2.12, page 33 


1 . 1001001001 2 

14. 

3. 2131, 


4. 33300, 

16. 

9. 1690 

18. 


11. 3/3 u 


Factors of 36 10 are 2, 3, 4, 6, 9, 12, 18 
Factors of 36 12 are 2, 3, 6, 7, 14, 21 
357 12 , 499 10 
175.7 - .5 


Section 3.4, page 49 

2. They can be paired in 24 different ways. 

4. The names of the months with the first 12 number names. 


Section 3.11, page 63 

1. (a) (c) (d) 

3. (a) (d) 

5. (a) addition commutative 

(b) multiplication commutative 

(c) distributive property 

(d) distributive property 

(e) addition associative 

8. 5 a means a + a -}- a + a + a, but a5 means 5 + 5 + 5 . . . for a times. 

10. (a) 60 -7- (4 • 3) — 2 = 3 

(b) 60 -r- 4 • 3 — 2 = 43 

(c) 60 -5- 4 • (3 — 2) = 15 

(d) 60 -f- (4-3 - 2) = 6 

12. (b -\- c) -r-a = b-i-a-\-c-T-a 

15. 2, 32, no 

16. 0° would arise from 0" -5- 0” = 0 n ~ n = 0°, but this is the undefined division 
by zero. 

Section 3.14, page 73 

2. We add 999 — 276 then subtract 1000 and add 1. 

4. 10 2 + 4-10 + 6 + 5-10+8 = 10 2 + 4-10 + 5-10 + 6 + 8 = 

10 2 + (4 + 5)10 + 14 = 10 2 + 9-10 + 10 + 4 = 

10 2 + (9 + 1)10 + 4 = 10 2 + 10 2 + 4 = 2* 10 2 + 4 = 204 

6. 9 

2 

5 * 

7X22 

JW&' 

1 ZH0r6 

222 
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Section 3.16 , page 80 

2 . 5 + 8 - J - 3 = 16 ; 1 + 6 = 7 ; 4 + 2 + 7 = 13 ; l - f -3 = 4 ; 4 X :7 = 28 ; 

2 - 4-8 = 10 , 1+0 = 1 . 2 + 4 + 8 + 9 + 4 + 1 = 28 , 2 + 8 = 10 ; 

1 + 0=1 

4 . 8 + 3+1 = 10 , 1 + 0 = 1 ; 1+7 + 3 = * = 0 ; 1 + 1 + 2 + ^ + 
4 + 3 = 1 /; l +/ = £ = 0 

6. 68 + 140 = 208 = 0, mod 13; 3 + 10 = 13 = 0, mod 13 

8. (a) 8n + 2 (b) 9n + 4 (c) 5n + 4 (d) 7n + 1 


Section 3.18 , page 85 

1. (a) 2, 3, 4, 6; remainder 2 upon division by 5, 4 upon division by 8, and 
6 upon division by 9. 

(c) remaindei 1 upon division by 2, 0 upon division by 3, 3 upon division 
by 4, 1 upon division by 5,^upon division by 8, and 6_upon division by 9. 
4. Not necessarily. Five is not a factor of 12. 

6. The number is divisible by 4 if and only if the units digit plus two times 
the tens digit is divisible by 4. 

9. Yes 

10. 31451g = 13097 10 

12. No, because 8 + 7 + 3 + 4is not divisible by 10. 


Section 4.4 , page 97 



all cats are animals 
all tigers are cats 
all tigers are animals 


some animals are cats 
some cats are tigers 
some animals are tigers 
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(c) 


(s) 


0 >) 

(cl) 

(0 


Hypothesis: 

Conclusion: 

Hypothesis: 

Conclusion: 

Hypothesis: 

Conclusion: 
Hypothesis: 

Conclusion: 

Below 

No 

2tt feet 


Mr. Jones goes to church. 

Churchgoers are good. 

Mr. Jones is a good man. (Valid) 

Kind people are honest. 

Mr. Jones is unkind. 

Mr. Jones is not honest. (Not valid) 

Beautiful movie actresses smoke .v brand cigarettes. 
You smoke x brand cigarettes. 

You are beautiful. (Not valid) 

Anyone who does not study cannot pass this course. 
Mary does study. 

Mary will pass this course. (Not valid) 


Section /.#, page 103 

1. (b) Converse —All odd numbers are prime. 

Opposite —All even numbers are composite. 

Contrapositive —All composite numbers are even. 

(d) Converse —If a person is blue eyed, both parents are blue eyed. 
Opposite —If a person’s parents arc not both blue eyed, the person is 
not blue eyed. 

Contrapositive —If a person is not blue eyed, not both parents are blue 
eyed. 

(f) Converse —If x 2 is odd, so is a*. 

Opposite —If x is not odd, neither is x 2 . 

Contrapositive —If x 2 is not odd, neither is *. 

2. (a) An inductive conclusion is not certain. 

(c) Reasoning in a circle 

(e) A converse of a valid proposition is not necessarily valid. 

4. (a) Necessary but not sufficient 
(c) Necessary and sufficient 

(e) Neither necessary nor sufficient 

(g) Neither necessary nor sufficient 

Section 4.12 9 page 117 

1. If the original proposition is satisfied, it will be satisfied by the condition 

A’ = 0. 

3. If the original proposition is satisfied, it will be satisfied by the condition 

x = 8. 

5. If the original proposition is satisfied, then either x = 1 or a = 3. 

7. (2 n — 1)(2 m — 1) = 4 mn — 2m — 2n + 1 = 2{2mn — m — n + 1) ” 1 

9. If a natural number has at least one odd factor, the number is odd. (False) 

11. It is necessary; we cannot have an odd product without odd factors. It 
is not sufficient; we may have odd factors and still not have an odd product. 
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j 13. Any odd number is congruent to 1, 3, 5, or 7, modulo 8. Then the square 

of any odd number is congruent to 1,9, 25, or 49, modulo 8. But each of 
these numbers is congruent to 1, modulo 8. 

15. The 7?th odd integer is 2n — 1. 

£ 17. 2* - 1 


Section 5.6 , page 133 


1. All except P 4 and P 9 
3. Yes 

5. No. P 4 , subtraction is always possible, is not satisfied. 


7. 


0 


1 


9. 


0 


0 


1 


1 


1 


0 


Closure is satisfied because the sum of any two of the 
numbers 0, 1, 2 is one of the numbers 0, 1,2. 

The identity element is 0. The inverses of 0, 1, and 2 
are 0, 2, and 1, respectively. It is an Abelian group. 


2 , 

2 

0 

1 





0 

1 

2 

3 

4 

5 

0 

0 

1 

2 

3 

4 

5 

1 

1 

2 

3 

4 

5 

0 

2 

2 

3 

4 

5 

0 

1 

3 

3 

4 

5 

0 

1 

2 

4 

4 

5 

0 

1 

2 

3 

5 

5 

0 

i 

2 

3 

4 


This is an Abelian group. 


Section 5.12 , page 151 


1. (a)(6, 5) (b) (7, 5) (c) (9, 1) (d)(5, 11) 

3. (a) (8,8) (b) (23,26) (c) (18,24) (d) (15,12) 

5- (a) ( —5) — (—4) = (0, 5) — (0, 4) which by definition equals (4, 5) or 
1. On the directed line start at —5 and move to the left minus 4 steps 

means “start at — 5 and move to the right plus 4 steps” and this brings us 
to — 1. 

7. 965 years 

9. 184 years nearer Thales 

11. 4392 years when Columbus discovered America. 

13. 27° at foot, -22° at top, +7° at foot, -27° at top, 37° at (hr foot, -3° 
at the foot, 3° at the top, —37° at the top 
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15. A = —5.6, B = —3.4, last reading 8.2 
17. — 6[3 + (-5)] = — 6 ( — 2) = +12 

(- 6 ) • 3 + ( — 6 )( — 5) = -18 + 30 = +12 

19. Start at —6 and move to the right 3 steps.” “Start at the opposite side 
of the origin, and the same distance from it, the position reached by start¬ 
ing at +6 and moving 3 steps to the left.” They are the same in that 
we end up in the same place. 


Section 5.19 , page 164 


a/b is rational by definition of rational numbers; a/b + c is rational because 
the rational numbers are closed under addition; d — e is rational because 

{a/b) + c 


the rational numbers are closed under subtraction. Therefore, 


d - 


is rational because the rational numbers are closed under division. 

3. If a/b + c/d = {a + c)/(b + d), then e/j{a/b + c/d) = ~~ = ~~~ 7 ~ 

f(b + d) Jb +Jd 

But if the distributive law holds e/j{a/b + c/d) = e/f • a/b + e/j • c/d = 

CQ “f~ (C 

ea/jb + ec/bd = ——;— —y where the last equality results from our “defini- 

Jb + bd 

tion” of addition. 

5. Assume \/a + \/b — a/{a + b). Then 


b + a 


> a 2 + 2 ab + b 2 = 


10 


ab a + b 

2 ab y a 2 + b 2 = 0. But this is impossible since a 2 and b 2 are both positive. 
To prove a/b > a/c if b < c. If b < c then b 2 ac < abc 2 , but this is the 
condition that a/b > a/c. 

10 * oz. box is a better buy. 

ad + be . 


12. Show that 


2 bd 


is between a/b and c/d. 


14. Let a = c/d where c, d are integers; 0 = 0/* where * is an integer. Then 

c/d + 0/e = —-7 = — = c/d and c/d • 0/e = —- = 0/de = 0 . 

de de d • e 


16. The integers and addition form a group, but the negative integers and 
addition do not. They lack the identity element and inverse elements. 

18. Not under addition, they lack the identity element and inverse elements. 
Thev are a group under multiplication, the identity element being 1 and 
the inverse of a/b being b/a. 


Section 5.23 9 page 174 




The principle asserts that there exists an 
j+y and get a result greater than 150. 


15001 

100 


> 150. 


integer by which we may multiply 
The number 15001 will do since 


On a line 3 units to the left of and parallel to the^»-axis. 
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6. A 144, 25, -2, 8, (U, **> ^*/b 

8. .5483 12 ^ 

10. The required number of steps equals the exponent of the power of 2, or 
of 5 whichever is the greater, in the denominator. 

12. (a) -f (b) -V (c) 1 (d) 8 

14. (a) }, -4 (b) 3 (c) 0, -£ (d) -1 


Section 5.24 9 page ITT 

1. (a) —1 (b) no solution (c) identity (d) 4 (e) identity 
3. (a) x = 2 (b) x = 2 (c) .v == 2, y = 4 (d) x == 1 ,y = 3 

Section 6.5 , page lftft 

1. 4, 3, 6, 2 a 1 — a + 3, 2a 2 — * + 3 
3. (2, 1); (4, 1); (6, 3); (8, 3); (10. 5) 

5. (1,12) ($, 12) ( — 6, 12) (12, 12) (100, 12) (any rational number, 12) is an 
element. 

7. Yes. The domain consists of the four countries. The range consists of 
the assigned populations. 


Section 6.1 /, page 200 


1. Circle graph is appropriate. 

3. Broken-line graph. 

5. Broken-line graph. 

7. Kind of unit used on vertical axis is not indicated. Bottom of graph is cut 
off, leaving impression 1932 and 1933 income was almost zero. 


9. Time 

8:00 

8:15 

Temperature 

103 

104 


8:30 . . . 

104.5 . . . 


Section 7.6, page 21ft 

1 - 

11 i 

3. Let R = the rational, / = the irrational, R -\- 1 = X. Assume X ra¬ 
tional. Since R 4- / = X, it follows that X — /? = /. But this is im¬ 
possible, since the rational numbers are closed under subtraction. Hence 
X is irrational. 

6. .012345679 . . . = * ^ X 9 = £ = .111111 . . . 

8. The two rationals, expressed decimally, agree only for a finite number, n, 
of digits. If the (n -f l)st digits differ by two or more, an irrational 
number exists which has the same first n digits and whose (n -f l)st digit 
lies between the (n -f l)st digits of the rationals. If the rationals differ 
by 1 in the (n + l)st digit, the irrational may be made to agree with 
the larger rational in this digit and made smaller than the next nonzero 
digit of the smaller rational. If either or both rationals terminate, we 



404 


ANSWERS 


may apply Exercise 7 to find nonterminating rationals between them and 
then apply the above. 

10. Construct a unit square. Construct a rectangle with one side unity and 
the other side the diagonal of the square. The diagonal of the rectangle 

is V3. 

12. Not closed under multiplication since V2 • V2 = 2. No identity ele¬ 
ment under addition since zero is not irrational. There are other reasons 
also. 

14. No. Do not possess closure or identity element. 

1 =fc V / 21 

16. (a) 1,-4 (b) no solution (c) --- (d) — 2 db V 5 

18. The complete graph consists of the four points (0, 0) (1,2) (2, 4) (3, 6). 
These four points happen to be collinear. 


Section 7.9, page 231 
1. 101 102 103 ... (1 0 + ») ... 

ill l 

1 2 3 . . . n ... 

3. Assume there are the same number of each. We know that the sum of 
two countably infinite sets is countably infinite. Then under our as¬ 
sumption the real numbers are countable, which we know is false. 

4. No. Pi, P.i, P« are not satisfied. 

6. (a) & -5/34 1 (b) -« (c) 5i (d) -5 + 4/ (e) -16 (f) 1 

(g) there is none 

8 . 8 + 3 i 

10. (a) 1 + 5 i (b) 7 - li (c) (1 + 5/) 

12. To prove —i = \/i\ 1 /i • i/i = i/i 2 = i/—1 = —i 


Section 7.12 , page 235 

1. A + B = Tom, Dick, Harry, and Jack. 

A • B = Tom, Harry. 

3. Yes. Yes. 

5. No. The set of real numbers and the set of rational numbers arc not 
equivalent. 

7. 0, U 

9. A + B = the real numbers from 3 through 10 except those > 7 and < 8. 

A • B = 0 

13. A ' consists of the elements of U not in A. (A')' consists of the elements 
of U not in A ' (A') r consists of the elements of U not in A or those in A. 


Section 7.14 , page 240 

2. The set A plus the null set gives the set A. 
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4. By B 12 0 + 0' = U; by B_> O' + 0 = U. But by B 4 O' + 0 = 0' /. by 
substitution O' = U. 

6. A + A'B = A*B-\-A (by B 2 ) = AB + AU (by B 10 ) = A(B -f U) 
(by B n ) = A(B + U)U (by B 10 ) = A{B + U)(B + B') (by B r >) = 
A(B + UB') (by B 5 ) = A(B + B'U) (by B 8 ) = A(B + B') (by B 10 ) = 
AU (by B 12 ) = A (by B, 0 ). 

8. (a) All positive real numbers < 100 except the odd integers. 

(b) The positive rational numbers < 100. 

(c) The null set. 

(d) All positive rational numbers < 100 except the even integers. 

(e) The positive even integers. 

(f) The positive even integers. 


Section 7.15 , page 245 

2. (a) (A' + B)(A + B') (b) AB' + C' + D' 

(c) A(B + C) (d) A(A + B) 

4. It is false that A is false or B is false. 



C 


8. (B + C)A; BA + CA 

Section 8.6 , page 259 

2. (a) S2.18 (b) $2.18 

4. (a) .71**, .044** (b) 1.6**, .0016** 

6. 155 mm. 

8. 20yv 

281 3 X 62.4 281 3 281 1 

11). -> -> - 

125 X 1728 125 125 X 231 


12. S49.05 
14. 88 

16. 1 m. 75 cm. 70 kg. 909 g. 


Section 8.9 , page 266 

2. 374,° 

4. None 

6. (a) 60° (b) 180° (c) 56}° (d) 360° 

(f) .5625° (g) 720° (h) 180° 

8. 6007T 


# 



270° 

7T 
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^ 2112 352 12672 

10 . -’ -> - 

7T 5 7T 

12. 1,018 
14. 5,500 ft. 


Section 8.15, page 276 

2. (a) i, jV, 7,^ (b) 2, 4, 8, 16 (c) 1, 4, 9, 16 (d) f , £, -J, 

4. Yes. 


Section 8.18 , page 282 

2. 832 

4. 104/81 7r cu. yds. 

6. 547T sq. in., 54 cu. in. 

8. 10007T/9 dollars. 

10. Show that each equals 4irr 2 

. _ 5300 t r 


14. 420-7T sq. ft. 

16. 555.5 . . . cu. yds. 

18. 6/7T 

20. 640000007T sq. miles 
2560000000 00 tt 
3 


Section 9.1 , page 289 

2. (a) Possible, 7r is an exact number. 

(b) Impossible. 

(c) Possible, 3.1416 is an approximate number when used as 7 r. 

(d) Possible, any count which is subject to error. 

Section 9.4 , page 295 

2. .003 inches 

4. (a) .0030 inches is more precise and more accurate. 

(e) 1,100 feet more precise, 186,000 miles more accurate. 

5. 2, 3, 2, 4, 3, 2, 2, 5, 2, 5. 

Section 9.10 , page 303 

2. 8 and 80,000 8. 8.1 

4. Yes. 10. 3 qts. 

6. (a) 48 (b) 19.2 (c) 1,400 12. 1 per cent error 

14. Exact, unless you are good at arguing with policemen. 

Section 9.11 , page 307 

2. .00931, 800000, 800000, .00000006338821, 333, .00000000001. 

4. 5.87 X 10 12 

6. 3 
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Section 9.15, page 314 

2. 1(F = 1,000, 7 2 = 49, < 2 * =y 

4. (a) 6.8785 - 10 (b) 5.1931 (c) 0.2765 (d) 1.9494 (e) 2.5877 

6. (a) 1,520 (b) 102,000 (c) .01 (d) 2.35 (e) .754 (f) 96.8 

Section 9.1 H, page 322 

2. 14.09 8. $2,229 

4.' 11.67 10.300 ft. 

6. .03456 

12. -1, -.699, -.5229, -.3979. -.3110, 0, .3010, .4771, .6021, .6990, 1. 

14. The slowest absolute growth is the fastest growth in terms of current size. 
16. Yes. Population will be decreasing. 

Section 10.8, page 333 

2. The median is more favorable to the worker. 

4. Mean 8. (a) $9 (b) $8.14 

6. 40 m.p.h., 38 m.p.h. 10. M = 6.01 a = .041 

Section 10.11, page 315 / 

2. A 

4. h h l, 

6. A priori probability is determined theoretically before the event. Empirical 
probability is determined from experience, after the event. The statis¬ 
tician is concerned with both. 

Section 10.13, page 350 

1. No heads one time, 1 head six times, 2 heads fifteen times, 3 heads twenty 
times, 4 heads fifteen times, 5 heads six times, 6 heads one time. 

4. 1 6 15 20 15 6 1 

1 7 21 35 35 21 7 1 

1 8 28 56 70 56 28 81 

6. If 1+2 + 3 + ... + * = * ^y— 

then 1 + 2 + 3 +...+ * + (* + 1) = * - y ^ + (* + 1) 

= k(k + 1 ) + 2k + 2 

2 

= k(k + 1) + 2 (k + 1) 

2 

= (k+ !)(/: + 2 ) 

2 
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But this is the (k + l)st case. 

The statement is true when n = 1 because 1 = 

2 

8. Sum of numbers in ;zth row equals 2 n . 

Section 10.16, page 355 

2. 1.03, 2.06, .326 

4. No. Much nearer zero. 

Section 11.2, page 368 

2. (a) slope 3, zero 2 (b) slope 2, zero — f (c) slope 2, zero 2 

(d) slope —3, zero 2 (e) slope 3, zero $. 

4. a- = -8 

8. /(a) and —/(a) are symmetric to A-axis 
/(a) and /(—a) are symmetric to^-axis. 

Section 11.7, page 379 

a — 5 

1. “ • The set of real numbers ^ 5. 

3. 1X1^3 Same as domain. /“'(a) = /(a). 

5. They are symmetric to the line a = y. 

7. 3, 5, 5, 11, 11, 21, 21, 35, 35, 53, 53, 75, 75, 101, 101, 131. 

9. Approximately .3 and 1.7. 2, T 

11. A = 1 /(a) = 3 

Section 11.9, page 386 

3. (a) ^ (b) y = V(*)* - 4, * :g -2 

(c) 1(3 + log,*) (d) + 1) 

5. 7.V years, 6.7 years. 

7. No. £ hours, 10 s No. 

9. (a) 3.44 (b) 2.1931 (c) 558 (d) 3.9228 

Section 11.11, page 394 

2. 1 ^ |*| ^ 00 —00 ;g * ^ -b 00 

4. (a) .9211 (b) .1003 (c) .2675 

6. (a) .65, (ir - .65), (2x + -65) 

(b) .10, (-.10)(2 tt + .10) 

(c) .854, (t + .854), (2tt + .854) 

10. .529 + .842b 
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dissection method of, 66-67 
line interpretation of, 148 
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of approximate numbers, 295 
of complex numbers, 224 
of integers, 136, 143 


Addition ( Cont .): 

of rational numbers, 155 
of sets, 234 
rule of signs for, 144 
rules of, 55-56 
Additive: 
inverse, 126 
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employed as tool, 7 
isomorphism in, 136 
Ahmes Papyrus, 71, 152, 15.> 

Air pressure, 198 
Aleph-null, 220 
Algebra, 121-178, 205-245 
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122, 123 
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equations, 175-177 
extension of number, 133 
factoring out, in, 55 
fields, 127-130 
functions in, 381 
groups in, 131 
history of, 123-124 
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Algebra ( Cont .): 

incommensurate magnitudes, 205- 
209 

integers (see Integers) 
literal numbers in, 122 
modulo systems and groups, 132 
natural numbers and, 124 
of logic, 236 

of rational numbers, 171 
of real numbers, 215 
of sets, 233-235, 236, 239 
postulates, Boolean, 236 
rational number system {see Rational 
numbers) 

removing parentheses in, 55 
rule of signs, 142 
the unknown in, 123, 364 
Algebraic functions, 381, 383, 387 
Algebrista, 124 
Algorithm: 
addition, 66 
division, 69, 70 
galley method, 72 
meaning of, 20 , 66 
multiplication, 69-70 
scratch method, 71-72 
square root, 212 
subtraction, 66 
al-Khow&rizmf, 123 
“All,** meaning of, 105 
American Experience Mortality Table, 
342 

American Indians, numerals of, 21 
Analogue computer: 
explanation of, 35 
indirect measurement in, 267 
And switch, 242 
Angle, definition of, 260 
Angle measure, 260 
base 60 in, 35 
mil, 264 

units for, 261 
Angstrom unit, 307 
Antilogarithm, 314 
Apothecary units, 253 
Applied mathematics: 
meaning of, 7 
number system as, 96 
Appollonius, 38 
A priori probability, 341, 342 
Approximate numbers: 

adding and subtracting, 295 
in measurement computation, 287- 
290 

multiplication and division of, 296-299 


Arabic numerals, 23 
Archimedes, 38 

date of birth and death of, 151 
method of approximating 7 r, 277 
numbers used by, 16 
postulate, 165, 208, 217 
value of 7 r shown by, 276 
Area of: 

circle, 276-277 
curved surfaces, 278 
parallelogram, 269 
rectangle, 267-268 
triangle, 270 

Aristotle, canons of logic, 89 
Arithmetic: 

algebra distinguished from, 121 - 122 , 
123 

in bases other than ten, 32 
mean, 329 

of the infinite, 47-49 
“Arrow” paradox, 271 
Art, mathematics as, 5 
Artillery fire, mil in, 265 
Associativity: 

applied to complex numbers, 224 
applied to rational numbers, 157 
applied to zero, 60, 61, 125 
as property of natural numbers, 125 
for addition, 50, 54 
in group, 131 
for multiplication, 53 
Atom, uranium, 307 
Atomic age, 1 34 
Automobile speedometer, 35 
Avoirdupois: 

pound, in kilograms, 255 
system, 253 
Axiom: 

in algebra, 124 
meaning of, 8 
Dcdckind, 208 
of equality, 63 
substitution, 57 
Axis: 

in rectangular coordinates, 166 
real and imaginary, 228 

B 

Babylonians: 

fractions of, 153-154 
influence of, on angle measure, 262 
numerals of, 20 
Bar graph, 191, 192, 347 
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Base in numerals: 
meaning of, 24 
other than ten, 29 
applications of, 35 
arithmetic in, 32 
ten, 26, 29 

Basimal fractions, 169 

Behaviorist school of psychology, 182 

Binary: 

counter, 36 

numbers, advantages of, 37, 38 
scale, 35 
Binomial: 

distribution, 345 
theorem, 342-344 
Bible, area of circle in, 276 
Boole, George, 236, 241 
Boolean algebra: 

in design of switching networks, 244- 
245 

O, U, 241 
postulates, 236 

proof of theorems in, 237-239 
Boyle’s Law, 198 

British thermal unit (B.T.U.), 257 
Broken-line graphs, 193-195 
Bushel, size of, 253 

G 

Calculus: 

aid of, in area and volume formulas, 

270 

rate of change in, 375 
Calories: 

in metric system, 257 
in United States, 255 
Canons of logic, Aristotle, 89 
Cantor, Gregor, 208, 209, 213 
Cardinal number, 46, 47 
Carpentry, numerical bases in, 35 
Cartesian coordinates, 167 
Cause and effect, 182 
Centigrade temperature: 

Fahrenheit related to, 363 
scale, 256 
Centigram, 256 
Centiliter, 256 
Centimeter, 255 
Central tendency, 328 
Check of nines, 74 
Circle: 

area of, 276-278 
degrees in, 262 
Circular cone, 278 


Classification of: 
functions, 380 
numbers, 232 
Clock, five-hour, 127 
Closure: 

in group, 1 31 

of complex numbers, 223, 230 
of integers, 136 

of natural numbers, 56-57, 125 
under subtraction, system for, 139 
Combinations, 341 
Commutative group in algebra, 13i 
Commutative law of: 
addition, 50-51 

applied to complex numbers, 224 
applied to rational numbers, 156 
multiplication, 54 

applied to rational numbers, 15" 7 
Commutativity: 

applied to zero, 60, 61, 125 
as property of natural numbers, 125 
Complex numbers: 
definition of, 222, 371 
field of, 127, 225 
interpretation of, 226 
properties of field applied to, 223-225 
use of, in algebra, 123, 226 
Computers, 35, 37 
Conclusion: 

effect of hypothesis on, 93 
false, from false hypothesis or reason¬ 
ing, 112 

of induction and deduction, 96 
true, from false hypothesis, 104 
valid, meaning of, 90 
Conditional equation, 175 
Cone: 

circular, 278 
right circular, 279 
volume of, 282 

Congruence, number, 76, 127 
Congruent triangles, 269 
Cosecant, 390 
Cosine function, 388 
Constant: 

function, 184 
in algebra, 123 
in linear functions, 360, 361 
meaning of, 183 
Continuity: 

Archimedes’ postulate of, 165 
Dedekind axiom of, 208 
Continuous-curved-line graph: 
desirability of, 200 
explanation of, 195—197 
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Contradiction, principle of: 
in indirect proof, 112 
of Aristotle, 90 

Contrapositive of theorem, 101 
Converse theorem, 99 
Coordinate system of Descartes, 167 
Coordinates, rectangular, 165 
Correlation: 

in statistical problems, 352 
interpretation of, 354 
Cotangent, 390 
Counting: 

addition as, 49 
meaning of, 44 

measurement compared with, 250 
numbers, 43 
natural numbers in, 46 
of infinite, 47-49 

Courant and Robbins, What Is Mathe¬ 
matics ?,, 209 
Coversed sine, 392 
Cube, 280 

Cubic centimeters, 255 
Cuneiform characters, Babylonian, 20 
Curved surface, area of, 278 
Cylinder: 

as curved surface, 278 
description of, 279-280 
volume of, 282 

D 

Decigram, 256 
Deciliter, 256 
Decimal fraction: 
definition of, 1 54 
first explanation of, 23 
Decimal system: 
base ten, 29 
beginning of, 38 
Decimals, repeating, 209-211 
Decimeter, 255 

Dedekind axiom of continuity, 208, 217, 
272 

Dedekind, Richard, 208, 213 
Deduction: 

in mathematical proof, 107 
induction as, 11 5 
meaning of,. 95, 

substitution of induction for, 105 

Degree: 

in angle measure, 261 
radian compared with, 264 
Dekagram, 256 
Dekaliter, 256 


Dekameter, 256 

Dependent variables, 185, 187, 199, 200 
Descartes, Rene: 

basis of analytic geometry of, 217 
coordinate system of, 167 
Digital computer: 
electronic, 37 
examples of, 35 
Digits, significant, 294 
Diophantus, 151 
Direct proof, 107 
Directed numbers, 146 
Discriminant of quadratic, 216 
“Dissection” method of addition, 66-67 
Distribution: 
binomial, 345 
normal, 346 
Distributive law: 

applied to rational numbers, 157 
applied to real numbers, 216 
applied to zero, 61 
of natural numbers, 55, 126 
Divisibility, tests for, 81, 82 
Division: 

algorithm in, 69, 70 
scratch method, 72 
galley method, 72-73 
multiplication as inverse of, 59 
of approximate numbers, 296-299 
of complex numbers, 223 
of rational numbers, 158 
rule of signs for, 145 
zero in, 62, 63 

Domain of function, 186-187, 380 
Dram, 253 

Duality, principle of, 239 
Duodecimals, in carpentry, 35 

E 

Egyptians: 

fractions of, 153 
multiplication algorithm of, 71 
rule for area of circle, 276 
Electronic computers, 35, 37 
Electrons in universe, 47 
Elementary functions, 387 
Elements in algebra, 124, 233 
Empirical probability, 341, 342 
Empty set, 233 

English system of measures, 253 
decreed by kings, 254 
Equality: 
axioms, 63 

rules of natural numbers, 56 
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Equations: 

conditional, 175 
dependent, 177 
exponential, 385 
fifth-degree, 214-215 
identical, 175 
inconsistent, 176 
linear, 171, 364 

in two unknowns, 172 
simultaneous, 173 

logical argument in solving, 108-111 
mathematical functions in, 364—368 
polynomial, 380 
quadratic, 215 
Errors: 

in measurements, 292, 302-303 
standard, in statistics, 351 
Euclid, 38, 206 

assumption in geometry of, 94 
indirect proof of, 113, 114 
Exact numbers, 287, 288 
Excluded middle, 90 
Even numbers, 48 

in indirect proof, 112 
Exponential: 
equation, 385 
function, 383, 387 

trigonometry related to, 392 
Exponents: 

definition of, 24 

negative, 168 

rational numbers as, 167 

F 

Factoring, 216 

Factoring out, 55 

Factors in multiplication, 53 

Fahrenheit: 

centigrade related to, 363 
scale, 256 

Falling body, 189, 198, 359-360 
Feet, in linear measure, 253-254 
Fermat, Pierre, 327 
Fibonacci, 146 
Field: 

complex numbers as, 223 
definition of, 126 
examples of, 127 
modulo 5, 130 
ordered: 

algebraic rules as applications of, 
171 

property of, 130 
rational numbers as, 160 



Field {Cont.): 

postulates, 125-126 

Boolean compared with, 237 
establishment of, for integers, 139- 
141 

properties of, 125-126 
Fifth-degree equation, 214-215 
Finite sets of numbers, 48 
Five-hour clock, 127 
Formula: 

nature of, 360 

relating Fahrenheit and Centigrade, 
363 

volume, 280 
Fractions: 
basimal, 169 
common: 

measurements in, 301 
rational numbers as, 161 
decimal, 1 54 

first explanation of, 23 
in arithmetic, 123 
multiplication of, 161 
need for, 134 
octonal, 169 
sexagesimal, 154 
system of, 153 
unit, 153 

Frequency polygon, 348 
Functional relationships, 181-202 
broken-line graphs, 193 
continuous-curved-line graphs, 195 
dependent and independent vari¬ 
ables, 185 

domain and range of function, 186- 
187 

function notation, 186 
function, variable, constant, 182-184 
graphs showing, 190 
multiple-valued functions, 188 
summary, 200 
tables, 190, 198-200 
ways of expressing, 189 
Functions: 
algebraic, 381 
classification of, 380 
constant, 184 
cosine, 388 

definition of, 183, 184 
domain of, 186-187, 380 
elementary, 387 
explicit, 376 
exponential, 383-385 
implicit, 375-376 
inverse, 376-378 
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Functions ( Cont .): 
linear, 360 
logarithm, 383-385 
mathematical, 359-394 (see also Math¬ 
ematical functions) 
multiple-valued, 188 
notation, 186 
polynomial, 380 
quadratic, 368 
range of, 186-187 
rational, 380 
second degree, 369-375 
sine, 388 

single-valued, 188 
transcendental, 383 
trigonometric, 387 
variable, constant, 182-184 
Furlong, length of, 254 

G 

Galaxy, 304 

Galley method of division, 72 
Gallon, size of, 253 
Cialois, group theory of, 131 
Gas pressure, 198-199 
Gauss, Karl Friedrich, 76 
Gelosia method of multiplication, 71 
Gematria, 17 
Geometry: 

analytic, of Descartes, 217 
line, as undefined term in, 8 
locus theorem in, 103 
point, as undefined term in, 8 
postulate of continuity, 165 
Grain, 253, 254 
Gram, 256 
Graphs, 190-197 
bar, 191, 192 
broken-line, 193-195 
continuous-curved-linc, 195-197 
logarithmic scale in, 320-322 
mathematical, 197 
of functions in equation, 364 -367 
of inverse functions, 377 
of linear function, 361, 362 
of quadratic function, 369 
pictograph, 193 
pic chart, 192 
use of, 200 
Greek: 

scientists, 38 
submultiples of, 153 
system of numbers, 16-18 
Gross, base 12 in, 35 


Group in algebra: 
meaning of, 131 
modulo systems and, 132 
Gunnery, mil in, 264 

H 

Hamilton, 134 
Harmonic mean, 334 
Haversine, 392 
Hectogram, 256 
Hectoliter, 256 
Hectometer, 256 
Hindu-Arabic numerals, 23 
absence of algorithms in, 66 
advantages of, 37-38 
Histogram, 348 
Hypothesis: 

effect on conclusion, 93 
in mathematical proof, 89 

I 

Idempotent property, 239 
Identical equation, 175 
Identity: 

element, 125 

for addition and multiplication, 62 
in complex numbers, 224 
in group, 131 
principle of, 89 
rule of natural numbers, 56 
Imaginary numbers, 227, 230 
Implicit functions, 375-376 
Incommensurate magnitudes, 205 
history of, 208 

Independent variables, 185, 187, 188 
Indians, numerals of, 21 
Indirect proof: 

in mathematics, 112-113 
of infinitude of primes, 1 14 
Induction: 

mathematical, proof by, 1 14-117 
meaning of, 96 

substitution of, for deduction, 105 
Infinite: 

counting of, 47-49 
scries, 275 

Infinitude of primes, 114 
Integers, 82 

definitions of, 135-136, 142-143, 154, 
213 

formation of group by, 131 
inverse operations with, 141—142 
motive in creating, 139 
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Integers ( Cont.): 

physical interpretation of, 146 
positive, 135, 137-139, 141 
formation of group by, 131 
properties of, 139-141 
subtraction with, definition of, 141 — 

142 

International Bureau of Standards, 255 
Interpolation, 309, 313-314 
Intervals, nested, 213 
Intuition in mathematics, 93 
Inventory: 

counting in taking, 49-50 
multiplication in taking, 51-52 
Inverse: 

elements, in group, 131 
function, 376-378, 383 
graph, 377 
operations, 58-59 

with integers, 141-142 
Inverter switch, 242, 243 
Ionic system of numbers, 16 
Irrational: 

magnitudes, 208 
numbers, 213, 214, 217 
Isomorphism: 

between points and rationals, 166 
between reals and rationals, 213 
between types of numbers, 232 
meaning of, 136, 137 
between complex and real numbers, 
225 

K 

Kilogram, 255 
Kiloliter, 256 
Kilometer, 256 
Kronecker, Leopold, 209, 21 

L 

Language of mathematics, 5-7 

Lattice method of multiplication, 71 

Light year, 307 

Limit process, 273 

Limits, theory of, 392 

Lindemann, F., 276 

Line: 

as undefined term, 8 
graphs, 200 

mathematical, subdivision of, 271 
segments, measurement of, 165 


Linear: 

equation, 171, 364 

in two unknowns, 172 
simultaneous, 173 
functions, 360, 383 
general, 362 
graph, 361, 362 
zeros of, 363 
measure, 253, 267 
Liouville, Joseph, 215 
Liter, 256 

Literal numbers, 122 
Locus theorem, 103 
Logarithms: 
base for, 384 
computation with, 315 
definition, 308 
function, 383, 387 
of any positive number, 312 
of numbers between 1 and 10, 308-312 
scale in graphs, 320-322 
Logic: 

algebra of, 121, 236 
canons of, of Aristotle, 89 
errors of, 104 
symbolic, 236 

M 

Magnitudes, incommensurate, 205-208 
Map coloring, 94 

Mathematical functions, 359-394 {see 
also Functions) 
abstract, 360 
classification of, 380 
equations, 364-368 
exponential and trigonometric, 392 
implicit, 375-376 
inverse, 376-378 
linear, 360 
polynomial, 380 
trigonometric, 387 

Mathematical proof {see Proof, mathe¬ 
matical) 

Mathematical system, elements of, 8 

124 

Mathematics, nature of, 4-7 
Mayan numerals: 

base ten not used in, 29 
description of, 21-22 
Mean: 

arithmetic, 329 
deviation, 336 
harmonic, 334 
weighted, 331, 335 
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Measurement: 
angle, 260-262 

as comparison with standard, 250 
computation (see Measurement com¬ 
putation) 

counting compared with, 250 
English system of, 253 
indirect, 267 
maximum error of, 291 
mil, 264 

need for standards of, 252 
of line segments, 165 
precision of, 291 
radian, 262-264 
standards of, need for, 252 
statistical (see Statistical measures) 
systems of, 249-284 (see also Systems 
of measurements) 
use of, 249 

Measurement computation, 287-324 
accuracy of, 292-293 
approximate numbers, 287 
adding and subtracting, 295 
multiplication and division, 296 
common fractions, 301 
errors, 302-303 
interpolation, 313-314 
logarithms, 308-312, 315, 320 
multiplication—some factors exact, 
299 

precision, 291 
rounding ofT, 300 
scientific notation, 304 
significant digits, 294 
slide rule, 31 9 
common use of, 329 
of group of measures, 332, 333 
Meter, 255 

Metric system, 254-259 
advantages of, 255, 257 
application of, to angular measure, 261 
metric units and equivalents, 256 
origin of, 254 

simplification of computation by, 257 
Middle Ages, multiplication of fractions 
in, 163 

Mid-score, 329 

Mil measure, 261, 264 

Mile: 

in linear measure, 253, 254 
kilometer compared with, 256 
Milligram, 256 
Milliliter, 256 
Millimeter, 256 

Minutes, in angle measure, 261, 262 


Mistake, error distinguished from, 302 
Mode: 

common use of, 329 
of group of measures, 332, 333 
Modulo 4, multiplication, table, 132 
Modulo 5: 

addition, tabic, 128 
constituting a field, 127-130 
forming a group, under addition, 
132 

multiplication, table, 128 
Modulo systems and groups, 132 
Modulus, 77 
Motion: 

definition of, 272 
paradox, 271 

Multiple-valued functions, 188 
Multiplication : 
addition as, 51 
algorithm in, 69-70 
associative law for, 53 
by doubling and halving, 71 
by Egyptians, 71 
check of nines in, 75-76 
commutative law of, 54 
congruence applied to, 78-79 
distributive principle in, 55 
division as inverse of, 59 
factors in, 53 
gelosia method of, 71 
lattice method of, 71 
line interpretation of, 149 
meaning of, 44 
modulo 4, table, 1 32 
modulo 5, table, 128 
(if approximate numbers, 296 -299 
of fractions, 161 
of integers, 136 
of rational numbers, 155 
of sets, 234 

primitive method of, 39 
product in, 53 
rule of signs for, 1 44 
rules of, 55-56 

Russian peasant method of, 39 
some factors exact, 299 
sum in, 53 
terms in, 53 

Multiplicative inverse, 126 

N 

Napier, John, 308 

Natural numbers, 43 
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Natural numbers (Coni.): 

and addition, formation of group by, 

131 

and algebra, 124 

as infinite, 47 

closure property of, 56—57 

under subtraction and division, 125 
definition of, 46 
distributive law of, 55 
how they act, 49 
in counting process, 46 
one-to-one correspondence of: 
to integers, 136, 138 
to rational numbers, 220 
properties of, 125-126 
rules of, 55-56 
whole numbers as, 123 
zero in, 59, 60 
Negative: 
angle, 260 
exponents, 168 

integer, 82, 135, 137-139, 143 
numbers, 82, 222 

attitude toward, 134-135 
interpretation of, 146 
Nested intervals, 213 
Nile, surveying of, 38 
Nines, check of, 74 
Normal curve, 348-349 
Null set, 233 
Number: 

congruences, 76 

system, as pure or applied mathe¬ 
matics, 96 
Numbers: 

absolute value of, 143 
addition of, 49 
algebraic, 214 
algorithms, 66 
approximate: 

adding and subtracting of, 295 
in measurement computation, 287- 
290 

multiplication and division of, 296- 
299 

cardinal, 46, 47 
check of nines, 74 
classification of, 232 
complex, 123, 222 
congruences, 76 
counting, 43, 46 
directed, 146 
distributive principle, 55 
divisibility of, 81, 82 
exact, 287, 288 


Numbers (Coni.): 
how we write, 13-40 
history of, 13 

imaginary, 227, 230 
infinite, 47 

inverse operations on, 58 
literal, 122 
meaning of, 43-85 
multiplication of, 51, 71 
natural (see Natural numbers) 
negative, 82 

attitude toward, 134-135 
interpretation of, 146 
numerical value of, 143 
one-to-one correspondence, 44-47 
natural numbers, 136, 138, 220 
real numbers, 217 
order in, 46 
ordinal, 46, 47 
prime, definition of, 30 
rational (see Rational numbers) 
real: 

algebra of, 215 
field of, 127 
system of, 212, 369 
rules for, 55 
signed, 1 53 
symbols for, 43 

system of (see Numerical system) 
transcendental: 
as irrational, 214 
definition of, 383 
transfinite, 219 
whole, 123 
zero, 59, 62 

Numerical system (see also Numbers) 
abacus, 18-20 
bases other than ten, 29 
commencement of, 13 
of American Indians, 21 
Babylonian, 20 
Greek, 16-18 
Hindu-Arabic, 23 
Ionic, 16 

positional notation in, 26 
Roman, 13-16 

Numerical value, in signs, 143 

o 

Octonal fraction, 169 

One-to-one correspondence, 44-45, 46, 
47 

between points on line and real num¬ 
bers, 217 
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One-to-one correspondence ( Cont .): 
between natural numbers and inte¬ 
gers, 136, 138 

between rational and natural num¬ 
bers, 220 

in infinite sets, 219 
Opposite of a theorem, 101 
Or switch, 241 
Order in mathematics, 46 
Ordered field: 

algebraic rules as applications of, 171 
property of, 130 
rational numbers as, 160 
Ordinal number, 46, 47 
Ordinate, in rectangular coordinates, 
166, 167 

Origin, in rectangular coordinates, 166 
Oughtred, William, 319 
Ounce, 253 

P 

Paradoxes, Zeno’s, 270-273 
Parentheses, removing, 55 
Pascal, Blaise: 

statistics developed by, 327 
triangle of, 350 
Parallelepiped, 281 
Parallelogram, area of, 269 
Peirce, Benjamin, 89 
Pennyweights, 253 

Perfect square, congruence applied to, 
79 

Permutations, 341 
Pi(7r), value of, 276, 277 
Pictograph, 193 
Pic chart: 

desirability of, 200 
illustration, 192 
value of, 192-193 
Place value: 
in abacus, 19 

in Babylonian numerals, 21 
in Greek system of numbers, 17 
in Hindu-Arabic numerals, 38 
in modern numerals, 24 

algorithms dependent on, 66 
in Roman numbers, 14 
Maya Indian concept of, 21 
utilization of, in addition algorithm, 
67 

Point, as undefined geometric term, 8 
Polls, 328 
Polygon: 

definition of, 276-277 


Polygon (Cont.): 
frequency, 348 
inscribed, 277 
regular, 277 
Polynomial: 

equation, 171, 215, 380 
functions, 380, 383 
Positional notation in numerals, 26 
Positive: 
angle, 260 

fractions, formation of group by, 131 
integer, 135, 137-139, 141, 143, 344 
formation of group by, 131 
number, logarithms of, 312 
. whole numbers, 43 
Postulates : 

as noncontradictory assumptions, 134 
Boolean, 236-238 
field, 125-126 

in algebra, 124 
of continuity, 165 
Pound: 

British, 253 

standard weight of, 251 
Powers: 

meaning of, in numerals, 24 
sums of, 27 
Pressure of air, 198 
Prism, 281 
Precision: 

in addition and subtraction of ap¬ 
proximate numbers, 298 
of measurement, 291 

accuracy compared with, 293 
Primes: 

infinitude of, 114 
meaning of, 30, 114 
Probability: 
empirical, 162 
foundation of theory of, 327 
mathematical, 340-341 
statement of, 162 
“Problem of Points,” 327 
Product, in multiplication, 53 
Proof, mathematical, 89-118 

by mathematical induction, 114-117 
deductive reasoning in, 96 
converse theorems, 99 
deductive vs. inductive reasoning in, 
95-97 
direct, 107 
formal, 107 
indirect, 1 12-113 
inductive conclusions as, 96 
infinitude of primes, 114 
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Proof, mathematical (Con/.): 
informal, 107 
intuition, 93-95 
methods of, 107 
misconceptions as to, 104 
nature of, 89 

necessary and sufficient conditions, 
103 

opposite and contrapositive, 101 
rules of logic, 89-90 
validity and truth in, 90 
Properties: 

of field, 125-126 

applied to complex numbers, 223- 
225 

of integers, 139-141 
of rational system, 159 
of zero, 125 

Proposition, definition of, 8 
Pure imaginary, 230 
Pure mathematics: 
meaning of, 7 
number system as, 96 
Pythagoras: 

contributions of, 206 
theorem of, 205-206, 207, 229, 389 
Pyramid: 

definition of, 281 
volume of, 282 
Pyramids, great, 38, 151 

Q 

Quadrants, in rectangular coordinates, 
166, 167 
Quadratic: 
equations, 215 
formula, 216 
functions, 368, 383 
graph, 369 

rate of change in, 375 
Quart, 256 

R 

Radian: 

definition of, 387 
degree compared with, 264 
in angle measure, 261 
measure, 262-264 
mil compared with, 264-265 
Radicand, 216 

Random sample, in polls, 328 
Range: 

as measure of variability, 336 « 

of function, 186-187, 369 


Rate of change of second degree func¬ 
tions, 374-375 
Rational function, 380, 383 
Rational numbers: 
algebra of, 171 
as common fractions, 161 
as countably infinite, 220 
as exponents, 167 
as ordered field, 127, 160 
as ordered pairs of integers, 1 54 
as repeating decimals, 209 
in arithmetic, 123 
interpretation of, 161 
meaning of, 127, 154, 157, 213 
multiplication and addition of, 155 
need for, 134 

properties of system of, 159 
repeating decimal as, 210 
subtraction and division of, 158 
. system of, 153 
Real numbers: 
algebra of, 215 
field of, 127 
system of, 212, 369 
Reasoning: 

deductive vs. inductive, 95 
in a circle, 104 
laws of, 89 
Rectangle: 

area of, 267-268 
definition of, 268 
Rectangular coordinates, 165-167 
figure, 166 

irrational numbers, 217 
Rectilinear rule, 319 
Relationships, functional (see Functional 
relationships) 

Relative error of measurement, 292 
Relay, essentials of, 242-243 
Removing parentheses, in algebra, 55 
Repeating decimal, 209-211 
Repetitive principle, in numerals, 23 
Robbins, Courant and, What Is Mathe¬ 
matics? , 209 

Rods, in linear measure, 253 
Roman: 

numerals, 13-16, 23 
submultiples, 153 
Rounding off numbers, 300-301 
Russell, Bertrand, 6 
Rule of signs, 142 

S 

Sand board abacus, 71 
Scatter diagram, 353 
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Science, mathematics as, 4, 231 
Scientific notation, 304-307 
Scratch-method algorithm, 71-72 
Scruples, in apothecary system, 253 
Secant, 390 

Second degree functions, 369-375 
rate of change of, 374-375 
Seconds, in angle measure, 261, 262 
Selective sample, in polls, 328 
Set of names for numbers, 45-46 
Sets: 

addition of, 234 
algebra of, 236, 239 
combining of, 233 
concept of, 233 
empty, 233 
equivalent, 233 
multiplication of, 234 
null, 233 
subset, 233 
universal, 240 
Sexagesimals, 35 
Shannon, G. E., 241 
Significant digits, 294, 298 
Signs, rule of, 142-145 
Simultaneous linear equation, 173 
Sine, 388, 392 
Single-valued function, 188 
Slant height of cone, 279 
Slide rule, 35, 31 9 
“Some,” meaning of, 91, 105 
Speedometer, automobile, 35 
Sphere: 

as curved surface, 278 
definition of, 280 
volume of, 282 
Square, perfect, 79 80 
Square inch, definition of, 267 
Square root algorithm, 212 
Standard: 

deviation, 336-338, 349 
error, in statistics, 351 
established by law, 251 
form, 304 

measurement as comparison with, 250 
of measurement, need for, 252 
Statistical measures, 327- 355 
arithmetic mean, 329, 333 
best average, 333 
binomial distribution, 345 
binomial theorem, 342-344 
central tendency, 328 
comparison of averages, 333 
correlation, 352 

interpretation of, 354 


Statistical measures (Coni.): 
harmonic mean, 334 
history of, 327 
median, 332, 333 
mode, 332, 333 
normal distribution, 346 
standard error, 351 
probability, 340 
variability, 336 
weighted mean, 331, 335 
Steyin, Simon: 

decimal fractions explained by, 23 
metric system advocated by, 257 
Stockbrokers, base 8 used by, 35 
Stylus, of Babylonians, 20 
Substitution, rule of, 56 
Subtraction : 

addition as inverse of, 58 
algorithm in, 66 
check of nines in, 75 
congruence applied to, 78 
line interpretation of, 148-149 
of approximate numbers, 295 
of complex numbers, 223 
of rational numbers, 158 
rule of signs for, 145 
take-away-decomposition method of, 
67 

with integers, 141—142 
Sub-multiple, 153 

Substitution rule of natural numbers, 
56, 57 
Subset, 233 

Sum, in multiplication, 53 
Switch, types of, 241-244 
Symbolic logic, 236 
Symbols, 24, 43 
System: 

of numeration, 13 
mathematical, 8 
metric, 254-259 
real number, 212 

Systems of measurements, 249-284 
angle measure, 260 
area: 

of a circle, 276—278 
of curved surfaces, 278-280 
of parallelogram, 269 
of rectangle, 267-268 
of triangle, 270 

comparison with standard, 250 
English, 253 

indirect measurement, 267 
limit process, 273-276 
metric system, 254 259 
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Systems of measurements {Con/.): 
mil measure, 264 
need for standards, 252 
radian measure, 262 
standards established by law, 251 
volume formulas, 280-282 
Zeno’s paradoxes, 270-273 


Units of measurement: 
history of, 254 
need for, 252 
Universal set, 240 
Unknown, 123, 364 
Uranium atom, 307 
U. S. Census Bureau, 328 



Tangent, 390 

Temperature graphs, 191, 192, 194, 196 
Terminal side of angle, 260 
Thales of Miletus, 151 
Theorem: 

applied to concrete situation, 9 
binomial, 342-344 
contrapositive of, 101 
converse, 99 
in algebra, 124 
locus, in geometry, 103 
meaning of, 8 
opposite of, 101 

product of rational numbers, 155 
proof of, in Boolean algebra, 237-239 
Pythagorean, 205-206, 207, 229, 389 
Time measure, 35 
Pool, mathematics as, 7 
Transcendental: 
functions, 383 
number: 

definition of, 383 
example of, 214 
proof of 7 r as, 276 
Transfinite numbers, 219 
Transit, 303 
Triangle: 
area of, 270 
definition of, 8 
Triangular prism, 281 
Trigonometric functions, 387-392 
exponential related to, 392-394 
T. rigonometry, indirect measurement in, 
267 

Troy system, 253 
Truth: 
table, 93 

validity distinguished from, 90-93 

U 


Unit: 

for angle measure, 261 
fractions, 153 
of weight, basic, 254 


V 

Validity, truth distinguished from, 90 - 
93 

Value, absolute, 143 
Variables: 

dependent and independent, 185, 
187, 199, 200 
meaning of, 183 
relationships of, 360, 361 
Variability, measures of, 336 
Variance, 336 
Variates, 329 
Versed sine, 392 
Vertex of angle, 260 
Volume formulas, 280 

W 

Weighted mean, 331, 335 
Weights and measures, 153 



X-axis: 

as real axis, 228 
in rectangular coordinates, 166 

Y 


Yard: 

in linear measure, 253 
legal, in meters, 255 
length of, 254 
meter compared to, 255 
Y-axis: 

as imaginary axis, 228 
in rectangular coordinates, 166 

Z 

Zeno’s paradoxes, 270-273 
Zero: 

as a number, 59 
as divisor, 62, 63 
as point of reference, 147 
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Zero ( Coni .): 
closure of, 125 

definition of, as exponent, 25 

invention of, 20 

Maya Indian symbol for, 21 


Zero (Cunt.): 
meaning of, 59 
of linear function, 363 
origin of, 23 
properties of, 125 
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